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Opanm is the package manager for the 0Caml programming language, the language
in which Coq is implemented. Opam 2.1 is the recommended version, and is as-
sumed below. Instructions on how to install opam itself are available on the opam
website.

opam®| A== o] Q12| ekt A x|soF shot, A X -2 opam.ocaml.org/doc/Install . html®]
uet ok, of g & Fofl 75| o2t Zol of= A2 FH3AT) Huld oA o3 ¥y
A5k
=2 O .

brew install opam

ol 5t opam®] A F AT oFA 2 AMED 4= Qitt. th=o] HE S ARt
opam init

% A28 7okl Wl thgo] WA 47} et

Done.
# Run eval $(opam env ——switch=default) to update the current shell environment

lvsCoge Y == PCol A= B2 [5]0 = 2 v} 2] 9tt. vsCogqe AHE-SHEH opam©] A 2] =] o] o 5=t
A2 HHQI opam 2,12 YE=E | QA5HA] L=t}
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Al7]= 2 eval $(opam env —-switch=default) B =& AdYstc}. st ¥ WAL= gx|qt
O] A opame AHE 4= UTH.
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opam pin add cog 8.18.0
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opam install vscog-language-server
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which vscogtop
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th2ol+= vsCog2 A ]Sttt o] A& VS Coded AAEIAo| 22 VS Code”} 1] AR E o]
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SHAS 1 ‘vscoq & AMSHA 3719] FEo] =g o5 Tl vsCogs [Install] 5HH H T},
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Finally, go to the extension settings and enter the vscoqtop full path from above

in the field "Vscoq: Path".
o

I AAE H=ed [ond | J& A settings SHAC= 2heh. A5 sfd e} W oFef VsCoq7}
19 Aoltt. 17 25 Path Qo] eItk o17]o] Y& 2L which vscoatop®] £
Ao}, i chg3} 2ol B Holct,

/Users/myusername/ .opam/default/bin/vscogtop
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eval $(opam env ——switch=default)
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opam update
opam upgrade
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1.3 Software Foundations

Software Foundations (SF) = o] 29| 38 2tz o|th[4]. o] A2 6 HO 2 o] Fo]x] 22l
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SF o] ]| A [Volume 1] &85t o]o] A [READ]E &9 5t
Ebte}. Prefacei-E] Bibliography (Bib)7FA] & 2071 2] &0 2 LA & of
Zelotd W82 o= 4 A

SF& 2422 ¢17] Aol [DOWNLOAD]E Z8ste] o] AAmtedyt HTML ot
= 22 E Wofof git), o2 E B2 1 O] o] 52 1f.tgz°| . (Volume 29| 7-¢-ofl:=
plf.tgzolth) &= EW 1fehe A EL 7 Uehg Zojtth o] g Ee 1fE W7t Hst=
A g Ego] Yo £11 VS CodeE 15 FolEHH ofg] 7j<] ntdE5o] Hol=H] 0|59
A= F=2 v ofyH htmlo]t}

VS Code®] Live Preview 5] ] A& 0] A2 E]o] QITHH index.html= EolA VS Code
WellA SFe] BE W82 & 5 011:}

Preface= H| W& 22 #2ld), o] A 2 %2l Functional Programming
in Coq (Basics) & gol £}, Z12]a1 o] Fof tf-g-5+= Cog &2 1FA QI Basics.vE VS Code
oA A== gt

Basics.ve| #A 4 FH= o3 oA A& AolH o] 7] A= vsCoge] IEHO|AE =
B 15 SHAIL) Basics.ve] TE HET HE 2 it A £ 352288 B o2 2ot

ol Al1do) 227t}
qlct. 7+ 4

A1
o} 7} o) Amg

mlo
i)
4o,
Mo
4%
<
rir
i)

Inductive day : Type :=
! monday

tuesday

wednesday

thursday

friday

saturday

|
1
|
|
|
|
|
|
|
| sunday.

© ® N o o« oA W N =

10 Definition next_weekday (d:day) : day :=
11 match d with

12 | monday => tuesday
13 tuesday =) wednesday

thursday =) friday

|
|
I
14 | wednesday =) thursday
|
|
i friday => monday
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17 | saturday =) monday
18 | sunday => monday
19 end.

2101 19] dayS dy® BH Hel 229 2kl 109] dayoll B BEo] veld Aot} of 7]
R AE S2H dayw B oE Aol itk W89 HAAZF vEhd T thA] 249 19] dyE
day= HHEH W7 o] Afepd Aojt,

ojfofl= 2l 62 friday Floll PFHEE Yo friday. 2 HHY Hah I2¥ 2kl 72] ¥
AZ of] WTF HFo] T10]2| 21, A of2f QU= 2h}l 170 HTF WEo] T1o]Zlnt, SfufstH 2l
1914 AlZFH Inductive day : Typed A= opHEZH EUA Hol IS 2R friday. ol Al
Aot BUA "ot whaba] 2kl 73 2491 89 saturdayt sunday= A E A 2|7} 5 2] ¢F=
ot 2hel 179l A=A -2 saturday”t HEIHE R 37 @Eo] TojA @FE deFe
Zolty, 17| 2491 89] sunday®ll oA = @77 A F =2 d=tt. fufstH &2 FF/o
QF7F ol W UErH W A3 ATk H a7t Y] mjZol o

FEE QO g4 v 7FHA] oftof BYF YEo] e =2 s, 1Y
R AE ZEH et AR E ¢lo] Heh 58 v = e JH = HEd
=g

A F7HA] = Coq Goals Uk oll? oFF-& a7} gll& Aolth oA next_weekday ¥4E
AH-goto] ALLS s B2F T A4 A= Cog Goals YIS Messages G Holl LEFUA H
o2 FEA ZF 2iels = v EY QEXR S carer, T 7|HE AAE FH 0]
o= & Stk

Compute (next_weekday friday).

Compute (next_weekday (next_weekday saturday)).

N

ol

[

)

Coq Goals® Proof FYoll+=Not in proof mode™r AL @12y LreRLY QU3 Aot o] A o]
G Aol ¥ztE Fof B2t
1 Example test_next_weekday:

2 (next_weekday (next_weekday saturday)) = tuesday.
3 Proof. simpl. reflexivity. Qed.

2Ql 29] v @ E& | NS FH Proof GOl Goal 10] Eo|A Fil 1 @e] =34 of
el 2kl 29] W-&o] Uepdtt, o] AIE S5t Aol @A 9 HHgoagh= Solth A=
R} SOl B2 goal 15F HolX|Tt H3x 7} o] 2 Zi2tH Goal 1, Goal 2, Goal 3, ... ©F
A0 &2 e H

2k}l 30)= v BT} 470 Hol=H|, L EX /AR M HE 7| E o]-&oto] ZiHe] niHRE

2192 AURA proof G elo] oW Wsl7 ehba] Bsteldt,

o

Coql 2] 873 93& SAstel obH @ o] ot g, ofo] eAE Functional

Programming in Coq (Basics) 2] TH &?] Proof by Induction (Induction) 2] A A1 §3.1

2Coq Goals Y= 5oz A e AY.
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Basics

2.1 Data and Functions

Defining Types and their Elements

Cog°l A dlolEl B2 W& W= Inductive 7| ES ARG 3 M9 Y4E 7HA=
glole B9, &2 et et U enumeration 24 O 4= et A& S°f ke

Zol day=h= HlolH B

1 Inductive day : Type :=
2 I monday

3 | tuesday

4 | wednesday

5 | thursday

6 I friday

7 | saturday

8 | sunday.

day= 9ol Urdste] Hel 7700] A= LAFCH A 2 dentifier a2} boll 22 day EFY Q) 7
SPUHA W] B} pefinition 71 ES ALgato] Tk} Zo] G,

Definition a: day := monday.
Definition b: day := friday.

€12 (type)-2 A eheer O] E0]0] 2k AIZFoHE STk, Thul SEE a e day T4 a: day 231 201
Hn o127 4olH o 5 W47} ohie aeoleh the 18 ool WS, S8 Be e
Hi G ol i k7 FA] 2| g, of| 2 7} et 2

a7]’ —-i—(}i?lx] ?:_].'0}'&1——- Cﬂ /\]'—9-6]'71:- 7]—?:]5, -E—% 1:ﬂE(;]command o7= Check, Compute,
Print2] 37§7F it} o] WP EL a B9t ofYet day, monday SOl AHER 4= QloH o]
oA £2 Fol ) AR WA ) S el A

1AL o]gA BdtA] = Yok Bdat o] 22 ZojEtA off ol 23t Y2 o] ;= EA st ofF
B G52 H B YL intensionaldtll L extensionaldstth, - Folx A4t TA o £61=2] of Hojut
o] it B2 Folxl At o DA TEOIHEAE it whetA FolX YAE Aot HE2 dutEA
SAth. StAEE ol 7] 40 EFQY2 o Shfolt}, (ol o] oA kR EfJo] Zof A= o] Tt)

20002} -2 Ty T2 W ddojol = Haof Tt vl A assignment ©]2H= Zld o] Qltt.

el
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Check a.
Compute a.
Print a.

Zt 21 9] Eof i8S 7HATE 41 Nessages G H ol F3 o] LEf=2] #zstoft,

@ checki= a9 BFY& HoFal,

@ Computer a2 S HolF

® printi= a9 AOlE(HEs] WolAtH F oS uff AMEEHUH FEE) Kol
Compute®] AT} 2 4 = Floll HojEthe Aol 55tz

L= g ot ot 9199 BdHdt(term) toll AN A & Check ¢, Compute t, Print t5 AF8S

= Aoh3 7 EH ol YHe F A well-formed expression ©| 21 0] F H 2 217 B, 7 2 Ao &
HojFa1, vk ol BHA] ¢h= FHill-typed expression O] 2FH o 27} HHAYR BZ2of {F2 W&
o] Z1ojZlt, o2} o] -8 deld nheAE T FEol W Heth
O} 22 2k 7Fsstoh ot 2kl 304 B %0] prints= SF HTh
1 Check a: day.

2 Compute a: day.
3 Print a: day. (* error *)

2RI 3O AR (x .. %)= 2UE(comment) S UEH= Folth. ZHE«= of 2] Zof 24

% % 9t

day2] €42l monday, tuesday 5= MAAH(constructor) 21l Stot, A EH= goj= A4
E ARt = Solth. ™ monday, tuesday 52 A= A4, S nullary ©] 7] =9l
A= 2 QAaolth, weta] Zo] Aty 25 Har) gls Ao 2 HolA AT unary,

binary 59 HAAE ARHESHA =W A= o]Fol onE 7HA A "t &4t
o) WAIZO] o= 2 oyt o] B 7|2 Sk, AR check, Compute, PrintS AH&-5HA
oA =% BA},
1 Check monday.
2> Compute monday.
s Print monday.
2}l 39] 222 monday”}t &5h= EFY day AA| ] A olof] AMEH FEolB=E H Jrh= A
FEsto 2} checks 7HA AL & o Ads| Bt

Check day. (* day : Set =)

Check Set. (* Set : Type *)

Check Type. (* Type : Type *)
Set= 71 EFY] o] oA TypelH FESH A obd 7t st= olF0] & 4 AUt Types Tl
Aol tiio] &= dlolE BFYE setgfal bl TS 4= QU Set= Typel] FEHFOR
Holr T3l g4 2 Holk Ht},

p7ollA BAE day2] 9]

IL:

SEAFL Edexpressions S0l oJH ZAS THESHE AES £ttt ‘HE 2 P40 formal languagec’ﬂ’\i
g AFEEE §oild dojof mhet ou7t T2 (ogoll A= evaluate = T oJH EFIo] YAvt HE ZES
ndFgoleta gt
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Inductive day : Type :=

! monday

= theat ol v A e,

Inductive day : Set :=

I monday

Types Tl 5% Aol Propoltt. °1 22 Al propositionE WEFHE EF} O[T Prop2]
inhabitant, = A2 FAOIH, FA= #2-5HIE gl olste] A Beldl Aoz HF
Hrht B 9] inhabitant= 71 A 2] T proof, or evidence(F) O]}, ©] EF ]l HiSA & L5
A8 &-FsHA E Aol

Function Types

UM FTE *9431 uff AF&-3F pefinition 7| == oH42] ool i ARS-H T ThE-2] A o]0l A
9] o] 52 next_weedkay©] 1! day EFY Q155 WobA day EFY 3H-S 2E gt}
1 Definition next_weekday (d: day) : day :=

2 match d with

3 ! monday => tuesday

4 | tuesday =) wednesday

5 | wednesday =) thursday

6 | thursday =) friday

7 | friday => monday

s | saturday =) monday

9 I sunday => monday

10 end.

12 Check next_weekday. (* next_weekday : day - day *)

2kl 129] FWES] SHsH= ST > g BFlS Uebdith dutE o Z 10 Typec] Al
S: Typel & 7h= 0 Y2 T - St Type©|tt.

A7) A A2 ST 7| YEE natch, with, end ©1Th 42] 914 4o ko] whal &<=9
g Eigto] 2R w0, 49 2He AT daye] YA E F shtolnZ shsgt BE Ao
Uadste] Z47ke] A9 Bzt A4 = 4 9l

o] Ao A natch7t QIFE 1 Q14 B9 0] Yo Wi A AR T, dubAE o 2l AR}

— ) o
nullary 7} obd 5= QLo B2 ¢ 4—%— A7t WA AT Sk Aol $-& EFol), §49
4 B o] ol 4

2 E 22 ComputeE AHEOF] D& & ST} Computer §A] HoY%o
ﬁ

|
o3 oﬂE 2835k & 01\:]- E] ElZIe B¢ O]'_/] 7:"/‘]' evaluated value O] a'—l_l- 6H %E}

Compute (next_weekday friday). (* = monday : day *)
Eval compute in (next_weekday friday).
(* “Eval compute in exp’ is the same as “Compute exp . *)

P I O

5 Compute (next_weekday (next_weekday saturday)). (* = tuesday : day *)

4Inhabitant YA element 2] F2o]ojolt}. EFQlo]| 2o A= U4 thAl inhabitant S A= Zo] dukaolct,
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Cogoll e @49 Qlo]l BE 5 AMEsHA] s Zlo] Aol o] ahel 12 B & 5= 9k
2}l 59l A= next_weekday &5 F ¥ AL =], A HA HEAA 9] QLo= S E
At-gstoof kot 1 O] = next_weekday= T2 day EFY E otk

2kQl 13} 2HQ1 59014 ComputeE Check® HHEH o ® A3t7F 13 Q=719 183 W print=®
H}FLTH ?
T4 B (Gt Q1452 o] F o) Al Sevaluate T A2 B2 H ComputeE TS5 X
ol AHgsEL, Sho] A O)E B W printgd & ol &0l ARSIt a1 Q1o Hrt,

Proposition, Theorem, Proof

o] 42, ALHES FollA FHoH= As AFol Fal & o] Ao A} A7t et Hgol &
FgA o, AstA] k= EAHEH o] AS Y Holk Eof &2 o] HE Y= 5 ©f
AR FotetA ¢lolk Erf. ot Coq—J 9] QIEIH o] AE 95]7] fl5te] o] Ao Y-§ Fell
Theorem my®, Definition n_eq_n_prop & Theorem n_eq_n_thrme ZF ¢ X & iy,

582 iAol Bl= BAIE CoqollA= proposition®]2tal F-2tt. o]2{’t YA E Uetl=
H o] proposition©|2tal W= = Z o]t} PropositionS 2@ % Zzto|2kal SHAIT}. prop

E}Q1 9] inhabitant 7} & Zgfo|Th,
=fete] a4l NSl A, A, Sl it o] Ol A& A classical 1Al1=2] (2]
= gtolztal RE7]& steh oA o] A ojet thE ol gt El=gfste] 7] A4S zhE
Aol o] BES S48) o FA) Q1 oq THE AR o}ete-S A7 B 4+ ek
204]7] ZHto| o] o] 7 At 8= she] AR E FLE form, syntax 2t W-Bcontent, semantics
o] Hajo A AFE T Brp, TR2A A zpadatZo|u} 45t A 0 2 WslelA| & o]
B g 5ot S Edlo] ontExz| galsty dAsH B4t A3 = Qi) ojf Art
el YA 9 form ¥} content @] A Z A interplay= A-oh= SHEO|EHL ofE AS
F=dl U= o710l ZA F gt
Per Martin-Lof 2] 21 3%3=9] BFQI O] Rintuitionistic type theoryw O] 2} ¥l &= A2
ThS 719] 214 [1]9] AFE THste] ofefjo] H i
In standard textbook presentations of first order logic, we can distinguish three
quite separate steps:

e

(1) inductive definition of terms and formulas,
(2) definition of axioms and rules of inference,
(3) semantical interpretation.

Formulas and deductions are given meaning only through semantics, which is
usually done following Tarski and assuming set theory.

50512 selimalste AAow WA e AR o 2 B AL % Atk o714 St YAlow
AT ghe Tdo) gy el (Bebad Aelrt obdol o) olastn, 1AL dolA AWE % 9 4L

H
o
Ol
H
n
po)
o
ey
o,
Q
<]
=]
S
-
c
g
et
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What we do here is meant to be closer to ordinary mathematical practice. We
will avoid keeping form and meaning (content) apart. Instead we will at the
same time display certain forms of judgement and inference that are used in
mathematical proofs and explain them semantically. Thus we make explicit
what is usually implicitly taken for granted. ... snip ...

Fel=efoto A= WAIE Nt o8 AtgtEe] Uoke tE FH/ARE BET 5 Qe
w7 ol 2ok FAIE 712 & o] Fol 4ok tid oz FHt Aol =& A formula ] T
=4 Foll AAFHTE A 2 A, F closed formulaE (=2]) 7 sentence ©] 211 T,
T2 = of tf-got=7t oty 24 el t-85k=71? o] d&ell gt G2 neithero]th.
o] 7] el A= p23ell B3 el gl

Fel=gotoll A =24 0 9= R model, Z-2 34 interpretation ©] 0171 Thof| gt ]

o1& b2k Bdo] AFHA e AL Huun A Flogical vatidiny O] BH= S
A8 4 9irk GE RE melef 4 Folehs Eolct,

Coq®ll A= OJH] Esemanties©] T2 Glth, ZHE0] ol e B mode o] E& AHESHA]
oyt metol 3 AR 1A 9] $9, = inhabitant & ZA0] o]sto] A =T},
obA 742 Aol el A o] ehateh. Al 4ot/ S st As SEE BAl /=

2AS E5Hed] AT coqol A o]oh o] AR ok, AAIE FiEe R nEd
4 mekat o] REIIAE Betah ol shek Ao] Fastn] dlE Sl o] 2 olsfstr| 2
gt

7R 27 R gAE L] B2 25 set EFYO|t). ol & S monday : day©l1l
day : Seto]th. oA ZLgho] A ol & Bt
Check @ = 0. (* 0 =0 : Prop *)

1
2 Check @ =1, (*x 0 =1 : Prop *)

3 Check forall n: nat, n=n. (* forall n : nat, n =n : Prop *)
4

5 Check n =n. (* Error, n is undefined *)
7 Check Prop. (* Prop : Type *)

2kel 1-3914 3709 B 0 =0, 0 = 1, forall n: nat, n = n°] 2 TH YL check §HS
Foto] ERlstart. 241 59 n = n2 AR HAEHAE A ill-typed expression©]T}.
2hQl 75 EH prop set@ FEI7FAI R Typed] Pl FAIO] FEHA DS & o AUt
2hel 137} 2hel 39] o] gt S & HA & Ao, 2}l 29] F-2 A 5HA] =t

1 Theorem my® : @ = 0.

2 Proof.

3 .

4 . (* eq_refl *)
5 Qed.

ZNlo] 2hel 1 22 24}l 298] vh Eperioa FOll 2= M Coq Goals 2HH2 Th=3 £t
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THA g0l o3l e A= HA 2

]2l HHAE (context) 7} EO17HE S F o] Q=1
_/,\__

g lo] ol hH Rt FHshol T L)

$e Lgoletit shsv, g shel AA|et s glste] ‘g Lt

o

r{O M

ol
1/1) 94%&5

THE)2 Proof. 2 A|Z}SHAL Qed. 2 W=}, o] dlof A= FHo| AEA o= 2f
) o]F oA Qirt. NS 2kl 39| upH & F ol = There are no more subgoals”t
et So] Az ETt 2l 39] reflexivitys 5419 It ¥ o] o] & o TS
oBA A= A=AE EO:]—,—7] A3t Aol SAH == AekstA|qt of 7] A= Sl
5] A 5]' | f15te] go] & Aol
= 39 2A3YE(proof script) 2+ 1Y (proof term, or proof object, or evidence term)©] 31
q Proof. ol Al Al ’5‘]'031 Qed. 2 BH=HAEVL S A3 HEO|A 291 49 1= Show Proofd]
AR Hol= Zo] FAgo|tt.

B TH AAYHEE Atgo] o= 2ot FAY2 show ProofE & A=t 11
A SAY eq_reflS ZH[A] FAR/AF? 22]1 A2 myeo] BFY-2 FARIZE? o] AZol tigh
G2 471 fI5t] checkE AHg-oto] H2F HA myeFE.

1 Check my@. (* : 0 =0 *)
2 Print my@. (* my® = eg refl : 0 = 0 *)

ehel 1 BW ool B e alo] FYske TYYL ¢ 4 ek 1T 2l 28 B
Helt 2 239 ZAFolo o] AT By 59 b ZFo2 Ho] ek, Uef print
YRS 1 e Joett BANG HolFA Hol onE, o5 Helrt FAGoR

Bo|5918-L Woky glek. 27 olash] G5 & Yl he ol FoIS nek,

3 Definition myl : 0 = 0 := eq_refl.
4 Check my1. (* myl : 0 =0 *)
5 Print my1l. (* myl = eqg_refl : 0 =0 *)

El

2hel 32 oFA] HQIE pefinition a : day := monday®} 22 FA-S FH5tal Ut o]A o] A
FAF pefinition®] FAo|H, o] A2 F a3 A7|AIGo| B2 ofefjof] Aets] H St

Definition mame : type := value.

J2Y7E 25t o = 0= my19] BFJolth. o] AR 2l 3 But ofy et 2hel 49} el 5ol A

ST (2491 5914 typeh value] 91217 244l 3ol 9] 712} FeAlo] ASE 2 4

k. A2 2kl 32 pefinition myl := eq_refl : 0 = 0% H &= Hr}.) thA] FR5te] WolH
mgko epQlo|tt, 121l o] B} 9] inhabitant+ 1 Tl FA ot}

Y7t proof _term : prop©lal prop : Prop®lth. ©] A2 UF] monday : day©lil day : SetQl

2hQl 49k 2491 55 242t 2hl 134 24Ql 20f] H|w ol T my1-> mye2} o] 9 HHE &
ZAAE & 4 Utk 8oF5HH, H el Theorem®t T8 AIHEES A A Fojd
Definition®t SAGFE A Aold 4+ et
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o)A &3} eq_ref1ol ol Lol 2}
S5 AYa] Yenz ofdfo] LES K1 2 dolrb) 2 st
6 Check @eq refl. (* : forall (A : Type) (x @ A), x = x *)

7 Print eq_refl.
s (* Inductive eq (A : Type) (x : A) : A =) Prop := eq_refl : x = x. *)

2Rl 6014 @5 FE QU prefix 22 (U350l 5] A 21 El) o polymorphism T=0]H,
]7/—1—’] W%T‘Z— ‘—H%F %‘.—iequallty—’] H]—/\]'/\—] —‘—‘34 axiom ofreﬂex1v1tyi Aﬂ7]—°}":q Qﬂh:]' ﬂ' _O,]

ATHEQl 2421 82 H eq_refle 29 &9 eq9 Inductive Ao A AFRSH= AAAATYIS &

2~ oh;]-

T XX,

o] Ao T2 eqE Aot U=, /el =dstA = 7S E Tt FYE
WA 1 7125 A Yst= JHHOl, cogoll A= 7150 olFS F1 1 7|5E AHSRE BAY
AR2A(9 TADE BEAE HA construct 5FH, o] A 024 7|57t ZhFojok & A
alels] 293ttt zjo] 7} 011”4' Constructive logicoll A& &8 E AH8okA] 11 52, 292t
logical connective, True, False & 2] BE Z& FAst IA 0] A& FHsit}, o] RS
SF 9] Volume 1914 7F Sa35t1l 22 W&ol o= ofg o A AL dstA 2
Zloth

E35] AZelofl= olg°] A ZFo= o]0l gl ALE HR A = A7t =,
ojA] I o] FS AHgSh= ol E HolZlh A7lofl= FTEA] o] &2 Folof ot g

Theorem my2 : my2_prop.
Proof.
my2_prop. (* can be omitted *)
eq_refl. (* same as reflexivity. *)
Show Proof. (* eq refl : my2 prop *)
Qed.

© W N o o s W

[
o

Check my2. (> my2 @ my2_prop *)

2H1 59 unfold= ZH 9 o5 my2_prope “EOIA" 7] EHA] A2 vt Ect <1 69
applyts 5% ~ZYUECIA Eo] o] AMEIE Mebuicd shtfolct, chabet ARFOIA] AL
HEE UFof Aol Aottt my1 wjet Hlwste] ofE Zpo]7t Qli=2] Aw 7] Higtt),

oA o = oHET} 27t BT I forall n: nat, n = ne& 3Gl HA}
1 Definition n_eq_n_prop : Prop := forall n : nat, n = n.

2

3 Theorem n_eq_n_thrm : n_eq_n_prop.

4 Proof.

5 unfold n_eq_n_prop.

6 n. (* “intros” instead of “intro® works too *)

7 Check n=n. (* n=n : Prop *)

8 apply eq_refl. (* or reflexivity. *)

9 Show Proof. (fun n : nat => eq refl) : n_eq n_prop

Qed.

o
[S)
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11
12 Definition n_eq_n_thrm' : forall n : nat, n =n := fun n => eq_refl.

2kQl 55 A3’ Fof Coq Goals 2FHS HH th53 gt

1 (1/71)
2 forall n : nat, n=n

2h}l 500+= applyell A vk 2 2Aol= ARl introZt UEHTH o] o] AR A= o
&t o] Aol & g MARAY H4E AYAER T Yool T2 IS Tt
intro°] ol8te] selo] Tt o] it

3 n nat

4 1/71)

5 n=n

O|A| & Lol n = no] 2= A g7HA] ol ALEFH apply eq_refl=H S o 4= Qltt.

2}l 72 n = no] @A HEAE A mF QS Qlo] F=1] o] A2 pllofA n = no]
ill-typed expression®| ¢ Z 3} v T},

AR intro?t FAFRE introsehs ML Sl o] A2 o8 WO hypothetical judge-
ment (a: type &2 H:prop FE) E HHYAEof IS ufj ARGHTE 1708 =4S w= intros
A5 Hof QAR introsE 2= Ak -8 H T Judgement= 2752 EfQo] Zof| A Lt}
t&2o] 7P FAlo] H &= AdolH fal=g st oAl = AT 4= ATt olof tisfiAl= U,
Cogell tiste] F26] BE& B2 Foll o A9 ZojH.

ol 1 7|HL =] stof| A AME-5H= fresh variable®l] Y generalization©] 2L
HH 2 Aoltt, ABAOCZ HHVn, n =nd 5“ﬂ_}7] fIste] no] FolH okl s5kak n2
AollA AgH Ao 1 1= fresh variable®| B2, Z p& 8|71 ofRd] AL @617 g
A oJo] 2FAgo| Bz, o] EAGE nef oA oE =2 Alo] AYettH = nefl A= 1
=2 Alo] AT Aotz =g o]t

o2 SFoll= fle WES AR B3 Aot ojAlFH thA] SF o] W82 metrhrl=

et =R ol & thaoll 23 = o S0l FEt2 ol AME-ShE & Ol predicate

1 Check (next_weekday friday) = monday. (* .. : Prop *)
2 Check (next_weekday monday) = saturday. (* .. : Prop *)

ropeIF. 91 pro Sl i Holut Asoleh 7 /14 2 7 - ek st
Te dAs ¢ =@ Coqoﬂfﬂ ol® ®A gholt Compute«] AE dofx& Ao
o2 ALt Dﬂ et B9 gh2, O B9 IHEFS S simplify?t EH oW, o]
A%lo] ohle & 2 9.

= 191 A, & 2 poporiion & 201 1 el 29] L AR, 2 7 B 7 YL
Pr i

_,_,
)
il

T
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Compute (next_weekday friday) = monday.
(* ==> = monday = monday: Prop *)

Compute (next_weekday monday) = saturday.
(* ==)> = tuedsay = saturday: Prop *)

1 T S

CogollA = B & Aol o A-gst= 71 =7} 5L 5HA] ¢t Theorem, Lemma, Fact, Remark,
Corollary, Proposition, Property, Example 5= 25 theorem= % 2Jsh= o] AMEE 4 Qitt.
et she] gelet 1 S-S BAt

1 Example test_next_weekday:
2 (next_weekday (next_weekday saturday)) = tuesday.
3 Proof. . reflexivity. Qed.

o] o] Y= BE v EE H95to] 7iElo] & o Coq Goals 2FHO| o] B A H3}
sh=A] WEstelEt,

simpl<> 7FHF3} A4 (simplification) = Sh= A 2ZFtactic Q1 H| 0] A 0] A =s] ofE o|u|& 7}
A=A A2F A Aol

=
’—/—\—] equational proposition

o] oFHlo] FUT uff GoalS A|75H= AFo|tt, &

1’e1°1exivityL ol sdd -
0l Btk A2, 0] BT BROE A GHIIE AL, AL A
O "4‘340}“‘31] ojmf o] A o] ZkeFs} Ajqto] o] Fol it smpli"/} o & Aty
ZT}. reflexivity simple ZFSIER reflexivity 2ol H2+= BE simpl Aol

ek, SNA simpl 9] S T2 &elo] ofyzt T A2 olsf¢l Ao B "t

A
)

Booleans

Coqoll Al 1} ARG TRl gl 272]7F Qloka B 2= Qlh, A WAy 3he Bezty) 541
o]-8ot= Aol
£&2|H(Boolean) Bt Q-2 tha2 Zo] o] H et

Inductive bool : Type :=
|

a9 AL o] Y2 o]u] cog] EF gholH e g]of ZgE|o] 3l
Ag2A7k AelSh gde © 124€ Jolahy] Helt AT 4 91, @ $Y
BRI thAl IS ofel7} ek SHAIR ool o] coq®] B ol el
e © TR P g AT 5 AT, @ FUW o8 HYE T
o7t U2 ¢k=
o] AHd @, @= eFY ¥t of et gpof i A8 H ) A E0 negheh= 4
o] Aol
Definition negb (b:bool) : bool :=
match b with
| true => false

| false =) true
end.

®

]

2 o

s rok

oL
1o
e lo

2 30 g

rr
fu)
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i
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29
ek

2T BZ grolH g g &9 AL Basics.vollAl A oJsx] Al AHESE

9o ot
QASITt. OFRE A% F-2ed §4E 2 kuom o152 2T binary 01T,

2

Definition andb (b1:bool) (b2:bool) : bool :=
match b1 with

| true =) b2
i false =) false
end.

Definition orb (b1:bool) (b2:bool) : bool :=
match b1 with
| true =) true
| false =) b2

end.

o] 5ol A E HAEeAE T T unit testS S 21T 4= it

Example test orb1: (orb true false) = true.
Proof. simpl. reflexivity. Qed.
(* 3 more such theorems *)

Example test_and1: (andb true false) = true.
Proof. simpl. reflexivity. Qed.
(* 3 more such theorems *)
| tﬂ 1= Fr%@—’?%% (O B2 sk 22T o233 2] if-then-else =

Definition negb' (b:bool) : bool :=
b false true.

Definition andb' (b1:bool) (b2:bool) : bool :=
if b1 then b2 else false.

Definition orb' (b1:bool) (b2:bool) : bool :=
if b1 then true else b2.

bool<> H<E Bto|H e{2|of 50]817]+= SHAITF ZH Ol built-in= OFH T, true, falsew 727 Y
o2 Meiste] bool: Typel| L]0l ARE-SE Aojw] 53T oJu]& 712 2] ¢r=t}. if-then-else
1t booliBRHo] o2t thE of® BbQlof| tho M &, 171 9] 47} & 27 o] 7wt ShH 25
et A A QAE true, 7+ HA YAE falseZ FIFSHH Hrt
Inductive mybool : Type :=

| a_my
! b_my.

Definition negb_my (b:mybool) : mybool :=
if b then b_my
else a_my.

Definition andb_my (b1:mybool) (b2:mybool) : mybool :=
if b1 then b2
else b_my.
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Definition orb_my (b1:mybool) (b2:mybool) : mybool :=
if b1 then a_my
else b2.

oI if-then-else T2 A&t Bo7F A2 252 unit testE A A Zelsf Het
negb_my-7E] orb_myZ}A] B 371 9] @7t L=l o5 Aol tishA 271 &2 4719 unit

test& 2-dshd Hrt,

simp10i CHSHO]

simpl®] 2H551A] &= & 50 EAh nandb @58 T2 Eo] 37 A2 o2 o g
Aolof Bkt
Definition nandb1 (b1:bool) (b2:bool) : bool :=
match b1 with
| true => negb b2

| false => true
end.

Definition nandb2 (b1:bool) (b2:bool) : bool :=
if b1 then (negb b2) else true.

Definition nandb3 (b1:bool) (b2:bool) : bool :=
negb (andb b1 b2).

o] Aol tiote] Z+Z: unit testE ol E W, nandb1Z}t nandb2oll A= simple] 2HsohA| gt
nandb3°| A= 2551 &=ttt SEA T nandb3ol A& reflexivity= & 259t

A 251, simple match .. end, = if-then-else® A A5t gHof = 2551 ARt
9] A composition= A A A 2|9t Shrofl = EX] 9=t reflexivity+ simpl BoF o 73
SHA| kel A4S fttt, reflexivity® 2271 ol simplS AH&0FA] ot S o= 27 o]
Aok o9t simple AW T B2 olofict= o] T&o] Hrt.
Cog &2 Trof| A ¢ Fofl T8-S 58] ofA] XA I e s o Yt 48 w=
Aot 2 7taRRe] O R, JA] vRa]) ot X18eh 4= Itk Adnitted Yol
Ha 9] 92 ohaoll AMAlsHH Ho

Admitted2} H]S=%H A Oi 7 ek ol AT At S-S 7k okl X dsh=
AHEETE ot A 2] o] S-S Adnitted Sl EOH 1 A& FHoll o2 A9 Sgof A
= AJATE Abort ol H2 *ﬂ 5ol AMEE 4= gloh= 2Fe)7F ATt

pil ]

Infix Notation

lf‘j/] 6;}disjunction:ﬂ]' 1T_'__‘a”Tl.]’Fconjunction ﬁ 1_]'% ]’%tﬂ &7]inﬁx E7]%EE i":}_; 7(:3]—?‘7]' ]1:%-‘:]'

(andb x y).
(orb x y).

Notation "x && y"
Notation "x || y"
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New Types from Old

o] Ao A= AL non-nullary constructor’} B AEe 4= o}l B} rgb= HHSH
enumeration type©|th. 12|31l colort rgb EFY= A2 o= 1 unary A} primary &
AFE9t}. colore A AT otd Sk AL, = constructor with parameter2X= 0]
Ao A A& FeTh
Inductive rgh : Type :=
| red

| green
I blue.

Inductive color : Type :=
I black
| white
! primary (p : rgb).
color EF) o] €49 7= 57U S Eela) Heat of3of A Slot= monochrome &4+ color
£} 9] YAE Q142 WolA bool EFI] S T,
1 Definition monochrome (c : color) : bool :=
2 match ¢ with
3 I black => true
4 I white => true
5 | primary _ =) false (* p in place of _ is ok *)
6 end.

1 AAAe) Q40 gt B
o} (142 AL ST ke gick

Module

2&(module) 2 Coqoll A ZEE FX3}Fot= o AHEHT RE-LS NModule 7| EE AHESHA
Ao,
Mlodule Playground.
Definition foo: rgb := red.
End Playground.
s YolA Fojd g, T 52 BE QR4 AFHEE = AT o]mi= 1 foos A A]
AH8SE 4= $130 Playground. foo2t A2 B H-S A AFg-5jof gict,

Numbers

olAloF AL 0= BRAe] UaE AL el 2oHsHAl Hglet Theo] Helrt 1At
AL %] 1790l

Inductive nat : Type :=
I o
'S (n : nat). (x _ instead of n is ok *)
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1A 9o 1749] 7|2 AL stolo} sh Al olgA B Aol 08 Lhehfelw 7]
58 S A§S1A Qolof Sheh BA SIS E 95 endmarker® 0% A}
527t 00] ohlet thAt 08 Abg st Aol F Bl

0= 0% nullary BAAF, = 18 unary BARE AFLE QI

AT nat= A2 & Inductive A9 98-& AME-sto] FebRlets
X 017} A S recumsive©| 2} B A S + EFI€] 158 WRE o] Yot A
nat9] -5l s 427} nat BFY 9] 9145 W=t
nat BF-2 3% gt Bejg|of otE] o] AN, obA] o] o)A A= A ofel e Hrt,
TS E0U(domainlof discourse) &2 71X = EfQlof| thet &5 A oS o, o} 3H

S et AN A7) A Aol s ste M2 A predecessor 4 pred THET}
Zo] Holgitt

Definition pred (n : nat) : nat :=
match n with
10=>0
I Sn" =n'
end.

ol
rr

T77hE S AA5E el o] 2 o}2] 7| ALgSHE 21 BRAEE o B AH§ 5
n 7l

(126f S..-§ O% 7\‘”:'6-—5;_\_4' O] 74]71\1'% LH—]—:ﬂ—z—'],.g.iinternally 01—21“0111131 /\}'_g";q—7]— 7H?:}§:‘].—

4—‘_}_7]@ n =
2|7} gict.
=2 even} odd2] Fololtt, o] 52 pred -9 D] AAE AHESITE &40 A A
A olE gt c0g?] 71 ¥ == Fixpointolth. A E7HA] 49 A o)of] AHE-E A E Definitione
HHA 42 Aolofl= & 5 gl
Fixpoint even (n:nat) : bool :=
match n with

10 => true
IS0 => false
1'S(Sn') =>evenn'
end

Fixpoint odd (n:nat) : bool :=
match n with

1 0 => false
I SO :> true
| S (sn') = odd n'
end.
T oqd S th2-3F ZHo| A o5

Definition odd (n:nat) : bool :=
negb (even n).
o] ARl = BAIZE SIAITE, odd7t WEFAE Proofoll Al simplo] 2H&5HA] =t B2 o]
A& reflexivityw= At 2 2H5stct.
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A o1us, T A e, WAlnines, 5 HA Few 52 2FTTE A AE AHEote] Fogt 4= St
O] F plus®t minus®] A oJqt ofefof] Kot
minus 2] 7 ool Al Hl-& Zo] 2714] St

@ 2709] Q147F ool U 1] olSe] FAT Bl ZHITH, o] F A5 sz
SolH £ % 9]

@ 2719 A5 FAOl match A2 4= QU

Fixpoint plus (n: nat) (m: nat): nat :=
match n with
10 =>m
'Sn' =S (plus n' m)
end.

Fixpoint minus (n m: nat): nat :=
match n, m with

f0o ,_ =0
l's_,0 =>n

I Sn', Sm" = minus n' m'
end

plusS] EFYS &l1s) B},

Check plus.

(* ===> nat -> nat -) nat *)
plus®] EFO] nat * nat -> nat7} EojoF & A T2 check] B3t= F thEL o] A2
CogZ} THH 5 F5 CurryingS 53510 2 2]5t ¢17] wjZo]t}h. Currying2 A £5h=
Saehe Qe ANE Batol of AdE 4 olafE 4 9he Aol

CoqdAE 40 Ql5o] 3 27 ot Ao Aol Piu, o} £ BsE
M Hohal o]sfishH 25ttt 9l & 591 plus 2 32 plus 2 3), T2 plus(2, 3) 502 »H
oF Ht}. plus 2 32 (plus 2) 39014 function application @] left associativity ol 2Jsto] 25 &

A Rolet.
Ap#) QL] Tigk 7hed] 2274 chgwt o] A elgiet.

Notation "x + y" := (plus x y)
(at level 50, left associativity)
: nat_scope.
Notation "x - y" := (minus x y)
(at level 50, left associativity)
 nat_scope.
(mult x vy)
(at level 40, left associativity)
 nat_scope.

Notation "x * y"

o] A o]of A
@D [at level 50], [left associativityl, [nat_scopel= 25 A2F715 St

@ [at level nli $HEIE e n e 0 o4 100 ©]5H] Aolm 2242 AT
S 12917} k.
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=}
@ [nat_scopel:= ©] 719 0] nat Bt -89 ct= A& Ut Aol e =2 2=

Aol Ztt.

Boolean functions on nat
At o] thet Fas B2k desg 2 U Ao B

1 Fixpoint egb (n m : nat) : bool :=
2 match n with

3 I 0 => match m with

4 I 0 => true

5 I Sm' =) false

6 end

7 I 'S n' => match m with
s I 0 =) false

9 ISm'" =>egbn' m'
10 end

11 end.

13 Fixpoint leb (n m : nat) : bool :=
14 match n with

15 I'0 => true

16 FsSn' =

17 match m with

18 | 0 => false

19 ' Sm'"=>lebn' m'
20 end

21 end.

23 Fixpoint 1tb (n m : nat) : bool :=
24 match n with

25 I 0 => match m with

26 | 0 =) false

27 'S m' = true

28 end

29 I 'S n' => match m with
30 | 0 => false

31 i Sm'"=>1tbn' m'
32 end

33 end.

35 (* Definition 1tb (n m : nat) : bool :=

36 andb (n <=? m) (negb (n =? m)). *)

37

3s  Notation "x =? y" := (egb x y) (at level 70) : nat_scope.
3o Notation "x <=? y" := (leb x y) (at level 70) : nat_scope.
a0 Notation "x <? y" := (1tb x y) (at level 70) : nat_scope.

9] Al ofel A et shR <r'sh o) Aol Astey el 47 o

ATt AZ= nat BFY B Germs ol HiRt F23t £H 0], 3= Propo|t.

tlo

2
e
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Check (2 =? 2). (* 2 =? 2: bool *)
Compute (2 =? 2). (* = true: bool *)
Check 2 = 2. (* 2 = 2: Prop *)
Compute 2 = 2. (* = 2 = 2: Prop *)

<=79} <70 H-&3tE <=2} <k 3t} o|e} wRIste] HYFol o A=A =372 Tt

29 =MH 7||:|-|

o o =

Hol| AFREL g 5o 7)Y TE-S Met(etics) o] 2kl dHTE X E7HA] 87 AFREE
simpl, reflexivity, intros, intro, apply 5©°| ATt o] oA & 7H9] H=ke o FH

= B 015 BE5E cog Goals SIES] PH-EOIE Proof Gejo], ofeliRols
Qe 17 ole] TLER o|FolA| 1, 2} 122 SHA 9]
AY~ES} 4B A o} o] 1 Lo o] Rofirt,

intros

intros A2 118 IeFo| MAUR (universal proposition) ©| At 27 (conditional) d o AH-&-3F
T UTh o9 I EE Basics.voll B2 Ags) Bt

1 Fact theorem@ : forall nm: nat, n=m->n =m.

2 Proof.

3 intros n m.

4 intro H.

5 exact H. Qed.

2hel 12 ohe it go] Fol = Yefel Hgth,

Fact theorem@ : forall n: nat, forall m: nat, n=m -> n = m.
2}l 32 intro n. intro m. &2 Fojk Yot A}t £ IS 7HXIch 21l 3345 & A
A intros n m H.2 T AX v intro®} introse 7122 0 2 5ASH A ZFo] x| Tl

_]
S 2t= o8 7He] A5 FAlO AT 4= ok= Fo] thEt
2hol 32 introsE 11

mefo] MAE A wf AP Aol o|uff Cog Goals 2> Tht
27
n, m: nat
(1/71)
n=m-y>n=m
AR Eold A T2 A AREA 2 70470] H QAL AL A ARG U E <l Hiaee
Z_E—],_/_\_E_Q_E 01%8}'0:] E}C]):]} —]O‘jtype declaration Q‘}iﬂr

ol =7 wf A3t Al

=
=
5510 7P uypothesis©] VT, 127 18 mehe Qe 18 mgo] &7

[
o
I|:1
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o
% gt
M TFL Eeloleln & £ QT BgoleT ¥ 4% Qrky sk, oA 1
O1%E T US Aol FHsAE B Aol closed formula, Z Bl ofo}
. 48 Z3o] A4slo] ddsse] gl Held igel ehin, o) deEe

(2) 8HYAt(determiner) forall n: nat, 2] B%(scope) = F1F 713 Flofl Y= =24 9] £7}

forall n: nati= SHAFO]AL forall 3H47|5 (quantifier) ot} §H8 7] S o= AT
]iuniversal quantiﬁer(forall, V)Q} —"_—ZH—E’:_;%]7] existential quantlﬁer(exists, 3)7]' 9\;]\\:]'

N

AHRYAL, ZAPHAL, DAL, ZAL, ZATAL 59 Golo] ojmli &
e Ao 3wk AW WAt

Aol vk Aol 8 BB} Qs Aol 1 Bue] thgsHs 02w Bt
1 ALY gjol ks

(3) intros A o] AYP=|H F ] 11-8-0] HHAE (context) Ol hypothetical judgement?}t 5=
7]’(3:_'15 E?Qintroduce)%q.
AE| 2 B0l 07 ol4Fe] afelo] 9o m, 7 Bhele H: prop BN 7Huypothesis, FL
X type 60:]]3]9’] E}c});]] /}jolj_type declarationol E} O] %% 7]’@ Z‘] Z] \__.hypotheticaljudgement
2kal Jtrt,

(4) n: natt 22 B AL B Y& AT A o4 ofn)7t Aok o] A 2 X
dole] = wiAgE o fle ATt "o, O glo]l FoldAleE &

J S| Ath=, = S (particularize), = instantiate = JTH= 2|0

(e g2 W8S A7 QLA JlH = ghol ol 2l Al ghot A5 HH@?“’Q

50 % BEAUe o] Qi o] AAolth)

7535 2% A antecedent2 7Hd hypothesis, &7 consequent, succedent= A Econclusion©| 2t 517 &
d], o] A2 hypothesis2} conclusion 2] =l &5 Oﬂj\i "ot Cogll Al hypothesis= ZAEAE ol £A51]
2 YoM bl AMHEElE ZHo]1, conclusion= & goal proposition©]t}.

Aol o] PR T I sub-proposition©| ™ Y&l F 9] th/fo] obd Aojrt.
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F9o 5 WA 24 b me

Fact theorem! : forall nm: nat, n=m -> n =m.

1

2 Proof.

3 intros.

4 exact H. Qed.

theoreml< theoremo2t A o] Z Ot introsoll A5 AHESHA] ottt I8y Sk o A
Coq Goals B2 theoreml| A2} HA5] 5L Aoltt. cog7t GotA] Wo 7Hd 9] o] F-&
2101 F=307] wZolHt.

ool = 2%l 3L intros k 1 H1. 0.2 HHYA Adds) Hat, SHIAANA L] coq Goals 2F
H2 YA 0 2= o] da} st H42} 7H 9] o] FH ihE Aolth, FHAIYHE A=
FA3] 22l 49] exact H. & exact H1. 22 HFFHOF ghrt,

AAEol introsE A8 ol H o] 52 Hlio] 7l Mo thE 202 X H5t= A2
T2 A dart gloy w2 -3?} AL ot 98 E°] 11-&9] forall n: nat,
Tl nolets A7 AHAE Yof o]n] S| AT, introsE A%

mgvz:

™
[e}
O]9 F&=& 1ol7] Y5t n', mn 58 MZ-Ffresh O] 5 intros®] A2 AFgaloF

rewrite
MES A rewrited] AHEHE Th 9] 2 Foto] olm .

1 Theorem plus_id_example : forall n m:nat,
2 n=m->

3 n+n=m+m,

4 Proof.

5 intros n m.

6 intros H.

7 rewrite -) H.

8 reflexivity. Qed.

&2 2hl 67hA] A 3Rt 218-9] Coq Goals SFHOITE.

, m : nat
H:n=m

5

n+n=m+mnm

oA no] RE vekdol no 2 vl Tt 2ol

k,
fu)
2
>
v}
ro
\]
mlo
_O|L
5
k1
o
=
it

H
L o
Zlolth, kS A A5 ] oFar :7-% rewrite HZ 2 H 1”4—‘7‘—_‘5_ FoFol —>7} zSR-Rl

=
OJA] 1 meHo] OFH L F AR E reflexivitys AYsle] FHS upbd 4= it
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20] AATHE Ve : X, P(x) Y W intross @635}”1 z: X7} AHIAER g8t
(z) 2 HHATh intros x' = 7HestH olwf= o/ - X7t U AER Zeprbal

BORK
o
rlo rlo
i

(2) &0 27 Er P - Q¥ M intros o}'H P7} AHAER 2714 182 Q& vt
Yol 7} o] o] & 2| ot= Ak 7Hsdltt. (A2 o7]A s 7Hd o] oY=}
o] 7Hd o] ZAZ oIt} UFol o Ay Aoltt)
(3) €9l P - Q@ — RY W intros H1 H2E AdYSIH AEAE F 72| 714 H1: pe}
H2: Q7} F7HE 2 122 RE HHAY o] @t o= Yol BEA 2 Aol

rewrite /22 7HIBA} ohfe} 7| 2o S8l L AR AT & otk (Aeke] O EE
B larger- T2 0ITh, Sl rewrite A2k AL T u) Mol HelS 914 2 Shof 18]

A8 5 9leh)
o9 FeE He

1 Theorem mult n_ 0 m 0 : forall p q : nat,
2 (p*x0)+ (qg*0)=0.
3 Proof.

4 intros p q.
5 rewrite <- mult_n 0. (* 0 + g * 0 =0 *)
6 rewrite <- mult_n_0. (* 0 = 0 *)

7 simpl. reflexivity. Qed.

2Rl 58t 2421 60114 rewrite H=FS AFESIAL Q=T ol nult_n_07F AF&E AT

Check mult_n_0. (* mult_n_0 : forall n : nat, 0 = n *x 0 *)
219l 5 p * 02 002 BHRO] FE HOIER 2] mult_n 0ol n i p AT} AHESIS
oh 2HQ1 62 n = g& A|¥FSto] AFERITE o] 2% rewrite HEFE AR AP E 4R TS
o A (0] Aol n)E Aol s At oz 2| gl Frt.
28 2.1 9] o]FL &= W8S A5 BE T checkE AHEE & Ut

Check mult_n_0. (*forall n : nat, 0 =n * 0 *)
o8 check: € HOFES Hof g, elo] ehele 27l0] Fete

ael ¢ 2
mrol] WfRoltk, Mete] YAt %, 2 oot FUA ¥t 1 Felolct. shite] Helo]
A THE FHEC] 9l & 9lom o] FHE] Erglo] ut2 Tzl0] FHshe metolct.

1 =

Proof by Case Analysis

<=3 intros, simpl, reflexivity2+ FA] =t
2 7217ke] A90] qAhA 2 TGRS P,
Z0] destruct =Foltt,

ol

Cog= Vn,n+1 # 05 SHl BA o] A2
AASE n2 0, B s n' 9 ﬁéﬂ% 7=
o|FA A= Urol T8

90] F2E (oq?] EE HolB ol ZH ] glonz 22 o]F ofH FHAAE AFEo] AT & S

||
é
>
oo
ol
—
rr
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1 Theorem plus_1 neq 0 : forall n : nat,

2 (n+1) =20 = false.

3 Proof.

1 intros n.

5 destruct n as [} n'] ean:E.

6 - (*n=0%*) simpl. reflexivity.

7 - (*n=5Sn"+*) simpl. reflexivity. Qed.

2hel 5904 FHE ETdestruct $F 0] 2] Cog Goals SHHL o2} Zr}. o] A2 Goalo] 274

8 Goal 1

9 n : nat

10 E:n=0

1 (172

12 (0 +1=?0) = false
13

14 Goal 2

15 n, n' : nat

16 :n=Sn'

E
17 (2 /7 2)
(Sn'" +1=20) = false
= 709] Goal ZtZtof tigtH &
23 (bullet) o2l e}, BRE A2 ot SH-& AP 4= Qlovt ES-S A= Zo] S 9
22 vl o £ F02 HEgoln Ak Zo] St}
242 54 plus : nat -» nat - nat® o= th21} et

olN
o,
fle
)
rO
o
o)
)
rO
9
2
o)
"
f
>,
2
ol
8
L
-0,
W,
rol
N
fol
"

1 Fixpoint plus (n : nat) (m : nat) : nat :=
2 match n with

3 I 0 => m

4 1'Sn'" =S (plus n' m)

5 end.

@ nol 02t M| == 9= Goal 1014 A 2|5kl Qlot. o] H-fofli=n = 07} AN oF stE
2 o] Atalo] HEIAEQ] gkl 100 7HE E : n = 02 YAIE O] tt n = 00]B2 V& T
(h+1=20) = false= (0 + 1 =2 0) = falseZ HFATE O] A2 simpl®l &J5}9] true = false®
HHATH o)== T oA 9] AAFS 51t9] simplo] A2 Afoltt. T th3-2 reflexivity©ll
9J5te] Goal 19] S o] At

@ nol s n' ¥ B2 &= 7d-+= Goal 20014 AH]stal It} o] -¢ll=n = s n'o] JH3H
OF 5} 2 o] A o] ABAES 219l 150 7FH E : n =5 n' &2 PA|E O] QIth.n = 5 n'o]2
Z2IEITH (h+1=?0) = falser= (S n'+ 1 =2 0) = falseZ HHAL} o] A2 simplo] &5}t
(s (h'+ 1) =2 0) = false2 H A7} tHA] false = falseZ HIHATH 1 Th2-2 reflexivity®ll
°J5lod Goal 29 ST o] LY.

Ol F O 2 M destruct A =Fo] Z-goh= IA-Z ofF Aot 7]&stth $ O = destruct@t
FARRE, ey o] It O] A2 case analysis 52 THHA E Ao, Jufjujct o] gt
WA o] B A W& SHASHA| ofsfistal, T SR AAR SRS Hi= A o] coge & ©l ot

Yol



oF2] k2l 5 destruct n as [} n']egn:E°l TialA =& o] A o] = Q35kr}. as o5
a3t AL of YAk Bstx| b= Aol . = intro pattern©|2il F2= A
0]Z-2 no| & constructor(02} s) F o= sprte]l i o, = FEoldestruct 8 ™|, 2F2+2] 7350
AHES H4=9] o] B2 A3ttt 1 9] Foll= A WA AR ] g HeE 21, LER=
T WA A2 el tigt W& Y=tk Intro patterne AJ=SHH (ogo] A= Z|ojd ¥4
o5& AHESHA H
A A2 = g A7 00| B R v A| Ao & 4T EAoHA] ot ¥4 o] B
2178 = a7t gloh. 23A 9] 52 Hlof qith

5 98 A2 = 1709 /IG5 7= solB= o] Hagrt Basitt o|AS n o=

OlF& F0 19 LEZ Yol F3rh

B2 3] o}l A, &2 okt AR 27) oo QI4E VA= AS sk

A=t ol A= UFoll oh-FA

+ annotation®] il RE= Aot} o|Z2 mix]d o Hsof st 5419 o]l &=
E= A4S} Annotation AJ=FSHH ogo] U2 A2 o] F= ARESH= A o] of 2} ot
SAlo] YehA] k=t

g2 uit & o] 52 & B8+ flom il o] 52 HE AT TRt of A
A eE TN AMESHA] te Bz Aerei 1 ZA7F glgleh shA 9 Wi == o] A o] &
a3t AL glom UFof o] o & BA & Aol

n'S nlZ, 8 E1.2 2 HHLO] =11 destructE A Y5 EH destructol A9 intro pattern
o] oju|g & & 4= 92 Aot

Intro pattern= t}2 |2 case analysis ZEFo| = It} 22 Jujjojct o2 Aoz
7lsstt Mot o8] ZHE(AE7HE §)2 as [... ol ¥ A¢E Stk oz 28
case analysis 23 A0S o AAotA A Zolt}. Case analysis -2 destruct 2]
induction, inversion 5°] =T ©]F FOl destruct’t 7Hg 75 4] Holt}, st
Aeroletl Sk A-g o4 W9 HlolH el whet tH[do] go] EefA| B2 o] 2jt A=
=< do5|=d w2 /‘]Zl'—% Tofisiof o Aojtt. oA o] # Frgef FFUTH sfA TEotA|
T BE HEH Y-S, & A AAA AE S o & L& ool

destruct A= Aol thsto] intros HFE F ol /\}Q“O]'L 797t Bt o] M
Inductive 71 IEE HA BoH A9 9] ®g-of tiste] AHES 5 Ut & E°] bo
EFY] Mol X destructE AR 4 Atk tha9] ol & Het

Theorem negb_involutive : forall b : bool,

negb (negb b) = b.
Proof.
intros b. destruct b egn:E. (* we don't need *)

- simpl. reflexivity.
- simpl. reflexivity. Qed.

o

N
=

—}

o] S A= intro pattern= ARESHA] Ettt. 1 o] F AAXTIE BF nullary©]”7
ofjZoltt,

andb®] ZTHZ] 2 710 THL destructS o] ¥ AHgsfjoput gict, o] Fg o]
subgoal W5l subgoal, 1 W3-oll THA] subgoalo] ZA5H= FE|, & th&LRo|Bg &
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ofe] 5 Agslol ST, B2 4l o3 ST 42 Al ek AT FUEE
AHgotE T R B3 9RoA ofu] A§HY B /| EE E ASHE Ak FREE

22| ¢ Atolle 28 V1SR -, +, « 5& Ao Hrh

Theorem andb3_exchange :
forall b ¢ d, andb (andb b ¢) d = andb (andb b d) ¢
Proof.
intros b ¢ d. destruct b egn:Eb.
- destruct c eqgn:Ec.
{ destruct d eqgn:Ed.
- reflexivity.
- reflexivity. }
{ destruct d eqgn:Ed.
- reflexivity.
- reflexivity. }
- destruct c egn:Ec.
{ destruct d egn:Ed.
- reflexivity.
- reflexivity. }
{ destruct d egn:Ed.
- reflexivity.
- reflexivity. }
Qed.

HA 2 er) e

ot

A% Ar gl S|t o] 3R Baho AR (A2ad
AT et

M2 destruct 7| Y =5 AL E destruct S AFEE 4= Qlot. o2 9] ol & Reh

=
i

i}

Theorem plus_1_neq 0" : forall n : nat,
(n+ 1) =? 0 = false.
Proof.
intros [|n'].
- reflexivity.
- reflexivity. Qed.

A% 24430 2 A OIE inductive typeo] AN E W47 5] TR glon s g ol
S| &= destruct Z=Fo] ARSI T},

Theorem andb_commutative''

forall b ¢, andb b ¢ = andb ¢ b.
Proof.

intros [] [].

- reflexivity.

- reflexivity.

- reflexivity.

- reflexivity.
Qed.

o 1 © s
WA O 2 destructE AHESIER o] & ¢l11 o]af|T &= Q1o

Aol

—_
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More Exercises

SF= ASRAY sidhe BASHA Lol Leta Wata glong o7 Nt AFRA o e

AA7} opjet PEgt A3 Holr.

o] AL ojale BAl] AL BT SR IES AFE Aolh, T2 1 418 BAS|
delAE AFEHA g 497 B Aol

1 Theorem identity_fn_applied_twice :
2 forall (f : bool -> bool),

3 (forall (x : bool), f x = x) -

4 forall (b : bool), f (f b) =b.

5 Proof.

6 intros f H b.

7 rewrite -> H.

8 (x ... *)

OH/\‘]) O] UZﬂOﬂ/\i /\HE—S— ‘]% ﬂ'?_] 20]]/\1 .}ij_%o] ;‘ﬂjgé_;guniversal quantiﬁcation% @'éoﬂ
e A ALk Aok,
2kl 62 o {7 olalol# | intros f. intros H. intros b. = o] 241 SPupA] Al5)s)
Bat 1 89 Coq GoalsE EH th21} 22 Ao|tt,

o f : bool -> bool
10 H @ forall x : bool, f x = x
11 b ¢ bool
(1/71)
f(fb)="0b

12

13

2kl 7ol A APt revrite -> HE =A EAL ve 2F 100 YERY QAtt
SHra o] whgko] —>olm 2 yol QI f x5 & I £ (f b) = bo] o F&E B
mfz]sjof Rttt xi= AATA o] glen= 9ol gro = Aged 4+ =T, o7 F
7HA] ¥ o] Qitt. st @ x — bolal THE St= @ x — f bolth
73 @oll= £ xofl A =& 12 mefo] BE EXd2 f po]m o]Zo] ne] gl x&2
A E]ojof R R Ak & THL2 f b = b= HHHA Hrt
At @& f xoll A EE FE AL £ (f b)olH o]A o] ye] Q1 x= HEFjojof
StEg a5 Te2 A Oof|Aet FYUsH f b = b= HHA Ht.
b = bo] FP LB o)A o|EH sfjof FA= AP sttt v

9o Aol A HEo] HARS Q142 Ao} renrite M-S AHEE uff, ufjx] 2] Bio] G
SH2] g5 747 EAS &= ot 919 oA = F w9 At FEF e B of R EA7}
RAA T, ol wefA = F mjx]e] dart o & QT Coqoﬂ/ﬂ AAZ o™ wix]E
AESH= A o] o & obe] Solc} ok & Zo] giek. theo] o & 1AL
1 Theorem dbl_fn_applied_twice :

2 forall (f : nat -> nat),
3 (forall (x : nat), f x=2*x) -
4 forall (n : nat), f (fn) =4 *n.

5 Proof.
6 intros f H n.
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7 rewrite —) H.

8 (* need mult_assoc to finish the proof *)
9 Qed.
2l 72 AYPHS o 1L Tefo] £ (2 x n)o] A, ofYH 2 + f no] ] FFott (2
oL Zo| Holx 39S gmate dli AL gtk SHA% olRE 5 F oL 49AE
=t A2 g d&oltt)

A¥S E3f o] Z212] 2el5) H 7] vigtth, (J1E: outermost-leftmost)

1 Theorem andb_eq_orb :
2 forall (b c : bool),
3 (andb b ¢ = orb b ¢) =
4 b=c.
5 Proof.
6 intros b c.
7 destruct b egn:Eb.
s - destruct c eqgn:Ec.
9 + simpl. intros H. reflexivity.
10 + simpl. (* ... *)
(* ... %)

-
.

@A), o] EAI= ¢l Hol 370912 2T, 2]|=5] HolsH| %‘3“:} H}E o|xe] A KT} o
& A0 2 H3lth hool BFY W4 b}t 7F HE 4= A= 59 S= 44of oF ot I8 E2=
S destruct St Z+Z+9] 7490l ThA] & destructStd H T}, "}L 0174 Qo] o W
Y252 = FohAlTh
QA E HOER0] bool2 &4 AJ/d AT AHE-OFER intro pattern< & gt} oA 2kl
872 = 1 & 4= & Aot I &2 A5ttt v

Course Late Policies, Formalized

ol # Att. cog T A TR oE B8 ok Ak Ty B Az A5 7Y
gtk FOHEGE e o] ZAlE 0] AHe & HolF )

ol 5ot ddofit. 12y o] EAl= B2 A & At ZAlolt. o] ZA1= Cogol oFH 2t
Python 22 #-§ ¢lo|= s8st= 2ol o w21 Apd ATkl AZfRiet. o] 7 714] o]-f =
]lste] o %‘_—zﬂoﬂ oA sl @il 1 AW = ST

Binary Numerals

o] EAl= 1 A ]7]' O”jr I o3 % Induction©l| A ofF Zu|2-& oA e}t AZAHr,
A o] A= T Aol A thAl AHE Aot



Induction

3.1 Separate Compilation

o] AL o] o] AA HTh= th39] F Eo tigt Zo|t},
® Export A|AH
@ 223+ « vE HIY 519 byte code *.vo Y WE7]. o]FA O =M exportE

Induction.ve] 3 FEof BH

From LF Require Export Basics.

7} BRItk o] WS APt O 24 Basics.voll Al 2 AIHE B5F import 5o AH§ @ T
A Q‘:} O™ o] 2 A= Adsty] alA= =2 o] a5t —Basics.vE HITY
Sto] @2 Basics.vo THAO] LF T E 2] Yo EA|of gt}

o] ZH|ZFdo] o] 1A etk A 9 From LF ..o H& WEo| 10] & Ao upeAE

o0l et ge WAIX| 7 ekt Aol

Cannot find a physical path bound to logical path basics with prefix 1f.

Bascis.voitqt ofyzt 1f tEE] o] = v USS HEA 5to] vo A& THE0] B+
Zlo] o1 o] & 9lsto] thaf &2 2719 AWMEE Eu|dolA AdPstt =& o] AF2
1 elE 2] ol 4 Aol gt

cog_makefile -f _CogProject *.v -o Makefile

make
Tl vo THAES Aol Bt A oA A kvt A2 B VS Code”t
. TF29] WS Induction.v WollA AsYsHA LFQ] gLo|
b 5= glon o] EU2 EA|E AT 4 S Aot

fnr &
Bl

o o
Sl

o

i)

iu)

flo oQ

Print LoadPath.

171 A import St= #HAWMEC] Export & AF&Ste= Zo] ol4stA Ed &£ ok ddod
From LF Require Import Basics.= A& HTh I} o]27 otH thE ot o] Induction.vE import otA 2 7
-, Basics.vi= EEE 2] =Tt
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3.2 Proof by Induction

Vn:Nn+0=n2 3595 |=vVn:N0+n=n
nat -> nat -> nat® HOAZEH A simplEHE

AALE SHT W destructs AHESH ™ n =
Sy oloF ot A2 whuHA Hrt.

T
)
i
ol

mgho] 2kl 191 FefollA] simpl-& AdYstH & Zegdo] 2kl 22 vy A Hr}. o 7] A4
o o] oJEA & 4 gtk TehA destruct HHFOZ = o] F
HAn'+0=n'S 7ME AT 0 AW o] T2 rewrites
MA S E T HER o] 5 91519 induction H2FE ARERIT
induction M destruct HZFo| A e}t v 7122 = 09 A2 n=5n'2 AR L}
Fol Sttt 2= HAE 7IMHA (base case), FAHE T (inductive case) 2kl F-2tt,
induction HZFO] destruct HZFETE U2 H2 Axfof A= HE DA NA A7 (induction
hypothesis)& 57t AH8-8F &= Qlrh= Zlojoh,
Vn € N, P(n)< inductions AH&-Sto] Sotat & wf th29] & 7}2]1 & S otH Ht.2
@ ZIAGA A P(0)S St
@ AG2AANA P(n') — P(Sn)
th5o] JeE Het,
Theorem add_0_r : forall n:nat, n+ 0 = n.

1

2 Proof.

3 intros n. induction n as [} n' IHn'].
4

5

mlo
o[N

3

rok

o

- (*n =0 *) simpl. reflexivity.
- (*n=5n"%*) simpl. rewrite -> IHn'. reflexivity. Qed.

2}l 39] LR Z 9 F 51—01011 St} destruct 792t H|5=5HA] 9 intro pattern®] IHn'©|
F71E BEo] g2t} 1Hn' 2 AY7Hd ol FE o]&o|tt. I1H= Induction Hypothesis @] ™ 2]
225 | AolH Ag7H 9] o] 5o o] AS Eol= Aol T

Annotation egn:E+= induction®| A HE E Xt o] A AY7Ide] 27 EHS JeHi=2
etz 27 g 497} Btk
gtol 37HA] Ad8gE 29] (oq Goals SHAHL T2 Ztt.
Goal 1

(17 2)
0+0=0

10 Goal 2

11 n' o onat

12 IHn' :n" +0=n'
13 (2/2)
14 Sn"+0=Sn'

ot

514 FgH 9] Y8 (Principle of Mathematical Induction on N) ]},

205 sl HThs 2o 2paiso] o
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Goal 12 ofF 574] Eik=kal=g
Goal 29141 THn' & 7HA 2 AR 4= Itk 1Hh' 2 n/ o] Wit Induction Hypothesis &
e 2491 59 simpl 7HA] A YIS Al-&o] thZat ol v

S(n" +0)=5n'

O|A| reflexivity. & A dYotH o] Edrt. v

theol et 719l B 77} glek o2 AR S F3el 85k A9 Aol

Theorem plus n_Sm : forall n m : nat,
S(n+m)=n+5Sm,

a2 Al pluse] Bel=sn+m =5 (h+ molct o] XA FHHE] s n + n2n + S nl
2 8, ololA] S410] 2o M= v vh2 919] He] plus_n_sno] Bk o] He o
S orof| A ST add_0_ro I EL

ol el Sl & ool wrt. 2H.e usi,

Theorem egb_refl : forall n : nat

(n =? n) = true.
Proof. Admitted.

s

Proofs Within Proofs
F5to] S WA oA S Wel FHol T4k A97F &5 Atk dE =°
Vnm:N, (n4+0+0)xm=nxm

otz o At n +0+0 = nS TY5| = Aol T2 Aolt} ol & Coqoll A=
Zo] AT o Ut T Foll AR A plus_n 0= Vn: N, n+0 =nE 3t

o

Theorem mult_0_plus' : forall n m : nat,
(N+0+0) *m=n>*m.
Proof.
intros n m. (* not use induction *)
assert (H: n+ 0+ 0 =n).
{ rewrite <- plus_n_0. rewrite <- plus_n_0. reflexivity. }
rewrite -> H. reflexivity.
Qed.

L T N S R

o
0
3
lo,
—IJ
n
O
)
19
ol
4
N
2
i
e
N

assert (n+ 0+ 0 =n) as H.
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71 tholl BE=E o]0 A] assertion®] S-S SEZ Aol Y=t
assert TS A= T A & dofFolof T AL asserts ATt 27 9] Coq Goals

strolt}. §19] oo theat 2t

Goal 1

n, m: nat
(17 2)
n+0+0-=n

Goal 2

n, m: nat
H:n+0+0-=

(27 2)

(N+0+0) *m=n*m

© w N o o« oA W N

-
[S)

11

Assertion©] Goal 122 U= YT A ] Goal 12 Goal 22 H{5ttt oAl T4
HAFE ghot Goal 12 S5k IOW el Aas S Hr

assert A2k oh23t 2 H 9ok S| A0t} 128 H B & dHX F2E Ao}
H A sidd A g2d, 1 —4 FE7t e Aol @ SolwA] etobA FeE A% vito]
o 951 A& w7t Sk A E =

(n+m)+(p+q) =m+n)+(+q) (3.1

ZYota 2t & o =EA] add_comm A 2E ARSSlioF Stk A= A & Aol 1y
£ 3.1)¢] 2o 24 149*;} e gt 237t obd (p+q) + (m+n)E B.19
ol GA It3 oA AL H : n+m = m+nS HA assertdstil 0|5 5H T add_comm
A HE MR A wom

i

(]

]

:“-:L

Theorem plus rearrange : forall nmp q : nat,
(n+m) +(p+tag =m+n)+(p+aqa).
Proof.
intros n m p q.
5 assert (H: n+m=m+n).
6 { rewrite add_comm. reflexivity. }
7 rewrite H. reflexivity. Qed.

P N CE

G882, 99 Fe] HE= Coq Goals 2HH-S H2] Ik o] 4= Q1S Aot}
2}2l 6l 2 add commo] AHEEIQ =T, T ] Y ES Ho R A ARG Aoy &
oA H7] vttt o] 52 Induction} asserts MA 7 SHE 4 QoE R WIEA] HE

2n FE) W] v,

add_0_r: forall n: nat, n+ 0 =n

mul_0 r: forall n: nat, n* 0 =0

plus_n_Sm: forall n m: ,S(n+m =n+(Sm
add_comm: forall n m: nat, n+m=m+n

add_assoc: forall nmp: nat, n+ (m+p)=n+m+p

30] A& (0q2 outermost-leftmost P20l 2|5t Z o]},
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add assoc94 SHo 257} gl A2 4 9] AZA T A tett associativity T=C| T},

Sol £ AHgSHE ] AL T Shuke] Wgko] glek. HEE replace H2Folct,
Ola— 1 &5t B. D)= Sl EAf

Theorem plus_rearrange' : forall nmp g : nat,

> (n+m+(p+qg)=(m+n)+(p+a).

3 Proof.

4 intros n mp q.

5 replace (n + m) with (m+n).

6 { reflexivity. }

7 rewrite add_comm. reflexivity. Qed.

asserte} H|So AR i 1185 HAGAA F11 Y th30 replaced] et =5 TS
Sttt Hol A g2} 7S E5HAE o 1 7HES M A rewrite SHAE Peth=

Hof|A assertXot oF{t o He|sir

replace H - assert?] 7Hd o] SA1Q1 gt AFE 4= k= HoflA %%‘?:-4-?4
SO T 4 Uk 2y dskes 7R o] FA1Q1 Aol ShAl W3Rl replace”t £
oot

assert @E‘F% ARgSE W= A 0]

_WL rr

A stal, I ool Y=o

4 Aot assert’F = 5h=

7Hde W o] A4 JAE WA S ‘:} Oﬂ S A]

| 714 o] OJE]14 S =

Hr}, assert 7HdS 12 4,
A= assert (H: assertion prop ). { proof of H}9 &S AFESIA|TE o] &
Y assert (H: assertion prop ). admit.2 Fil 129 FHL A&sitt 18
S-S 0bz 3o admit. & { proof of H}Z HFET}.

]

[¢]

plus_rearranges 5ot &E Shte] W o] It} rewrite .. with F o] 1A o]},

1 Theorem plus_rearrange'' : forall nmp g : nat,
> (n+m+(p+tqg) =(m+n)+ (p+a).

3 Proof.

4 intros nmp q.

5 rewrite add_comm with (n:=n) (m:=m).

6 (* rewrite add_comm with (n:=n). *)

7 reflexivity. Qed.

Check add_comm= 343l ¥ rewrite add_comm®] Sh= A-2 ndt n] $IX|&E Yot = Zo|tt,
I A4 919] rewrite add_comm= AYSHH outermost-leftmost P2l Wt n = n + m,
m:=p + g2 Aol AF o2 AGHTh A5 A2 WAL n9 &2 F EA G term T
me] S & FALE A A5t rewrite .. with .. 2= AW Hrh

2kl 5 Al 2k}l 62 Ak Hrh gl As A% digE2 5 JA4E AZWS o
2] Qleof] thel] 2§

2kl 5014 with (n:=n) (n:=m)= with (n:=p) (n:=q)2 H}ro] Aot o|H A7t U&7
o Zstar, A TS vhE drgof Het
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ehel 5= thew 2ol A He,
rewrite (add_comm n m).
om]—x% oz xﬂakA o]/\ ] o] S22 = [q1
tactic my_thrm with (x1:=v1) .. (xn:=vn).
Al o Zheet 24l
tactic (my_thrm v1 .. vn).

£ <7 Uk

i

Formal vs. Informal Proof

Cors B3I W 512 WA e] EE Slatel, 1 7 WA 2 glo), Holw ol
Hekg Aws) B 97} olek, 2R SHole old Ao R E SR 0F it 33L
92 5 9lek. SHARr 2FT g0l gl BAet olF Ao 2L Fre] Uafsh o]
Qutolet,

Coq T& Q7] SI5tol, ofF e 97} ofeh, WA 1 27 Seh} Hao
sl5o] "o g Folof A Bl LHA, o] informal proofE Coq?] formal proof2 ¥ ¥st= 7o
Zrt.

3.3 Exercises

. Theorem mul _comm : forall m n : nat,
m*n=n*m,

o] Aeli=mofl tigt A= Sttt oo XA flemmas AHESHH 2 Aot
. Lemma mult_n_Sm : forall n m : nat,
n*m+n=nx*Sm,
mult_n_Sm F<E gho]Hagjof Qlo B g Tt ARGo ke HX[RF Ans SO B ZS
At} o] HxA = nofl tigh Aoz St plus_n_Sm¥} add_assoc= AH8-SHH
st
. Theorem plus_leb_compat_1 : forall n m p : nat,
n<=?m=true > (p+n) <=2 (p + m) = true.
o] Ao gt Ad-2 pell tiaiAl sh= Zlo] Ett.
. Theorem mult plus distr r : forall nmp : nat
(n+m) *p=(n=*p)+(m=*p).
FRg noll gt Ag ez At A TEA A add_assoce AH&SoF & Aot

. Theorem mult_assoc : forall nm p : nat,
nx (m#*p)=(n*m *p,

7

Ol
=

It pof] gt Ag ez fZ2HTh AGEAANA mult_plus_distr_r= AHgsjofF &
ojtt,

" of
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Nat to Bin and Back to Nat
AA4E 27O R FA|oh= thao] -2 Basics.voll Al &7) & BF Qlot.

Inductive bin : Type :=
Iz

B0 (n : bin)

B1 (n : bin).

o] A oJ7} oulE 71A]7] 9ot = HER T ¥ Asuccessor 7T A OJ0F Stk 0] & incrEteE
o5& Fol tholl AolstAtt. incr7t binoll Al sH= €2 s7F natoll Al k= Lt 2t

Fixpoint incr (m:bin) : bin :=
match m with

Z=>B112
| BOm' =>B1m'
| B1 m" => B0 (incr m")
end.
SAA QL 27 T QJof| A Aot 27 H-S v W 5te] offol TR H Tt
10309 | 2%5 | Inductive bin: Type
0 0 Z
1 1 B1Z
2 10 BO (B1 2)
3 11 B1 (B1 2)
4 100 Bo (B0 (81 2))
5 101 B1 (Bo (B1 2))
6 110 Bo (81 (B1 2))

F A3} pinS B3] B B2 0, B1-> 1] - QLEﬂ 271 o A= &l 3L
F7F =& ABEol AR binoll A= LEZR Sl £V =& AslSdts Hol 2 o]
matching A4te] €84S 9ISt Zloltt. 1Al 0& ‘/]’E}LHL bino] FExLo] H&= A
A7) 95191 28 B2 end-marker 2 AHE AL

in0® FAH +F nat= M= e that gkt

o rlr rr

Fixpoint bin_to_nat (m:bin) : nat :=
match m with
1Z=>0
I BO m' => 2 % (bin_to_nat m")
BT m' =>1+2* (bin_to_nat m")
end.

incr®} bin_to_nat2] unit testE ot H Tt

'

SH A& gotell wotn haa 2ok Q10)e] bin E@o] Fol S v 0] L 24A42] nat
.

|
ral
flo =
T,
e,
o S
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Example test_bin_incr1 : (incr (B1 Z)) = BO (B1 Z).
Proof. simpl. reflexivity. Qed.

Example test_bin_incr2 : (incr (B® (B1 Z))) = B1 (B1 Z).
Example test_bin_incr3 : (incr (B1 (B1 Z))) = BO (BO (B1 Z)).
Example test_bin_to_natl1 : bin_to_nat (BO (B1 Z)) = 2.

Example test_bin_to_nat2:

bin_to_nat (incr (B1 Z)) = 1 + bin_to_nat (B1 Z).
Example test_bin_bin_to_nat3 :

bin_to_nat (incr (incr (B1 Z))) = 2 + bin_to_nat (B1 Z).

9] Example=ol et RE ZHL2 proof. simpl. reflexivity. Qed.©|22 A HA o E A
QJgh BLE doA S A=k ]’93\
O 13t bin 2 MEF Gl chovt 2t

10

_@

[¢]

Fixpoint nat_to_bin (n:nat) : bin :
match n with
1 0=>12
I S n' = incr (nat_to_bin n")

o %ﬂ P % ob_l} o}t g2l o] o el

Theorem nat_bin nat : forall n: nat,
bin_to_nat (nat_to_bin n) = n.

AIFL2 ¢ o ER 25 Fo BTV 2

nat_to_bin noll thet Ao 2 FHolof & A2 Az, AgTAlA slof & L2
AE7HEQ (3.2)& 714351 (3.3)2 £s5t= Aot
bin_to_nat (nat_to_bin n') = n' (3.2)
bin_to_nat (nat_to_bin (S n'))=5Sn' (3.3)
nat_to_bin®] A 2Jof olste] (3.3)¢] FHL
bin_to_nat (incr (nat_to_bin n')) (3.4)
I 2o 7 (3.4 NA incrs e g I1F o] Yl 2 HEY
S (bin_to_nat (hat_to_bin n')) (3.5)
2 Hge 4 QithH o] I (3.5)°f AE7HE (3.2)8 &gste] 2|7t Yol= Al s n' =
g2 5 A Hrt
(B4E B.5)E HIst= A2 tha7 T2 AAA Y 7HE 1 commutative diagram Of A]
A4S e Aol o] 1H FAH A A= pin®ll nat_to_bin n' & S w 1T oo
Bl A2 T pin to_nat_pres_incr’} L&t}
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incr
bin > bin
| |
bin_to_nat | | bin_to_nat
| |
v v
nat > nat
S

o) 7F1ES thgo Helg tehln ZHetalch.

Theorem bin_to_nat_pres_incr : forall b : bin,

bin_to_nat (incr b) =S (bin_to_nat b).
Proof.

intros b. induction b as [|b'ib'"'].

- simpl. reflexivity.

- simpl. reflexivity.

- simpl. rewrite IHb''. (* ... *)

(x ... %)

P I O

©w N o o

(BA). (8] ol5ol UEE= prese preserves 5= Z1 02 HQItt) 242l 49] inductions
bin B ¥4 bofl thet AN bin BFY-2 3702 A2 (arity+= 242} 0, 1, 1)E AHE-ste] 4
&R OB & induction? intro pattern= [|b'|b' '] 2 &kt

o] T ALt A 2 » + FEjO] o] A Yeh=t] oA simpl oA Tt 2ol
Hobs A2 ¢ glod £ Aol

2%t =S (S0 *t=>t+(S0)*t=>1t+(t+0)

WL

gkl 7oA simpl Fofle AE7MIS A8 4 U} o] %= plus_n St add_0 r&
AH&otA F Aoltt, o] A bin_to_nat_pres_incre] S8 &dot= Hlof 283 JIE
FH5 Y Bt v

oAl £ HelE F9T 267t Hgict

Theorem nat_bin nat : forall n: nat,
bin_to_nat (nat_to_bin n) = n.
Proof.
intros n. induction n as [in' IHn'].
5 - simpl. reflexivity.
6 - simpl. rewrite bin_to_nat_pres_incr.
7 (x ... %)

222 bin_to_nat_pres_incr= AHEoHH E A2 o] 2 oleo7 7itsict. kel 6
:HIEH]' S AHEE S QA HA O o2 o Hrt. v

P ORI

f

-{O]l
rr

Bin to Nat and Back to Bin (Advanced)

OJA| nat_bin_nat®] & A2 bin_nat_binE SH Attt 19 7 o] HelE o33t 7ol
E=0H oA S 4= girh
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Theorem bin_nat_bin_fails : forall b: bin,
nat_to_bin (bin_to_nat b) = b.
Proof. Abort.

dFshl o] Hel7t FHeknA s TS ol oh7] fjEolch
0
1
0

Compute (nat_to_bin (bin_to_nat (B0 Z))). (* Z *)

Compute (nat_to_bin (bin_to_nat (B1 (BO Z)))). (x B1 Z *)

Compute (nat_to_bin (bin_to_nat (BO® (BO Z)))). (* Z *)
BO Z B2 EH-2 nat_to_bin &F9] Zkol 2 & gtk (59T & A=)

b1n—4 ""] '— _6“01] nat_to_ bin O]'}\—’] %}:O] % Zl\‘ 9\11% 7/—1%% @ﬂ‘ﬁé/ﬂnormal forrno] a'_l_l
H2712 3t n: natoll tHallA bin_to nat b = n% b: bine YR o7 Tgts] Wol &g

th(EHE & A=)

b: bin® A2 AHEAA b': bin® 2 A bin_to_nat b'= bin_to_nat be TS}
g Sobs AoR ookt 12l b: binE UF Wol o2 e] AP A Altohs T4
normalize: bin -» bin®]2}il 5}H o]= 3} o] cog ZEEMH Aol 4~ St

b}l 404 ARt match .. with T2 AF7HA] & EAH P2 oot AF 7<= match
variable @A 0] J AT oMol i= match term__expression A2 A-goFT.

e

1 Fixpoint normalize (b: bin) : bin :=

2 match b with

3 1 Z2=>1

4 | BO b0 => match normalize b0 with

5 1 Z2=>1

6 I _ => B0 (normalize b0)

7 end

8 | B1 b1 => B1 (normalize b1)

9 end.

10

11 Compute(normalize 7). (* Z *)

12 Compute(normalize (BO Z)). (* Z *)

13 Compute(normalize (BO® (BO Z))). (x 7 =)

14 Compute(normalize (B1 (B® Z))). (x B1 Z *)

15 Compute(normalize (BO (B® (B1 (B® Z))))). (* BO (BO (B1 7)) *)
16 Compute(normalize (B® (B1 (BO® (BO® 2))))). (* BO (B1 Z) *)

oA %27} FrgstH = wWQl HEE normalize® ©l-8sto] o} Zol & 4= Qlth

Theorem bin_nat_bin : forall (b: bin),
nat_to_bin (bin_to_nat b) = normalize b.

o] Z=E T3] fI5tod olZl o] AR A=l A< nat_bin_nat®] T82 FHUOl HAF 11
Yol A RE A HxA e e M-S vebd v AR .

Theorem bin_to_nat_pres_incr : forall b : bin,
bin_to_nat (incr b) =S (bin_to_nat b).

ol HxAelo deHE dE= tae AT 5 A

Theorem nat_to_bin_pres_S : forall n : nat,
nat_to_bin (S n) = incr (nat_to_bin n).
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&9l 7o g eolH, S L ofF 7| 2S5 Qi
T3y o] HEA 2= bin_nat_bin®] Tl ol HA] =t RSt bin_nat_bin®] 5
H-2b: binoll et AE-Z AHgolioF & A lH be] FolE KA A2 o &2 B1= A&
o +14 F7Fst= Aol obyet 28), 22 2u) + 14 F7fst7] wjZolt.
MNPzt & AX Eof th-Z2] RXA 2 nat_to_bin_double_n®| F-8&-& &7 H AUtk o]
Z7ge] 9] el ARg-oh= et 5hel XA P incr_twice BOE WA H AT
Lemma incr_twice BO : forall b: bin,

incr (incr (B0 b)) = BO (incr b).
Proof. intros n. simpl. reflexivity. Qed.

theo] HzATLE [ > 09 ALol= e Tl 51 70| pe2 oo Bl o|= Ao 23ttt
Z2& B Yk n > 027G 915ke] n thAl s 0 AHSSHTE 1A ol AR 1 20
FE doubleo] = o] 20 2 th&a} o] A olsto] AFRSITH

noll o2 ghe ol B o] HxAe)= 3

1 Fixpoint double (n:nat) :=

2 match n with

3 I0=>0

4 I'Sn' =S (S (double n"))
end.

nat_to_bin (double (S n)) = B® (nat_to_bin (S n)).
Proof. intros n.
10 induction n as [} n' IHn'].

6
7 Lemma nat_to_bin_double n : forall (n : nat),
8
9

11 - simpl. reflexivity.
12 - replace (double (S (S n'))) with (S (S (double (S n")))).
13 + replace (nat_to_bin (S (S (double (S n'))))) with
14 (incr (incr (nat_to_bin (double (S n'))))).
15 { rewrite IHn'. rewrite incr_twice BO.
16 replace (nat_to_bin (S (S n'))) with
17 (incr (nat_to_bin (S n'))).
18 - reflexivity.
19 - simpl. reflexivity. }
20 { simpl. reflexivity. }
21 + simpl. reflexivity.
22 Qed.
910 R4S 02 hehlm ohe 3t 2k 2499 nat AHele] s 0 o He,
double
nat > nat
| |
I I
nat_to_bin | I nat_to_bin
| |
v v
bin > bin

BO

FHolA LT R BAA st St
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Lemma dbl_lem® : forall n: nat,
n+ (n+ 0) = double n.
Proof. intros n. rewrite <- plus_n_0.
induction n.
- simpl. reflexivity.
- simpl. rewrite <- plus_n_Sm. rewrite IHn.
reflexivity. Qed.

the-2 w9l Felo] ZHoltt A RO Lol A9stZrh

(* Part 1 of 3 *)
Theorem bin_nat_bin : forall (b: bin),
nat_to_bin (bin_to_nat b) = normalize b.
Proof.
induction b as [} b® IHb® | b1 IHb1].
- (* b =17%*) simpl. reflexivity.
- (* b = B0 bo *) simpl. rewrite <- IHbO.

2}l 6014 simpl Foll A& Zee] matchZF YERETE o]f o= o] oA Aot 11 thZ9]
rewrite <- IHbOE At At D Dot B H 11-20] o-& o dojFitt. ofx|qt o] g A
ro 24 11-& Ieof| A normalize’t AIAE Uth= o] @S Ut =22 1-& Tk o33t
2t
nat_to_bin (bin_to_nat b® + (bin_to_nat b0 + 0)) =

match nat_to_bin (bin_to_nat b@®) with

lZ2=>1

I _ => B0 (nat_to_bin (bin_to_nat b0))

end
o] & Zgofli= bin_to_nat bogt= HlwA 71 & o] 4 o|u Yepdtt, o= ofzfjof K<l
2kl 99] destruct (bin_to_nat be)oll &Jste] AAH

N o g A W N =

2}l 9ol A ARERE destruct .. T2 AB7HA] X EO}?ﬂ @ Alolth. A F7HA] = destruct
variable P2 O QAT o] Hofl= destruct term_expression @A A&t Tt

k91 99} 291 13| 4 AFE-3F annotation eqn:E_nat®@t egn:E_bine 5ol 24 AMEE A=
2T Coq Goals S-S ¢JOHA FTHHS o]dfiol= o =_o] |

g (* Part 2 of 3 *)

9 destruct (bin_to_nat b@) egn:E_nat.

10 + (* 0 *) simpl. reflexivity.

11 + (*# S n*) rewrite dbl_lemO.

12 rewrite nat_to_bin_double_n. simpl.
13 destruct (nat_to_bin n) egn:E_bin.
14 { (* 7 *) simpl. reflexivity. }

15 { (* BO n0 %) simpl. reflexivity. }
16 { (* B1 n0 %) simpl. reflexivity. }

2F2l 129] rewrite nat_to_bin_double_n®] ©] 5] Aol L= A ofF= TheSl A
Atoltt,

th-2-9] (Part 3 of 3)=b = B1 b1 -0l thet A0l b = Bo bo F-F-2}F 2] HE-2 4]
o7 FHh
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17 (* Part 3 of 3 %)

18 - (* b =B1Dbl *) simpl. rewrite <- IHb1.
19 destruct (bin_to_nat b1) egn:E_nat.

20 + (* 0 *) simpl. reflexivity.

21 + (*# S n*) rewrite dbl_lem0.

22 rewrite nat_to_bin_double_n. simpl.
23 (* *)

24 Qed

olzd Aol gt ¥ WA AH|, o] B9 45+4 Y-go] = Aeetd S8 22 o,

H 2] informal proof& 24 eF o] 0]Z12 formal 3t Coq proof 2 H&st= HFAl-S AM2-ol=

Zlo] F& Zlolt. T4 o2] A2 ALSHHA Q3O = reflexivityE AFEE 4 A =71 &

Sre A= 2 g ol

-JOHH Bl =9l B2 bin_nat_bin®] T2 wrel7tHA olsistr| =
A2 o] oAl o} 2] W$-4] ope

g Qleh. A& =0l &9 HxA e

O
=
% 9l

%

1 Lemma Sn2bin_not_Z: forall n: nat,
2 nat_to_bin (S n) = Z -> False.
3 Proof. intros n. simpl. destruct (nat_to_bin n).

4 - simpl. intros. discriminate H.
5 - simpl. intros. discriminate H.
6 - simpl. intros. discriminate H.

7 Qed.
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Lists

4.1 Pairs of Numbers

A0 =A% EFY natprodS ThEF o] A oJgich,
Inductive natprod : Type

| pair (n1 n2 : nat).

nat®] 78 2ol pred, plus 52 natoll et A4t &2 o
glolel Efqlo] ® oJm|7k §l=0], natprodE ©]

F01% natprod Y4 9] ZF JES FE5+=

4>
lo
o
1o

In
tlo
HT

Definition fst (p

match p with
| pair x y => x

end.

: natprod) : nat :=

Definition snd (p

match p with
I pair x y => y

end.

! natprod) : nat :=

SAgel 52 EIHE LTS gk
Notation "( x , y )" := (pair x y).
oA &A1 HEES WHH = T4 swap_pairs T2 2ol Ao

o = él\— O]E}--
Definition swap_pair (p

! natprod) : natprod :=
match p with
P (x,y) = (y,x)
end.
N olAe] Ql4F A ol match Sh= multiple pattern™t =414
=g

BHE E5lA Fofop
Definition bad_fst (p: natprod): nat :=
match p with
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b'x, y = x (* x, y is a multiple pattern *)

end.

Definition good_fst (p: natprod): nat :=
match p with
I (x, y) = x (* (x, y) is a pair expression *)
end.

end.

Fixpoint bad_minus (n m: nat): nat :=
match n, m with
I (0, ) => 0 (* pair doesn't work in multiple matching *)

|

P (S_,0 =>n

I (Sn', Sm') => bad_minus n' m'
end.

Fixpoint good_minus (n m: nat): nat :=
match n, m with

10, _=>0
1S_,0=n
l'Sn', Sm'" => good_minus n' m'

et el shig S92,

Theorem surjective pairing : forall (p : natprod),
p = (fst p, snd p).

Proof.
intros p. destruct p as [n m].
simpl. reflexivity. Qed.

destruct= 3427 SHATE Q= 7ol & o] g A E-8-2 4= Stk o]™ H-%-°fli= intro pattern
oA MZA 1 E AHESHA] k=t AAdAFe] 17t 270 o]B2 & FSE intro pattern ]|
as [n m]a Zol Yo HArt,

327 H47F nol2tH separator 2 2o]= A 2L n — 17E AHESH Htt. A&
=0l A7 37HE AFgotE HEA EFYolA ol=9] ol gl Eanty?t Z42F 0, 1, 2 2 th23
Zo e o] RS AHgsHA Ht.

destruct x as [} a' | b' c'].
surjective_pairingZhe ©|52 pairing 57 DAL = pairing &9 390 RE A=
pairing ¥=9] ol® Qlol A9 gro] Hrh= ZAS oJn|gteh. 18 B2 o] A7t T
e e o33} Zol Hojof & Ao},

forall (p : natprod), exists (a b: nat), p = (a, b) 4.1)
227} surjective_paring®l| Al &t

forall (p : natprod), p = (fst p, snd p).
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Z2HEH A1) G 59T 4 Uk oA E surjective paringe AH surjective paring_lemma”}t
o U2 o] oA REAT

4.2 Lists of Numbers

2l2E(list) = ol AofolMEA] HEd] T2t dlolE Bloltt. cogoll & B AEE thadt
Zol AHolgttt. o7 A Ao B AER G ofstr| = it

Inductive natlist : Type :=
I nil
I cons (n : nat) (1 : natlist).

Notation "x :: 1" := (cons x 1)

(at level 60, right associativity).
Notation "[ ]" := n11
Notation "[ x ; .. ; y |" := (cons x .. (cons y nil) ..).

Ao A7 nil ohbet 23 AL cons SHHHE ARSRETE 219 Q14 27 = B Qo] A=
== ]-,T,Jo]-a]-
At = L EH
T "= O]‘:]' A
Notation FLl= A& &
olmjo|ct,
119 A= AAS QUAEHT otRRE o & S0l 1+ 2 1 B2 (1 +2) 1 B]E
%ot =t
g AEo] tigt 2 71X]

75@0]‘:} OJALZ 1 :: (2 :: 31 nil))21 1 2 11 3 1 pilE A
(10 2) 1130 il FE 3RS FRHE o]dth upx|dke] K<l
o] [1; 2:3] ¢ EAoR 1 :: (2 :: (3 :: nil)S HUERE & Qlok=

o

SES 3ol nA,

1 Fixpoint repeat (n count: nat) : natlist :=
2 match count with

3 I 0 :> nil

4 'S count' => n :: (repeat n count')
5 end.

6

7 Fixpoint length (1: natlist) : nat :=
8 match 1 with

9 l'nil => 0

10 l'h::t=>S (length t)

11 end.

T P AEES olojEole ¥4 appe Tt 2ol J o app APPend & XRtH

12 Fixpoint app (11 12: natlist) : natlist :=
13 match 11 with

14 I nil => 12
15 b h::t=>h: (app t 12)
16 end.

texists7} ZHH L FPoh= -2 UEol wleA Aok
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18 Notation "x ++ y" := (app x y)
19 (right associativity, at level 60).

21 (** head element of a list *)
22 Definition hd (default: nat) (1: natlist) : nat :=
23 match 1 with

24 I nil => default
25 ! it =>h
26 end.

28 Compute hd 99 [7; 0; 4]. (* =7 *)
29 Compute hd 99 []. (* = 99 *)

31 (** tail list of a list *)
32 Definition tl (1: natlist) : natlist :=
33 match 1 with

34 I nil => nil
35 bh:itt=t
36 end.

Q14+ default : nat7h WA ol nile] AL W] RG] BHYL nar2 PF
Zofof 37] mholct.

UEEA 4.1 TF27 22 AAS 71X = &4 alternate (11 12: natlist): natlistE T=9]
B}

Example test_alternatel:
alternate [1;2;3] [4;5;6] = [1;4,2;5;3;6].
Proof. simpl. reflexivity. Qed.

Example test_alternate2:
alternate [1] [4;5.;6] = [1,4;5,6].
Proof. simpl. reflexivity. Qed.

Example test_alternate3:
alternate [1;2;3] [4] = [1;4;2;3].
Proof. simpl. reflexivity. Qed.

Example test_alternate4:
alternate [] [20;30] = [20;30].
Proof. simpl. reflexivity. Qed.

FE: theat 2ol Azhsh Aol Felsitt,

Fixpoint alternate (11 12 : natlist) : natlist :=
match 11 with
I nil => 12
I h1 :: t1 => match 12 with
bnil => (x ... %)
P h2 i0 12 =) (» ... *)
end
end.
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bag< Th5 ] Trmultiset-= S=01H= oot AFA49] pagS T3] natlist= A QJ5HA ot
EA4 U4 9] 45 bagollAl A= F5E a0l BAt.

1 Definition bag := natlist.

2

3 Fixpoint count (v: nat) (s: bag) : nat :=
4 match s with

5 I nil => 0

6 I h i t=>match (egb v h) with

7 | true => 1 + (count v t)

8 i false =) count v t

9 end
10 end.

12 Compute count 1 [1;2;3;1;4;1]. (* = 3: nat *)
13 Compute count 6 [1;2;3;1;4;1]. (* = 0: nat *)

Bagoll A gto] ¥xot= A Y4 ShHE AHAISH= &4 remove_one, 4°]
APA|SHE 94 remove_all, Z12]AL F bag Ho] ZABAE AlMtStE F
wHEo] 1A, o F2 A4 RAl R $HE Fol ofd AET Beirh

1T—— 1=

Aok RE g4

o 1S
=y
ol
Cl

Fixpoint remove one (v:nat) (s:natlist) : natlist :=
match s with
I nil => nil
I h :: t =) match (egb v h) with

| true =) (x ... %)

| false = (* ... *)
end

end.

Fixpoint remove all (v:nat) (s:natlist) : natlist :=
match s with
I nil => nil
I h :: t =) match (egb v h) with

I true =) (x ... %)

| false =) (* ... *)
end

end.

Fixpoint included (s1 s2:natlist) : bool :=
match s1 with

I nil => true
I h :: t => match (count h s2) with
= (x ... %)

10
FSn= (x ... %)
end

end.
bag®ll €4 sFtE Tot™ 1 94:9] count7h st S71RtchE (Fgh AHLS a2 ey 3
2] 1A, (o] BAE Wolwsh ¥ 27]2 Fof Q1o 2] At AR cogoll 24okA] b
Aol A ghol ofele & irka wok. efukshu 21 37kA) ALgt Mol ¥R gk o5
gre 7|o] Basty] tholct)
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Theorem add_inc_count : forall (v: nat) (s: bag),

1

2 count v (v :: s) =1+ (count v s).
3 Proof.

1 intros v s.

5 simpl.

6 (% ... %)

2l 47kA| ek AP -& of of-S 3 T2 A-&o| YEfLA Ht
count n (add n s) =S (count n s) 4.2)

count®} add®] HOE HH oA o] T2 Aste] FEIo] induction®]tt destructE AHES
o7t ke A& &A "

2hel 55 AAYSHA, simpl-> F-0] oo whet AT HolE fojug Vg THF2 T}
¥} o] matchE QS Bdo] Hrt. ols6hx] of2 7|Wo] Wasith= AL ¥
Zoltt. o] ZA match7t T8 £2THET}F obd A& Lo et 9= o]
Hajo|tt, o] W Wl F O] ZrotR 7]indexl| A ‘match appearing in goals’ & Zro} Kz},

TRt A7) A match®] )19+ W47 o et 28 AARRE =25 2Rtk Gl 3
O| AL ohA] RbF W b2 A2 QIR obA|7h x| = 1] 9<5hA] o2 71K o]

match n =? n with

| true => S (count n s)

| false =) count n s
end =S (count n s)

n =2 n true®| B2 9] A9 FHL2 5 (count n s)°] Hh o] A2 &

reflexivity® & 4 U™ ZAA]T, 092l reflexivity: n =? n¥] #°] truegt= A

St fufobH n =2 n9] FtOl truedh= A2 AH2)7} ot el A o] 7] wfjEolt}.?
(4.2)9] ZHHES s (count n s)E Ao H Hof] T FA ot

Theorem eqb_refl : forall n : nat,
(n =? n) = true.

rewrite AL AW FACH o]t Ak

rE
i
offl
e,
ﬁ.‘ﬂ
|0
S

¥

ille
lo
o,
A
f
>

[¢]
9,
e
o

Reasoning About Lists

O|A R E B AE HEof et destruct®t inductions AHE5He] B]|AE S tist S-S EA A
S =2 AESIE S kAt

rst e 2R E ARt S8-2 XA Coq Goals 2HH O HeHE Yol 417
olsi7} & Aol

Theorem tl_length_pred : forall 1 : natlist,

pred (length 1) = length (t1 1).
Proof.

25implS inductive definition 2] 7 2|Wt AF&35Fo] AAMRHL}, reflexivityw inductive definition g ofz}t
inductively 9%H &9 &/dcomposition= Al4toll 0] 8 4= Uth= Aol A simplEth= 2 siot. ohx]wh
reflexivitye A&+ o]-851x] £t
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intros 1. destruct 1 as [} n 1'].
- (%1 =nil *) simpl. reflexivity.
- (x*1=n::1" %) simpl. reflexivity. Qed.

7t T¥ste = Zito] Yet= & &4 length 13+
2 5 O Q4 10] nil}d A @ 19l n ik 1090
JH Bz 7t 7 g-of thote] STHE M2 st= A 0]

destruct 18 AFE8l:= 0]8L o]
t1 12 GAEE 047 59, o] gt
2 thre] AoH el e
Fdstt

destruct HF o2 FHSIA] Rols A2 A= appo] AN AE T Ak

2]
+5
I

Theorem app_assoc : forall 11 12 13 : natlist,
(11 + 12) ++ 13 = 11 + (12 + 13).
Proof.
intros 11 12 13. induction 11 as [} n 11' IH11'].
- (* 11 = nil *) simpl. reflexivity.
- (* 11 =n:: 11" %) simpl.
rewrite -> IH11'.
reflexivity. Qed.

[T B I IR CRY

ZAE et A2 o] o] 20|27 2}2l 49] induction intro patternas [} n 11" TH11' ]l
oA Aol BRI natliste] Aololl A ARA AB/92t nil2 dolBR | A2 v 9
o}, FHA A2t cons= 27 "“HZ}O]Eﬂ (n: nat) (1: natlist) P IFE A ER | 2 &
ZoleFHeE 11’2 Y Atk 110 tigk Aol BER, Z ADA N 11 =0 11"
.i%ﬂ%%ﬂLﬂﬂUilﬁk'g%@HMmpwHMMV%@%@W

I ohgollE AG7HE [H11' ]S JIER sf|e) @it Ag7hdolet ok 119 A &4, =
110l tholjA= 212 Zgo] gth= A2 7HY5h= Aol B2 of3a} -2 o] A" AE
Solztth

IH1T" @ (11" ++ 12) ++ 13 = 11" ++ 12 ++ 13

=

& TFAE 1121 o 11' 2 X|3H| Fo]of gt
1 ((n:x11") ++12) 4+ 13 =(n :: 11") ++ 12 ++ 13

N,
o2,
it
=
i
it
[
o
|E
)
lo
rE
ol
i)
o
ilo

o] Z1o] Q1 69 simpl 21 €] A& Zetoly, Tl 7
Al st oot HH oh=3) 2t

2 n i (11" +12) + 13 =n :: 11" + 12 ++ 13 (* after simpl in line 6 *)
3 on 11" 124+ 13 =n 0 11" H 12 ++ 13 (* after rewrite IH11' in line 7 *)

wat ol A T ol AR S AL, 3 ATYET} He A vefehy, ruct
LT AAE Roleh, B o F SHR Ropl M E g7 AZgo] o eiw M o] Yo
T7) glefof Tt

sinplell J5te] efel 1] Bel T& mafo] ehel 22 MHAIE o] fi ++2] oI} chgw

2] el

++defn: =>h :: (t+ 12)
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hi (t++ 12 ZZEAASIA L ot + RENE EF9 2|7t glonz groz = At
o|FA & Zlolth.

ol sjElo] ahel 19] FpHlo]E LpeRT, Egh S Wol Uehta glck, g
2 ehel 19] o] AZ-E Pol o] L HoF Zolc,
1 ( ) ++ 13 = (* same as line 1 *)

2kl 49] 2Ol BB H & bexpression (12 + 13)9], 2% 194 = 9ld HSE FE o]lf&=
S g7 = 5 A sH7] flstelth +9] @ 25 Aol oJsto] o] LA i Hrt

22l 49 simplS Z-8otH, FH = +Hdefns F H A-8o5t1 R +defnS T H
2a35to] gFel 25 A2 4 9t} 3

oA & A4 E] rewrite® Ao AR 38 2 A
1 E]—'E'—\: O]‘—%— =2 M a]:o]—]:}- v
a % H H Lreverse o]—_/'\_% q-—%,ﬂ]— ZE]'O] 16194621- _/'\_ 9\,1\:]'

Fixpoint rev (l:natlist) : natlist :=
match 1 with
I nil => nil
I h i t=>revt++ [h]
end.

Unit testE I+ AAE 2709 S0 ot

Example test_revl : rev [1;2;3] = [3;2;1].
Proof. reflexivity. Qed.

Example test_rev2 : rev nil = nil.

Proof. reflexivity. Qed.

H3e AE Zolk Ue 22 Qolst Prht AS

olN
ol
o
>

1 Theorem rev_length_firsttry : forall 1 : natlist,

2 length (rev 1) = length 1.

3 Proof.

4 intros 1. induction 1 as [} n 1' IH1'].

5 - (*1=nil %)

6 reflexivity.

7 - (*1=n::1" %)

8 simpl.

9 rewrite <- IHL'.

10 Abort,

ZF QF Hrt. 2kl 89] simplS APt F9] og Goals SHH-2 Th23 Lt
n : nat
1" : natlist

IH1" : length (rev 1') = length 1'
(1/71)
length (rev 1' ++ [n]) =S (length 1)

3simplS o] A inductive definition®] 2]3t 3+ ﬂ‘iﬂﬁ_ oj‘I
rewriters HAolU AEE ISR dto] g mggof) o ¥
rewrite®] 23t gHlo] n 1 W RS rewrite #H2HE nHl A3
dojdrt,

‘jr% HAlA rewritee} +EEHT.
1o] ' 11 ol wfetA Thof
outermost leftmost &4 2 gHlo]
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of
QTIL
filo
N
B
pl
_O\l‘,
k1
%0
K
o
N
I
ftlo
HE
g

o)
=

Kl

o

2 mgo) Aol AdrHdo] ol

length(rev 1' ++ [n]) = length (rev 1') + 1

Kl

Y& 5 oUrkd 2 Ao] Sk, 1oy o7 WA FYat] 2 5k e sk o]

=
B AurA el 2o el S Fyehi Ao] Fof Halth.

BN o
ol ofy

Theorem app_length : forall 11 12 : natlist,
length (11 ++ 12) = (length 11) + (length 12).
Proof.
intros 11 12. induction 11 as [} n 11' IH11']
- (* 11 = nil *)
reflexivity.
- (11 =n:: 11" %)
simpl. rewrite -> IH11'. reflexivity. Qed.

9] FHANA simp1o] o2 7] SU-& A stal =], 5] o|H FUso] AP
=2 As) Bt TS reflexivitys oJH 2 ()2 SR gotR et
oA def F=E SHa EAt

Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [} n 1' IH1'].
- (x 1 =nil %)
reflexivity.
- (x1=nz:1" %)
simpl. rewrite -> app_length.
simpl. rewrite -> IH1'. rewrite add_comm.
reflexivity.
Qed.

o] 1 173

olN
o
N

A71% e,

Search
olde] e A A8tz st olgol 719uA % o search BYE A8t
Ztt. 9 0 revZt U= B &S 202} obd ofat 2ol st Hr

Search rev,

Search app®] A= Lo apptyt ofH e}t w7k ARRH HE A& Zotwth
"+ 7t et Aele dids] Bons E4%F b oA 2o H o33} Zho] g

Search "+" inside Basics.
Sale] wehE AL et Hel S 21

Search (_+ _ = _+ _).
(* or better yet, *)
Search (?x + ?y = ?y + ?x).

2
e
i)
2
u)
oo
i)
i
e
21‘4
2
i
k)
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Search&t H|==
notatlona Z]'L Eﬂ }\}%

Locate "<{=".

_<

Locate

Exercises

@ ’fp‘ /\Eempty hst — ++ Cﬂ/ﬂ'oﬂ ﬂ]o} —‘—}’ %‘i left identityO] E}' =

Al ]

identity o] 7] T3

1

2

1

2

3
4
5
6

® revE self-inverse property s 7HIth, &

© W N O o

[
o

-
o

El

= 1011, o= ++0] Aolol ojaA gt [17
Sgs) 24,

O

O = Locate”} U A=
At /o8 s Seld g

(* some results *)
_". (* just one result *)

Theorem app_nil r : forall 1 : natlist,
1+ []=

Proof.

intros 1.

_(*1
_<*1

rev (11 + 12)

Proof.

induction 1 as [} n 1' IH1'].

[ 1) (x .. %)

n ::

1" %) (* use IH1" *) Qed

@ reve BAlO diste] EHiH 2l o] At

Theorem rev_app_distr: forall 11 12 : natlist,
= rev 12 ++ rev 11.
induction 11 as [} n 11" IH11'].

intros.
- (* I
- (I

[ 1 %) (% use app_nil_r =)
11" *) (% use IH11' and app_assoc *) Qed.

n ::

involutiveStTt.

Theorem rev_involutive : forall 1 : natlist,

=1.

induction 1 as [} n 1' IH1'].
[ ]*) (x ... %)

rev (rev 1)
Proof.
intros.

- (%1 =
- (%1 =

Fixpoint nonzeros (l:natlist) : natlist :
match 1 with

n ::

1' *) (* use rev_app_distr and IH1' *) Qed.

Zsto] o] o] WE 2 JE%

ﬂ/\E—J °L—4 nonzelrosL Z+7}+] nonzeros=

P nil = []
I h it =>match h with

end
end.

sl HAt,

| 0 => nonzeros t
I Sh" =>h::

nonzeros t

Lemma nonzeros_app : forall 11 12 : natlist,

nonzeros (11 ++ 12) = (nonzeros 11) ++

(nonzeros 12).

Aelg 2 b AeH

<]
“ N

Al 47 Lists

=t

S 5714

natlistoll

E1:
—?‘6 ey ’drlght

£ nonzeroszt
AuE& ot
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12 Proof.

13 intros. induction 11 as [} n 11' IH11'].

14 - (* 11 =[] *) simpl. reflexivity.

15 - (%11 =n:: 11" *) destruct n as [} n'] egn:Eq.
16 + (*n =0 *) (* use rewrite IH11' *)

17 + (*n=Sn"*) (¥ use rewrite IH11" *)

95

2kl 159 destruct el simplS ol ®Th SHAIT 25]2 o s 2 S =q&o

w7 o

® FE2EZ Fdstd (2ot 2= ti-gshe 91219 Yas713] BT ZOH) true,

falses 2|E€loh= & egblistE WHEol2)

Fixpoint egblist (11 12 : natlist) : bool :=
match 11, 12 with
I nil, nil => true
I nil, _ => false
I _, nil =) false
I h1 @0 t1, h2 :: 12 => match (* ... *) with
I true =) (x ... %)
i false => (» ... *)
end
end.

© W N o o ok W N R

-
o

©® egbliste FHAM reflexive A, & BE 2| AEE 27] A4l 5 E-S S5t )

1 Theorem egblist_refl : forall l:natlist,
2 true = egblist 1 1.

3 Proof.

4 intros. induction 1 as [} n 1' IH1'].
5 —(*x1=11]1% (x...%)

6 - (x1=nz::1" %) (% use egb_refl *)
7 Qed.

N
A oaE SAolt 39S AL AHgsH 47 & 4 9lck.

1 Theorem leb_n_Sn : forall n,
2 n <=? (S n) = true.

3 Proof.

4 (* L. *) Qed.

oo Sl E e 22 leb_n_sne HEA 22 ARSI,

1 Theorem remove_does not_increase count : forall (s : bag),
2 (count @ (remove_one 0 s)) <=? (count 0 s) = true.

3 Proof.

4 intros. induction s as [lh t IHt].

5 - (x s =1[1]%*) simpl. reflexivity.

6 - (x*s=h::t*) destruct h as [} h'] egn:Eq.

7 + (* use leb_n_Sn *)

8 + (* use IHt *)

@ T EAT o EolHA}

neN,n <n+19 FEoIth. F2|o] g B9 Yg4ozes §54

ohyd
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1 Theorem bag _count_sum: forall (s1 s2: bag),
2 count @ (sum s1 s2) = (count @ s1) + (count @ s2).

RE). s1o] thet AF= AFESh AGEANA s1 = n @1 s1' 22 TS W destruct ne
s in= v

The apply tactic on universal propositions

= A= &47F involutive © | injective Y& S Sh= Aol 24l 130 A& B 4
2Rl symmetry”F AFEE| It 2] 1 o] BRI A apply AHEE ST o] A=k Hof AFg-gh
AL QAN S A9 ohA] ggkom o] ZA|oA Alth= Ay starat g,

1 Theorem involution_injective : forall (f : nat -> nat),
2 (forall n : nat, n=f (f n)) -
3 (forall n1 n2 : nat, f n1 =f n2 ->nl =n2).
1 Proof.
intros f H. intros n1 n2.

6 intros Heq.

7 replace (n1) with (f (f n1)).
s replace (n2) with (f (f n2)).
9 { rewrite Heq. reflexivity. }
10 { replace (f (f n2)) with n2.

11 - reflexivity.

12 - rewrite <- H. reflexivity. }

13 { symmetry. apply H with (n:=n1). }
14 Qed.

2hol 62 APSH 9] coq Goals AL th27}F 2t

15 f @ nat - nat

16 H: forall n:nat, n=f (fn)
1z n1, n2 @ nat

18 Heg : £ nl =1fn2

w (1/71)
20 N1 =n2

21 Goal 1

22 f : nat - nat

23 H : forall n : nat, n=1f (f n)
24 nl, n2 : nat

25 Heq : f n1 =1 n2

26 (1/3)
27 f (fn1) =f (f n2)

29 Goal 2
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30 f : nat -> nat

31 H: forall n : nat, n=1f (f n)
32 n1, n2 : nat

33 Heq : f n1 =f n2

34 (2 /7 3)
35 f (f n2) =n2

36

37 Goal 3

38 f @ nat -> nat

39 H : forall n : nat, n=1f (f n)
40 nl, n2 : nat

a1 Heq : f n1 =1 n2

2 (3/3)

43 f (f n1) =n1l

Goal 12 Q1 9241 o 7 S E}. v
Goal 29] 32 10-12, Goal 32| T2 &<l 130]th. A o] -2 FEj o] -go| A
ARE Br2A] A H St
Goal 2+ 2?1 1090 &J5te] thA] 2709] subgoal 2 LT A HMA] subgoal 2 n2 = n20| 2
2 7rA5H 291 119 reflexivity® S HE L & HA subgoal 2 n2 = f (f n2)o| B2 94l
119] rewrite <- H2}n := n29] A& 2o Q5] n2 = n2= HHA &, reflexivityoll €5t
FHHE v
Goal 32 Goal 28t A 9] FA2t W82, o]foll= 2kl 139] symmetry 2} apply S AH&-5H]
oIA13c} B o P ARiefsic
24}l 139] symmetry= 112 T8 (Goal 3 oA 9]) o] Ayt ¢H-& gl 13‘11 o] A
S I P 1Sl Bhtluoay 0 = £ (F )Tt E2E Fei7} Hek. oh o] Hel W 0o
=ofl et - 1 0= 2 Shsubstitute ¥ o] OF 2T},
Q1 139] apply H with (n := n1).= Th3o Al & o] Ao 2k A1 4= gt
aa apply (H n1).

45 apply H.
46 exact H (n n1).

o]N

_0__
o=

ol
ar

EO| 7bd Wt 1-& Za} Fsto] AA S off ARE-Sh= Aol 1 vt
A Zo)al alg Zgo] o] AAZ 9] instanceo|H, 12|11 ojuf Pt X|go] n := nro]2td
bl 467 2 22 A FH Hrh AAZ] HE apply Q] Q1= ARESERL 7ol o] oF9]1E 9]
A=< apply tactic on universal propositions2til g+ Zl o]t}
apply<= exact 2Tt B ARHA Q] Aot} ¢4l 2fel 33 F ARt 74l 2l 448 A
1, oy e 2hel 130 -H & o ¢7] |t apply H with (h := n1) :r" = A= Hoh T8
a3t A ghs oA AHgom ZrotgE Sl 2l 455 A HTh
apply= 7o) 9tOlZ (= o] o] AA @) olal 1-& mgo] o] o7 o] Y

= ARG 4 e of2fRt Ale ysol EA 2 Aot v

=

TE 4.2 apply M=, rewrite A} np7EZ| 2 7P BT oY gt F 2| E 4R AobA

18 4 9Iek. GO o e o 5-L Bo] 1A F Aot} 4

A

~
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T 4.3 Ag7HA] thE B A& TE2 54

H2 reflexivity 2o 2 upfa] & 4= Q1o
[e]

A0l 5491 AT R0l o1 0 DHE FH e reflenivior 14T
o

JE
3
I
<
D
&
i)
gl
i)
)
o
>
ofo
:?21
o
rok
i)
—@ LA

T2 revZt injective Y& Hol= EAolth, 22 o]Hof| revZt involutive = H X
o1AG ol 5k 4 ZWT & 9lrk

Theorem rev_injective : forall (11 12 : natlist),
rev 11 = rev 12 => 11 = 12,

Proof.
intros 11 12 H.
(* use rev_involutive *)

Qed.

Options
Hof] AF-2 AT o] HE2 AAYH <= hd: nat -» natlist - natE THA] St H A}

1 Definition hd (default: nat) (1l: natlist) : nat :=
2 match 1 with

3 I nil => default

4 l'h::t=h

5 end.

6

7 Compute hd 99 [7; 0; 4]. (* =7 %)

s Compute hd 99 []. (* = 99 %)

14 defalut: nat LEZ| Q14 10] nil¥d o @771 L= A
210 2 of| Q] exceptions ﬂaé}% 22 E2] gof Hupstd o E 5011 = [99
o & 2 EF2 997} ElofA] 10] nil¥d wje} FHHol 7}74 %7

o] #AI= 49 29 e 9)S ofa} o] M F o 24 of

Inductive natoption : Type :=

| Some (n : nat)

| None.

1l W
filo
ol
A,
ol
el
N,
4o

ol
ol
pou)
o
o

;l";
i fo ©
o
4> &

Fixpoint hd' (1: natlist) : natoption :=
match 1 with
! nil => None
i h it =>Some h
end.

© W N o o ok W N e

11 Definition option_elim (default: nat) (o: natoption): nat :=
12 match o with

13 | Some n' =>n'

14 | None =) default

15 end.
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ofl

hd'¢] A37} Noneol 2t of| 71 DAY A-S G Ads] HfstH =i, 222] FoH A
o7 AdE Zo|B 2 ng' o] Z'lGH-S option_elim®l] 0] Y29 Lold g 42 4 Ut

Option< ©]-8o}H Fo|X 2 AEL] n A YAF Zo} g ¥lol= 5, nilo] YHEUS
o ©5F glo] & Aot d TE 4= vk hd' 2 ol 45, n=04 fjo] & 85
oA AT Aog & 4 QT

e
rok

4.3 Partial Maps

Partial map> T2 AoJollAl &3] dictionary S associative arrayetil 2= Ho]g EFY
ot}

Partial map-> (id, value) 352 4= 77| 915 T2t KA Hots

Partial map< 7|22 © 2 update?} find S5 71X 2L Qlojof sttt AAb= 71&9] partial
map©ll =2 (id, value) &= F7t6kH= polth. 7] (id, value') ] £ UUTHH o] A2
(id, value) 2 A = ojof g A, $-2= (4 A7 =) &S FAISHL o] ofF 1t
oA AT Ao}, S A= partial map oAl idoll H-&%&= value s Zrol= <oty

Partial map©l| id7} Fo] F-& o 270 t-3-6k= valueZt §l-& 4 . o= 7ol tigt
At A2 E 915k optiong AHE-sfioF *ttt. =, partial map €] value 9| BFQl2, 423
ot find 2] 2H3L2] BF2 natoption©]©]oF gt

value o] BtY> A nat?l A& shaf Uhgof] o] & &4sh=
id o3} Zo] A o|ste] Ag-St7| 2 gt

Inductive id : Type :=

I Id (n : nat).

R

& Zleoltt. 12

ftlo

Definition egb_id (x1 x2: id) : bool :=
match x1, x2 with
i Id n1, Id n2 => n1 =? n2

destruct x as [m].
simpl. rewrite -> egb_refl. reflexivity. Qed.

end.
29 24 shitg Eof B,
1 Theorem egb_id refl : forall x,
2 egb_id x x = true.
3 Proof.
4 intros x.
5
6

ot AR SkA] Rtk
o] A| partial mapX} update, findE 2|2 *J 2| st}

©® WA partial map 2] A 2Jo]tt,

4o]H AFFE-L map, symbol table 52 &5 27| qic},
S5 id A key 2§18 o] AHgat
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Inductive partial_map : Type :=
| empty

| record (i: id) (v: nat) (m: partial_map).

HEEH 4.4 Partial map®] 95 ¥ 7] 50 Hel ([IE). ot 4t} -
@ Partial map< QU0|E sh= 4t th-&a} Zho] A ojgtt},

Definition update (d: partial_map)
(x: id) (value: nat)
. partial_map :
record x value d.

O

update= 7]E9] partial map©]| (id, value) 7} £AS}AL, (id', value')-2 Y FS o, id = id'Q]
749 value s value' © 2 @Hlsl= A o] otyzl, (id, value)= =°FE A Z (d, value)S 1
push@th, ozt finded th= | AL HHste s 1T AdolB=s & A= §l

HERH 4.5 updates ©]-8519] partial map= % 7 WHEo] Het, —

@ utA O 2 findS A gttt

Fixpoint find (x: id) (d: partial_map) : natoption :=
match d with
| empty => None
| record y v d' => if egb_id x y
then Some v
else find x d'

end.
Hast & EAE Eo] HAt

1 Theorem update_eq :

2 forall (d : partial_map) (x : id) (v: nat),
3 find x (update d x v) = Some v.

4+ Proof. intros d x v.

5 simpl.

6 rewrite -> egb_id_refl.

7 reflexivity. Qed.

8
9

Theorem update_neq :
forall (d : partial_map) (x y : id) (o: nat),

=
[S)

1 eqb_id x y = false -> find x (update d y o) = find x d.
12 Proof. intros d x y o. intros H.
13 simpl.

4 rewrite -> H. reflexivity. Qed.
2}l 500 A= sinpl®] 22 ALsHA EA s B2t @A) g2 oh33t Ert
find x (update d x v) = Some v

update®] 2] 2]ste]

find x (record x v d)

—

—~

Some v
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2 0H& finde] B ool oJs}ol
(if egb_id x x then Some v else find x d) = Some v

7bHok O ohg el 6, 72> A vt §le Aotk
2491 139 simpl = M5 24T 5 gk 2hel 14& 4} v

61
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Poly

5.1 Polymorhpism

Polymorphic Types

AF7HA] 27 R S AEE BE 50 2| 2EH tE Bl o A4S o] Foixl
EESISREE e %ﬂoﬂ S AEE thFEH natlistoll Al JE 2 HHEshH Ho
JdH A= boollist: TypeRt oIttt siA E1t= Lol oty natlistol Hisf
oot TYAE 24 ﬂ)\gr geleol deii e HE2 Ade HEC ] Sfjof qtth= A
ojth. o]FA F& A= sh= AL ¢ Hlaezlolth 8+ o] A &5 5k
L3N (polymorphism) o] 2= 7H'd-& T Y ete).

L
g
E

Inductive list (X: Type) : Type :=
I nil
I cons (x : X) (1 : list X).

CHd ERY (polymorphic type) Q1 list= 5= & &= Qloh! xebs Y-S Q14 & ot list xefhe
EFlS g €oke o ot B4 e 54 B9 YA E = ol B4 B9

Kl
=
AAE 25t R 115t} FEE T2
Check list. (* list: Type => Type *)
Check list nat. (* list nat: Set *)
list®] 23732t nil nullary §1 A0 2 Holz|qt AA| 2= 17]9] ¢ 145 a+gteh. A4t
cons= binary ¢l A2 Hol|x|qt AA|== 1709] 5] 142} 2709] 3t Q145 a3t}
O] 52 U M/dRH(polymorphic constructor) ©|tt.

Check nil nat. (* nil nat: list nat *)
Check nil bool. (* nil bool: list bool *)

A7 AT = FR|Ql= A2 check nil. ] Aifolt}. o] A2 Hofl o]H B xE B A list X
Hef7F Fojof oJn| 7}t Tk, TZThA check nil X., 22 Check nil X: list X. & A3WSHH o

1o} EFQI2 Type -» Type, Type -» Type -» Type, Type -> Type -» Type -> Type 52 Y45 St}
2B B 0] 94 I4E Wol B 2™dte A& AUth olE dependent type©]Zal Fhtk



Ne BHE o glok. ohE B4R consTe ©] ol 55t

Check cons. (* cons: forall X @ Type, X —» list X —> list X *)
Check cons nat. (* cons nat: nat -» list nat -» list nat *)
Check cons nat 3. (* cons nat 3: list nat - list nat *)

Check cons nat 3 (nil nat). (* cons nat 3 (nil nat): list nat *)
Check (cons nat 2 (cons nat 1 (nil nat))). (* ..: list nat *)

22714 Hote ERlole tHe Tt 2 ggo] 9t

A @ Set

P : Prop

frT->S (xT,S : Set*)

forall X : Type, pol_type X (* pol_type is a polymorphic type *)

ugoll o= 22 73] B BA 2 Zolr,

forall x : X, P x : Prop (* P : X => Prop *)

0F HA repeat A5 TEo] AL

Fixpoint repeat (X: Type) (x: X) (count: nat) : list X :=
match count with
0 => nil X
'S count' => cons X x (repeat X x count')
end.

Example test_repeatl :
repeat nat 4 2 = cons nat 4 (cons nat 4 (nil nat)).
Proof. simpl. reflexivity. Qed.

Example test_repeat2 :
repeat bool false 1 = cons bool false (nil bool).
Proof. simpl. reflexivity. Qed.

o oHF ERE YA FA L] S 9fd]7]ol F2 dlolt

Inductive mumble : Type :=
| a
! b (x: mumble) (y: nat)
I c.

Inductive grumble (X: Type) : Type :=
i d (m: mumble)
be (x: X).
I f (* added by me *)

Al 5% Poly
27} e, st ok A olElo] QA SR AElelA ol Eao] A8 4 1] wholet.
Solx] 1 B Fot B,
Check nil. (* nil: forall X : Type, list X *)
22 dA 7| & Aol girt. gl A thFo] & Aol gli= =71o|H Hoto] ofd Bl o=
9] djjo]t,
x= BFH ot AAY] B2 A o5ty Moll= 11 Tds] B x9] BfAEE &

]
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nuble S A gl WU BHeloltt. a9 i nunble 10 S5 Ak, T A%
BRI, o 219] A4 (TS mnole F1e T S not EHl) S ol punote 1
A%E HFskE 27 P9It

Check mumble. (* mumble: Set *)

Check a. (* a: mumble *)

Check b. (* b: mumble -> nat -> mumble *)
Check b a 5. (* b a 5: mumble *)

o+ EFIQI grumble® A2l 4t

Check grumble. (* grumble: Type -> Type *)
Check grumble nat. (* grumble nat: Set *)

TS 2lH o] B Sjof 5h=71? F5] grumble®] BAAE AHESlof
gttt 9 d& d % ot =t golol HH d (m: mumble)O|2tal Hof QloB R
ko] a5 Yo 225 ¢k =k, o] mhx] oy B 1ist9] nil A} A
nullary ©| 219t nil na % 2 ojH B 9 FoloF 51, cons A= 2% binary ©] AT
cons nat 3 (nil nat)¥t o] A Fofof shi= A3}t At

= 03 54y A= 724 b= Foll B, = Typed] AE ARESlof 5t EF}l 9
YAaE 2 S ok

o|ATE A AW oA &= E-TE o7t EAR EotehA] grumble natl] YAE
THEHH grumble] AJAHE AHESHH Ht 3 T/ AR B & 4 St

Check d nat a. (* d nat a: grumble nat *)

Check e nat 3. (* e nat 3: grumble nat *)
Check f nat. (* f nat: grumble nat *)

SFoll et e Al vhaoll EH

Fail Check d (b a 5).

Check d mumble (b a 5). (* grumble mumble *)
Check d bool (b a 5). (* grumble bool *)
Check e bool true. (* grumble bool *)

Check e mumble (b ¢ 0). (* grumble mumble *)
Fail Check e bool (b c 0).

Check ¢. (* mumble *)

211 13} 6] Faile o7} Lz i Holrhabs Eolet. el 12 ¢o] 34
ofof sh=d] 2127 glefA] EA7H 5 Zlolek. 249l 62 bool Fefl H-22]
skt TF2 Ehelo] Glol A BAIZL H9lct,

grumble nat%] ¥4

= o}
=
sl
=]
=

~ o o - w M =

9147} et gle]

re

Mubgs 5
1A

[

P~

N
o
o

Type Annotation Inference
4 repeat®] A ol= oF-23t o] Al&kgict
Fixpoint repeat (X: Type) (x: X) (count: nat) : list X :=

Y] o) AL the B Het. B3] St
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Fixpoint repeat X x count : list X :=

HFSHA Coq©l repeat®] 915 X, x B count®] BFS 5 obA FE5) F7]
RS EH 22 (type inference) O] 2k T ek 1Tk AT BFY] 22 AJekstabs
459 & AFFe RN ZE9 7hEAdo] FoMAAL A9 AdS &L & 9&231%

REE R

v

Type Argument Synthesis
0 o] Aol A Brd A2 AR & A=, v Bl o] AR Q1o A= B
O] = 71—3]:01'7'" W= underscore = EHi]

€ S SR st T4 By 1 18T
A nil3h consel TS flolTh. A Bk et @4 BA] Uo] 0] A5
SR 2 @ % 9l

Fixpoint repeat'' X x count : list X :=
match count with

10 => nil _

'S count' => cons _ x (repeat'' _ x count')

end.
& Z2 Aeolls, A4 IA g5 A 22 = EAT nat 4l _E AW FHB2
Za2 B Ao Helr

Definition 1list123' :=
cons _ 1 (cons _ 2 (cons _ 3 (nil ))).

Implicit Arguments

0d/d& Y SHA AMESH] A% =t Foll A o]A o] 7P Fof Kol —o|d W& miAE
AEFsh 4= Q1A o =t o o] Arguments § = AH8-SHH Hok

Arguments nil {X}.
Arguments cons {X}.
Arguments repeat {X}.

Definition list123"'' :=
cons 1 (cons 2 (cons 3 nil)).

E 919H 22 HE ] arounents B THA A4S FOAT 0] ket ol vhq] el 4B
HA FREAL ASHE Bk olFA) 1 T4 BANAL of] Bl 9148 e &

At

Fixpoint repeat''' {X : Type} (x : X) (count : nat) : list X :=
match count with
10 => nil
I S count' =) cons x (repeat

end.

X count')
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ro g 0hy §40] Mol G4h o] WAL AT Aotk AE 5] app, rev, Length 59
4t o] WA o 2 o] A ole|A] AFgFH

Argunents nil ()9} 2ol FBEO R B MAS So] Agals AL nilo] A4S
2 A upricie Q15211 Sk, A B Q15 7 Walah AT slte] eko] gick. theo]

o & Het,

Fail Definition mynil := nil.
Fail Check mynil nat.
Fail Check nil nat.

77k,
o] A= tha1t 2ol @5 HE AHSHH s AT
Definition mynil := @nil.

Check mynil nat. (* mynil nat: list nat *)
Check @nil nat. (* nil nat: list nat *)

EE ohat ol sl ek,

Definition mynil_nat := @nil nat.
Check mynil_nat. (* mynil_nat: list nat *)

PR 9148 AHSHE A Bhlo] Lt BHY Q159 Bhelole B E 8 ol
0 Q%57 GEA A49S UrehiIth, S TaRo] o] A Aol 0 SHEol W Erol 47t
R Ao A A H o2 uHIc,

Check nil. (* list ?X *)
Check @nil. (* forall X, Type, list X *)

Polymorphic Pairs

TF A potymorphic pair & THE 3} 20] ol

Inductive prod (X Y : Type) : Type :=

i (x +X) (y = Y).

Arguments pair {X} {Y}.

Notation "( x , y )" := (pair x y).

Notation "X * Y" := (prod X Y) : type_scope.
x T Note that [type scope] prevents confusing products with multiplications. *)

Definition fst {X Y : Type} (p : X * Y) : X :=
match p with
P(x, y) => x

end.

Definition snd {X Y : Type} (p : X * Y) : Y :=
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match p with
Px, y) =y

end.
ghelo] T 5 Bl o] FE Aojd 4 9]
Check pair 3 true. (* ..: prod nat bool *)
Check (3, true). (* ..: nat * bool *)
5 AAEE shte] Bl AER T £A850 HAAEE BELE B4 conbined T} 2]

=
Aol & Utk T4 o] &E combine WA zipol2tal FET)

Fixpoint combine X Y: Type (1x: list X) (ly: list Y): list (X *Y) :=
match 1x, ly with

VL = [
b 1= 1]
bx 1 tx, y ity = (x, y) :: (combine tx ty)

Check combine [1;2;3;4] [true;false].
Compute combine [1;2;3;4] [true;false].
(*1 [(1, true), (2, false)]: list(nat * bool) *)

Polymorphic Options

Inductive option (X:Type) : Type :=

I Some (x : X)

! None.

Arguments Some {X}.
Arguments None {X}.

Fixpoint nth_error X: Type (1: list X) (n: nat): option X :=
match 1 with

I nil => None

la:: 1" => match n with
I 0 => Some a
' Sn' =>nth error 1' n'
end

end

Compute (nth_error [4;5;6;7] 0). (* = Some 4 : option nat *)

6,7
Compute (nth_error [[1];[2]] 1). (* = Some [2] : option (list nat) *)
Compute (nth_error [true] 2) (* = None : option bool *)

5.2 Functions as Data

Higher-Order Functions

22} et (Higher-order function) $F Q14=, T 2lElgko] 9tpdl ot & ettt ol & &9
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Definition doit3times {X: Type} (f: X > X) (n: X) : X :=
f(f (fn)).

Check @doit3times. (* forall X : Type, (X => X) —> X —> X %)

Definition my_square (n: nat) :=n * n.
Compute doit3times my_square 2. (* = 256 : nat *)

Filter

YAE 1: list XA €9 predicate test: X —-» boolS THES}
AEES ARSI T4 filterS Tha T} 2ol ol % 9]

Fixpoint filter {X: Type} (test: X —-> bool) (1: list X) : list X :=
match 1 with
P =[]
l'h::t=)if f h then h :: (filter test t)
else filter test t

i%‘?_ —%E%H filter U]'—E— ‘j/]

fr
e,

end.
2 AES Bl AET} FOl AL 0 Zol7} 19 Yart 2eiy] 98t BlAE §5E theT} 2ol
B elgiet,
Definition test len1 {X: Type} (1: list X) : bool :=
(length 1) =2 1.

Compute (filter test_lent [ [1; 2]; [3]; [4]; [5:6:7]1; [1; [8] 1).
(1 =1 [3]; [4]; [8] ] : list (list nat) *)

1
2
3
4
5

Anonymous Functions
filter §55 AHES 0 filterd] AR AFEE &0, & 50 test_lent T2 ST
W 23 e e 297k e

old g4k 0 2S F7) g Holsto] AR 4 ek 919 29l 132 Tk} Zo] upE
%= 9k,

Compute filter (fun 1 => (length 1) =2 1) [ [1; 2]; [3]; [4]; [5:6;7]; [1; (8] I.

et

oA (fun .. = .) T2 =2 Aot 4E UY Y4 (anonymous function) 2Fal STt
O TH4-9] o ShE o] Sol Bk, A% HAES FolHS 1, o] HAES] UAT
ZFoll TH & #AeERt FE5t0] 2 "5k o filter_even_gt7 Thardt Zo] Ao 4

Atk
Definition 1tb (n m: nat): bool :=
(S n) <=2 m.
Notation "x <? y" := (Iltb x y) (at level 70) : nat_scope.

Definition filter even_gt7 (1 : list nat) : list nat :=
filter (fun n => even n && (7 <? n)) 1.
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Example test_filter_even_gt7 :

filter_even_gt7 [1;2;6;9;10;3;12;8] = [10;12;8]
Proof. reflexivity. Qed.

oot thAl AIY &4(local function) & AH&oh= W ot

Definition filter_even_gt7' (1

let f n:=

¢ list nat) : list nat :=
:=even n & (7 <? n) in filter f 1.

Compute filter even_gt7' [1;2;6;9;10;3;12;8]. (*

S Az

= [10; 12; 8]: list nat *)
Fol7l Y AEES 2018

e 52 ol 2AES} 187 e 9
2ol7 g AER BasH: g

e ALER o]
partitions Tha3t Zo] A Aol 4 it
Definition partition {X : Type} (test : X -> bool) (1 : list X)
o list X * list X :=
(filter test 1, filter (fun x =) negb (test x)) 1)
Map
ZAE 1: list X0 ZF Y4 34 f: x ) vE H-goto] ThEol%l S AEE gHlsh= &
map= Thaak 2ol Jog 4= Qi
Fixpoint map {X Y: Type} (f: X => Y) (1: list X) : list Y :=
match 1 with
P => [
Ph::t=(fh) :: (map f t)
end.
22 nap T AFEAECIH A HAlE= J2E SHst= Aot
Theorem map_rev : forall (X Y : Type) (f : X => Y) (1 : list X),
map f (rev 1) = rev (map f 1).
AGEAel 7t B th-g3t Z-2 BRxAe7 D gs6itt= Z1-S 47 "ot
Lemma map_dist r: forall (X Y : Type) (f : X => Y) (11 12 : list X),
map f (11 ++ 12) = (map f 11) ++ (map f 12).
Proof.
intros. induction 11 as [} h 1' IH1'].
- simpl. reflexivity.
- simpl. rewrite -> IH1'. reflexivity. Qed.
gL Aene gkt v
o= thgit B2 752 Sh= flat_mape WHE0] B2t o] @47t oh= A2 x9 YAER
CIFOIN AXES o Ul B £ x ) list v Afole] BEOI ALESE 5 9
A B EE g"ol= Aol

flat_map (fun n => [n;n+1;n+2]) [1;5;10] = [1; 2; 3; 5; 6; 7; 10; 11; 12].
o

ro

Holgh Yo e 4 gr,
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Fixpoint flat_map X Y: Type (f: X -> list Y) (1: list X)
:(list Y) :=
match 1 with
Pl =[]
I h i t=(fh) + (flatmap f t)
end.

Fold
&2l g4 fold7h & g sHEA Azte) wat,

Fixpoint fold {X Y: Type} (f: X => Y => Y) (1: list X) (b: Y): Y :=
match 1 with
I nil => b
i h::t=>fh (fold f t b)

A &3] reduce®tyl FEt} 7HASH A5 2 S0
UH f% Z} 4-9] 2§ A4to] Eojof gttt & 501 fold plus 1 05
S| E] AEO RE /‘Eiﬁﬂ 3o E]E} f0ldE accumulatorstil A pe=
gkt Bl A= 0, FAlA = 1S 2A% e = 5 Hrt
o HAEES F ]% A& fold app ... 5 ]’%0}‘?‘1 A 4=

Functions That Construct Functions
5 THEo] gEste e AA ©E & ) g EE &4 &4 @ E, JEH )
Q42 whof Tof ghi= 3k g Ao A ThEo] 2lelotH Hrt

Vg A A5R5RE 1A,

mlo el
f

Definition constfun {X: Type} (x: X) : nat - X :=
fun (k: nat) = x.

Definition ftrue := constfun true.
Compute ftrue 0. (* = true: bool *)

x> ax+b:N—- NG 2Est= o4& whso] B4}

Definition affine_fn (a b: nat) : nat -> nat :=
fun (x: nat) => a * x + b.

Definition fn_times2 plus1 := affine_fn 2 1.

Compute fn_times2_plus1 7. (* = 15: nat *)

Exercises
D foldE ©]-&35te] Y AEQ Zo|E ILol= T4 fold_lengths TSI Zo] W& 4= Qth

Definition fold length X: Type (l: list X) : nat :=
fold (fun _n=>Sn) 10
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@ foldE ©]85t mapd LT 7]'5-& ot= = fold_map= TS0 HAt,

Definition fold map {X Y: Type} (f: X => Y) (1: list X) : list Y :=
fold (fun x ly => (f x) :: 1ly) 1 [].

@ fold_map®| FHE mapt LN 75 ke A= T EAL

1 Theorem fold_map_correct : forall X Y (f : X => Y) (1 : list X),
2 fold_map f 1 =map f 1.

3 Proof.

4 intros. induction 1 as [} h 1' IH1'].

5 - unfold fold_map. simpl. reflexivity.

6 - simpl. rewrite <- IH1'.

7 unfold fold_map. simpl. reflexivity. Qed.

2+l 59} 2kl 7ol A AFESE unfold fold map. simpl.< AW H T} reflexivity= ©] F
Y& 2502 Bestel s 77 ol

7] 4 unfold, simpl & reflexivity =Fo] tisto] = ‘1 otolr 7|2 SHAT)

nfoldt p13ol A & Lol eRd mete] o] 28 o142 sho ALgEI9ILt,

unfold name__of proposition

o B Ao 28 e 210] Bl Tl o2 WIck A BE 3 LA
nfola?} o171 410 2 ALEEL A9 B2 G5k wnfoldle L] A9 18 Zero] Lielid
ol o8 BABE A5z AHGH, olu] 71 BARE 1 gre] oIz

unfold name_of function

unfold®] QI4-= & Zef, &2 HEAEO] 7HHo A0 2 g 9o AR 5
Stk o]k ofl= p1osef uret St

simpl<> unfoldE ZEF6A] =ttt simple] ZHEFst AlMES 5ok 9ol 21 ol unfoldE
A FH HE 97 Bt g 2= I 9l destructs A Folof bt o] H 3 o= p46, ph9
ol vret ok

reflexivity= unfold®} simple EFHSHct, reflex1v1ty7]' Aslot= 7S A4S Bl
AotH 1 kol simpl., 22 unfold {my_function). simpl.= A FH HT}. reflexivity=
destructs= ZgoFA] g=rt.

Currying
fiX 2y @ (Fx iy - zE gdEsts 185 polx|uh, 2HH f x y @ 70]BE
x, ) X x YEQIFRE =22 Bk x v =) 79 UA&EX - v - 79
AR Hgkel= 48 A (currying) o 2HaL Qtet, ool A &4E prod_curryetE ©l&
o= Folshgint.
Definition prod _curry {X Y Z: Type} (f: X * Y => Z) (x: X) (y: Y) : Z :=
f(x, y).

ol Tttt Zol Holsx Het,
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Definition prod curry' {X Y Z: Type} (f: X *Y > Z) : X > Y > Z :=
fun (x: X) (y: Y) => f (x, y).

T et 2ol Aoldlx k.

Definition prod curry'' {X Y Z : Type} (f : X *Y =>2Z) : X ->Y ->7 :=
fun (x: X) => fun (y: Y) => f (x, y).

Definition prod curry''" {X Y Z : Type} (f : X *Y -=>2Z) (x: X) : Y -> 7 :=
fun (y 1Y) => f (x, y).

BHYd =4l

Check @prod_curry.

(* @prod_curry : forall X Y Z : Type, (X * Y => Z) => X > Y => Z %)
Check @prod_curry"'.

(* @rod_curry' : forall X Y Z : Type, (X * Y => Z) => X => Y => 7 *)
Check @prod_curry'".

(* @rod_curry'' : forall X Y Z : Type, (X *Y =>Z) => X > Y => Z *)
Check @prod_curry'"'".

(* @rod_curry'"" : forall X Y Z : Type, (X *Y => Z) > X > Y => 7 *)

o] BoIEL B FEsie} St Kol A,

Theorem prod_curry_eq : forall (X Y Z: Type) (f: X *Y => Z) x vy,
prod_curry f x y = prod_curry' f x y.
Proof. reflexivity. Qed.

J

OJA| prod_curry®] Se+E o] B}

Definition prod_uncurry {X Y Z : Type}
(F:X=>Y-=>72) (p:X*Y):2Z:=Ff (fstp) (snd p).

Check @prod_uncurry.
(* @prod_uncurry: forall X Y Z : Type, (X => Y > Z) > X * Y => 7 *)

o] 5 G457t M APsete AS FYH

Theorem uncurry_curry : forall (X Y Z : Type),
forall (f : X > Y ->17) xy,
prod_curry (prod_uncurry f) x y = f x y.

o7 ZHol U 41944 s, ol 9] dol telA S o 27 th

Theorem curry_uncurry : forall (X Y Z : Type)
(f: (X*Y)=>2Z) (p:X*Y),
prod_uncurry (prod_curry f) p = f p.
Proof.
intros. destruct p as [x y]. reflexivity. Qed.

alt

B 2o] e,

o2 g AEQ] Ao} nth_error®] TA O thet WHE |tk HA nth_error®] A ol= thx
I Z5E& A5k
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Fixpoint nth_error {X: Type} (1: list X) (n: nat): option X :=
match 1 with

! nil => None

la 1" => match n with
I 0 => Some a
I Sn' = nth_error 1' n'
end

end

oth_error®] Aol M o MES} 4T & 4 ek,
go Ao WQSIE R Aot informal proof

i
ne
l_ﬂ
Ju -
r
K

207} nQl ZIAE 19 th3)A] nth_error 1 n = None®|Tt}.

r
olN

He BolFRe o 7] A oyt EREUEA] doto] 2Hhe 88 AR

sk

O A

P
I

Wrong Proof. th&2] Zgt-S Zwdjjof gich,

forall (X: Type) (1: list X) (n: nat),
length 1 = n => nth_error 1 n = None.

x7} EtJoletal 5k, Bl AE 10 tigh Ag-& A&t
- 71-EA 1

« AGDA 1 =n :: 1'% EH nth_error (0 :: 1') n®] FL2 B ool oJsiA n = 0% 7
¥ n =5 n'Q A= Uro] AZsfjof jitt

nil® Tt nth_error nil ne A2l &84 None©]t}.

D n = 03N Elength 1 = 02FE 1 = nilS A=t o] F-2°f nth_error nil 02
=2 3 2ol ©J5h Al None©] .

@ n=5n 3% A497Hd : length 1' = S n' =) nth_error 1' (S n') = Noneex
1 4 9ok, 26 of 15 Sl w854 ghech 27t Az o
sk A2 thge] meolch

: length 1' = n' =) nth_error 1' n' = None
length 1 = n& 7}A5HH, length 1 = length n :: 1' =S n'O|X o] A O 2 HH
length 1' = n'= €& & 3, o|nff [H1'2E ©]-8-5}] nth_error 1' n' = None=
AA "}, oA nth_error 1 n = nth_error (n :: 1') (s n*) ] F-2 nth_error®] &
oJo] ¢Jstoq nth_error 1' n' 2] #kt A},

o|ZAC 2 HE 27t A5} nth_error 1 n = Nones €=t} v

o)

AL AH7HOA s nt tA] 0t 7t Yo fith= Aot} o] & $iote] ohaat Zol S8
1A ®BAt,
Proof. 2] & S 5fof gt

forall (X: Type) (1: list X),
forall (n: nat), length 1 = n -> nth_error 1 n = None.
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ojFA Fil et Zol TS WS AdvHES et E2 FHlz A

: forall n : nat, length 1' = n - nth_error 1' n = None

O

o714 n := n'Z instantiateStH 2| 7F QA 1H1'2E LA Iot. I oF2-2 At O

5.3 Church Numerals
2= Cogoll A AHATE th27] Y5t EFY natS 7HA L QUot. A o] EFQ-e o] A Wl thE
oL HYolg 4= Ql=d 5ol 7P f g A o] MR wHB(Church numeral) cnat®]Tth.

Definition cnat := forall X: Type, (X => X) => X => X.
7/1% 1;].04 E]—°1 011—4. nat= Inductive E].o] o]oq oy /KH/H;(]_E /\}-_Q_OHZ]U]- cnat< J\H/Hx}g

EFQl-2 Aol =o| ot el 9] Y4+ stu: gl AR ¢l Y inhabit SH7]7F 2k
o 2 2R, A2 Hofl AW H doit3times, FEH5] HWIAIHA @doit3times”t cnatl] Y4 F

Check @doit3times.
(*» @doit3times: forall X: Type, (X => X) => X => X *)

Print doit3times.
(** doit3times = fun (X : Type) (f : X => X) (x : X) =>
f (f (f x)) @ forall X : Type, (X => X) > X —> X %)

Compute @doit3times nat (fun n => n *n) 2. (* = 256 : nat *)
Compute doit3times (fun n => n * n) 2. (*x = 256 : nat *)

A4 32 that ol A ojgiet.
Definition three : cnat := @doit3times.

zero, one, twos Th=3F o] A& 4= 9t

Definition zero : cnat := fun (X: Type) (f: X => X) (x: X) => x.
Definition one : cnat := fun (X: Type) (f: X => X) (x: X) => f x.
Definition two : cnat := fun (X: Type) (f: X —> X) (x: X) => f (f x).
Compute two nat S @. (* = 2 : nat *)
ol# A0 2 natl] B YAE AOot= A2 E7FHs0 . natoll Al 50| cnatol| A vl =2

Hsuccessor TFE TH=0] /\]-—9-0]-131 Z2 7ot}

Definition scc (n: cnat) : cnat :=
fun (X: Type) (f: X > X) (x: X) => f (n X f x).
Check scc. (* scc: cnat =» cnat *)

e A IR crat 69 ULE OV cra Y DL DT o A
HOl=7F? cnat BFY €4&E (X Type) (F: X - %) (x: X)E TobA x Bt YAE 2= sfof oF



76 A 5% Poly

ot scco] A5 B 2" ol f (n x £ U™ n @ cnatO] B2 n X f x= X B 94 0|t
I £ 2 x - xOlE2 £ (v x f )& x8] a7t 5.

A cnat BFY YAE X Type) (F: X - X)E HobA x - x B €945 29
ot = glong vHiZE ks vt Zol Aoe Hrt

ek

= A

Definition scc' (n: cnat) : cnat :=
fun (X: Type) (f: X => X) => fun (x: X) => f (n X f x).
Check scc'. (* scc': cnat —> cnat *)

Fact scc_equiv : forall (n: cnat),
scc n = scc' n.
Proof. intros. reflexivity. Qed.

sccs} Ttsto] nhars] Ashol & 1L A AHES SHele) B,

1 Example scc_1 : scc zero = one.

2 Proof. unfold scc. unfold zero. unfold one. reflexivity. Qed.
3

4 Example scc_2 : scc one = two.

5 Proof. reflexivity. Qed.

6

7 Example scc_3 : scc two = three.

s Proof. reflexivity. Qed.

o421 2] reflexivity ol Qi 3710] WL ARSI |G, A4to] A B} 0] o] 1S
57] 91514 9ol R (sinpl L ok @7} frt) el 59} 2hel 8% o] DA HpRo]

FIg A ot7t =Hl compute scc two. & BIHF threeZ UEFUEA] =t A o[t}
EE scc 394 59 %TO] scc twoZt Edoh= /-2 three?t A sh= =t 2t =,
T BAY A1 A normal form ©] F A5 A 0]l o] ARE2 offj o] 2}Ql 13} 24}l 20 A]
golgt 4= k. ot cog2 £ A x, x THAl x5 ATt

1 Compute scc two. (* = fun (X @ Type) (x ¢ X —> X) (x0 : X) => x (x (x x0)) : cnat *)
2 Compute three. (* = fun (X : Type) (x @ X => X) (x0 : X) => x (x (x x0)) : cnat *)

o FAHCR sccB motatewl ot Zol st Hrk.

Compute three nat S 0. (* = 3: nat *)
Compute scc one nat S 0. (* =2 : nat *)

A2 ol oigt vz obE Aol oy ol Hstrl, #5t7] 5
29= A A T2 A function compositions AHEEE Zlo]H o]l o] X FHHL EA
Z ohtoltt, th-2] AoJo| A 5 succE, xE zeroZ WAISHH oldflot7]7} B 4& 4= Qlt.
SFOl AL o2 Fit] ol o AH o EFAE 5= 2 |

Definition cplus (n m: cnat) : cnat :=

fun (X: Type) (f: X => X) (x: X) =>
nXf(mXfx).

Definition cmult (n m: cnat) : cnat :=
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fun (X: Type) (f: X => X) (x: X) =

(
X (mX f) x.

Definition cmult' (n m: cnat) : cnat :=
fun (X: Type) (F: X => X) (x: X) =>
X (funy =>mXfy)x

Definition cexp (n m: cnat) : cnat :=
fun (X: Type) (f: X => X) (x: X) =>
(m (X => X) (n X) f) x.
shels) w4,

Compute plus two one.
(* 1 = fun (X : Type) (x :

X =>X) (x0 : X) => x (x (x x0)) : cnatx)
Compute cplus two three nat S 0.

(* =5 : nat *)

Example cplus_2 : cplus two three = cplus three two.
Proof. reflexivity. Qed.

Fact mult_equiv: forall (n m: cnat),
mult n m = cmult n m.
Proof. intros. reflexivity. Qed.

Compute cmult two three nat S 0. (¥ = 6 : nat *)

Example cmult_2 : cmult zero (cplus three three) = zero.
Proof. reflexivity. Qed.

Compute cexp three two nat S 0. (* = 9 : nat *)
Compute cexp two (plus two (mult three one)) nat S 0. (* = 32 : nat *)

Example cexp_1 : cexp two two = cplus two two.
Proof. reflexivity. Qed.

Example cexp_2 : cexp three zero = one.
Proof. reflexivity. Qed.

Example cexp_3 : cexp three two = cplus (cmult two (cmult two two)) one.
Proof. reflexivity. Qed.
cplus®t cmultZF Zr2 Al FAl Q12 ZHzt 3Rl sf] B 7] vigttt, cexpr ©lsliot7] 7t 18] 414]
rong o @A ABFHAE oS Sof ARSI HolS oAl T A Bl cheat P,
Definition cexp (n m: cnat) : cnat :=
fun (X: Type) (f: X -> X) (x: X) =>
(m (X =>X) (nX) ) x.
m: cnat®] A ‘{1*7}x - xo|B2 F A Q144 n x] B2 (x - x) - (x -> x)7F Hojof
SFIL A WA 21491 £9] B x - xelofok @k, foll ThalAli eFle] ol £: x > x&
oA O‘SEE SAZE YA, n x: (X = X) - x - xE &3 Hotof st
n: cnat®]B=n X f x: XO|th. Zn X f: X - XO|Th o|ACZRE n x: (X ) X) - X - XA
SERELR
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(1) one (X - X)(nX) f&(nX)f=frolth

@ two (X — X) (n X) f= (n X)((n X) f) = (n X)(f™) = (fM)" = f"D o]t} & ¢
ZHA|3] Stk A (n X)(f*)(z) = fH(f"(- fr(x )~~~))*f‘"2)( )it

fri(
(3) three (X —» X) (nX) fE (n X)(n X)2 f) = (n X)(f ) = (fF0)n = f®) o]},
ol Alog 433 m (X - X) (nX) f= fM o]t v
o2 =& AR T2 oyt SHAIRE o] F=T o] A L]e] 7] ofo]H o] & o]sf5}]

& AAsA FH kel cogol A A5E4
N O e R L o

'5‘
o
<
(@]
—+
=
<
[’}
i
)
Rod
o,
1o
ol
-
s



Tactics

6.1 Part1

The apply Tactic
apply 22 ool ps7ollA gF B Uk AR T TIdfj= apply ] 17 AAEQ! %ol
sho] ekl o] dlol o ANkl 5o thste] etobm At Siet,

© Bgoke oujoq ot 7heket o= AZshA,

Theorem apply1 : forall (n m : nat),

1

2 n=m-)n-=m.
3 Proof.
4
5

<
o

intros n m. intros eq. (* This line can be replaced with intros n m eq. *)
apply eq. Qed.

22 2l 45 A8 9] Coq Goals SHHO|T .

n, m: nat
eq - n=m
1/
n=m

© ® N o

(]

] Ao A rewrite - eqs AYSHH T EFo] p = n 02 HFH o] 0]o] A reflexivity®
SHE bR & 4 ok L rewrite {- eqE AYSIH & THo| p = no 2 HIHEZ
AA] reflexivity® FHo| ¢zt

a9 oA 11-& TP} FUR Ieo] 7HH eq: n = nl = EAT o= 2Rl 58} o]
apply eqE 2H ¢ gtdsirh ! v

@ ol¥ol= 7Hd w7t A FEe]Al & TH-2 HO] instanced ™ apply HES] E-& ofo|Th

1 Theorem apply2 : forall (f: nat -> nat) (m: nat),
2 (forall n: nat, fn=n) -

3 f(m+2)=m+2.

1+ Proof.

Lol ujE= exact eqe A= Hr}.
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5 intros f m H.
6 apply H. Qed.

2hol 55 APsH 9] coq Goals AL th27}F 2t

f @ nat => nat
m : nat
H: forall n : nat, fn=n
(1 /1)
fm+2)=m+?2

Holl A3k (1 1= m + 2F A EotA T Tt F3H] G o o 22 6] apply HE
AR Cooke o] AT LobA Foba] A gl Fol FHo] Btk v

@ I o5 dle Mol 2= Wl apply?] E-8He HolErt. dild o= 18 ngfo] o
o] 242 7Hd H: P > @7F EARITH apply H % A3YES 1 a1 mefo] p= HHAL: o]

Aefo] BfFe the vt 2ol A9 H

AF 08 F9shor Gk, TR 1 p > 7} AU 7PHSHL QOB Pt 3Y
StH FE2oltt oebA] 1 TE-S p2 WA
ol X7 t ¥We} st 2AE 7HHOl H: P ) @ -) ROJAL A1 Zgto] RY Tff apply HE A
YsHs 492 A7) 1A}, o]F i subgoalo] 27 AXITE—212H] 11& L3R po} qo] )2
1 Theorem apply3 : forall (n m : nat),
2 n=m-y
3 h=m->n=m -
4 n <= m
5 Proof.
6 intros n m eql eq2.
7 apply eq2.
8 exact eql. Qed.

Ign=mol 7Md eq2 : n=m—>n & nd T3 GRS & 4 Uk olE off 2kl 79
apply eq2E A dYSHH 11-20] eq294 HAA = no 2 v 738y wjuld o] AAL 714
eq1t TSkt 129 ofA] A& L] eqit YX|SFEE 22l 89 exact eqle A 35t
THS g5 Ut v

o

@ %9 gURe AL M wh 208 BA2 e AYTATIL, o] WL A7
1215

JAAEATE 1&g Tehah A w9 gpply HOlTh TF29] o] & XA}
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intros n m H1 H2.
apply H2. exact H1. Qed.

1 Theorem apply4 : forall (n m: nat),

2 (n,n) = (m,m) -

s (forall (q r: nat), (g,a) = (r,r) => [q] = [r]) =
1+ [n] = [m].

5 Proof.

ta2 2h 62 A3 59 Cog Goals SFOIH.

8 N, m: nat

o HT @ (n, n) =(m, m)

10 H2 @ forall g r : nat, (q, q) = (r, r) -> [q] = [r]
i (1/1)
12 [n] = [m]

2hel 109] 1ol A% (q 1= ) (¢ = W& Aoto] AHTHAE 270k 7L Lol ol
Q1281 0] T7AT Q51 Het. o] TS Cog7h LobA] FolETh, TelT T THL el

AAEAS HARI (h, n) = (m, m) o2 HHATH
o] 12 H13} FUSIER oA exact HI= A 5

o,
o
=)
i)
+>
¥0
o
(\

A F7HA] O] s Ao A apply®] == d 2E°] 50] e 7HE AR, 71
Al FEE apply®] A= AMESlE Hot Filg APl TgolEr fifE WA ZoIH

old ol t& sHE A thE Aol

The apply with Tactic

Theorem apply2°l 4 2F21 69] apply HE AYSHH HATH 2|3 (h 1= m2)E Cog”} &olA] 2ot
FoHLL opqiTt. o] 2| g2, Aot AR A okt Zo] A S F 4= Tt 2kl 13} 2kl
2 5 ol AS AMESl e it

1 apply (H (m+2)).
2 apply H with (n := m+2).

n}2E7FA| 2 Theorem apply4©l Al ﬂ'o] 79 apply H2E AdYSHH Q3 X2 (g :=n) (r 1= mS
Cog”7t FotA] ZrotEt, o] X|@h2 AFEALZ} thx it Zro] 2| A8 & 4= Tt 2kl 13} 2441 2
% oL AE AHgolE "t

1 apply (H2 nm).

2 apply H2 with (g :=n) (r :=m).

ol

fr H

oA AT FAHOR AR T AL AgAe] Al et & Sk, 5] e 5
At 18 2= et AeE g0l 2R Fotr] dieoll HFEA] A s) F=ofof
B7F At =9 o & Het
Example trans_eq_example : forall (a b cde f : nat),
[a;b] = [c:d] -

[c.d] = [e;f] -
[a;b] = [e;f].
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g2 oot B2 kst 13| oh20] B2 E o]-801H 919] trans_eq_examples
o 715t S 4 o). trans_eqd] £ GA| Akt

R

o ofN

Lemma trans_eq : forall (X:Type) (nmo : X),
nN=m->)m=0->n=o0.

o] HZA2E o] 85I trans_eq_examples T2} o] S 4= ot 2k 59 applyoll Al
21%hE YA H o2 A At o] HE-S wjH oH Fgo] 7] o=t}
It 5

2Rl 591 apply trans_eq with [c;d]lE& A= Hr}. SFATF apply (trans_eq [c;d))&= FE T}

1 Example trans_eq_example : forall (abcde f : nat),
= [a;b] = [c;d] => [c;d] = [e;f] => [a;b] = [e;f].

3 Proof.

4 intros a b c d e f H1 H2.

5 apply trans_eq with (m:= [c;d]).

6 - exact H1.
7 - exact H2. Qed.

(Bl1A). 2kl 45 AP 59 coq Goals SHHO|TE.
a, b, ¢, d, e, f:nat

H1 : [a; b] = [c; d]
H2 @ [c; d] = [e; f]
1/71)

[a; b] = [e; f]

o714 apply trans_eqs Ao 2|2 (n := [a;b]) (n := [c;d]) (0 := [e;f)7FZE QT AN
o] 37§€] A|1@+= Foll (n := [c;d]D)E Cogo] AltHZ &rop2] o2 2 AF§A 7 apply ... withE
M A 21788l FofoF St Aol
2tel 55 A3 o] Coq Goals 2FH O] th53} o] v,

Goal 1

a, b, ¢, d, e, f: nat
H1 : [a; b] = [c; d]
H2 : [c; d] = [e; f]
(17 2)

[a; b] = [c; d]

Goal 2

a, b, c,d, e, f:nat
H1 @ [a; b] = [c; d]
H2 @ [c; d] = [e; f]
(27 2)

[c; d] = [e; f]

AL coge FolA ] S-S AT A transitivitys A-5-SHt. apply with T4l 7HS]
transitivitys 2H Hro}, o] A2ZEo] AR t}-3-9] (6.1) th4l (6.2)F 2+ Aol
apply trans_eq with (m:= [c;d]) 6.1)

transitivity [c;d]. 6.2)
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The injection and discriminate Tactics

nat®] Aol B4l Bt

Print nat. (* Inductive nat : Set :=
0 : nat
I S : nat =) nat. *)

oo F AR S o 4 Sl
© A7} si= DAhinjective©|H Z S n = S mOIH n = mo]th: T (injectivity)
@ o= o n: natell A= s ni} k=t BHEMS (disjointness)

o] e ThE BE FgH oz Folg eelelAE YTk AR 59 BAHE cogell A
ohet o] FHF 4 ek

Theorem S_injective : forall (n m : nat),
Sn=Sm->n=m
Proof.
intros n m H1.
replace (n) with (pred (S n)).
- rewrite -> H1. simpl. reflexivity.
- simpl. reflexivity. Qed.

olRl WAOR BE HYAY BAS T 4 ek, Teut ol FAL S WAF,
Coat: ©1 BAHES FYoH T T A8 & YEF S injection Ak ATV
SF 2~ 0]

1 Theorem S_injective' : forall (n m : nat),
2 Sn=Sm->n=m,

3 Proof.

4 intros n m H.

5 injection H as H'.

6 exact H'. Qed.

2hol 4 A3 T9] coq Goals I}HL th-21F 7ot

injection &2, o A=} consell thoto] 7HE H : Cons t1 = Cons t20] =T o
induction H as H'
FES M ALFES D JHd pe QRS M 1 = 28 HHCh

o)) Ao A= 1-& meto] y 9F A|5FA 7o HIE exact H 2 ZH-L upz 2= 9l o},
o] I 11 = 27} obd Aok injection HFE AT 4= QT t}2-2] A& HEA}

3injection& AMEE T as W §10] injection H T-2& AFEE 4% QUrt. o] 3¢ ol W37k gl o] 23
TR UL £ 12 B € ol A2 & TH2 11 = 2 - 7H 2ok
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1 Theorem S_injective'' : forall (n m k: nat),
2 Sn=Sm->m=k ->n=k.

3 Proof.

4 intros n m k H1 H2.

5 injection H1 as H1'.

6 transitivity m.

7 exact H1'. exact H2. Qed.

2hQl 45 A3t 59 Coq Goals 2FH- tht 2T,
n, m, k : nat
H1 Sn=Sm
H2 :m=k
(171
n =k

I o292l 55 APSHH HI2 H1' ¢ n = nC 2 HHATH 1WA O]A transitivitys AHE
st J2 S-S A 4T 4 A o

2+ injection®] &5t} A& 270 ol A He= B0 Aok AE 0] 7HA
H:(n, m= (o, pollinjections Z-8IHn = 02tn = p2he 2719 22 7HA-S AA| Hrt.
Q O = cons7t 2 ARl A 5241 cons t1 s1 = Cons t2 s2°0 injectione Z-&5HH

‘

filo o]

[¢]
[

Z]

zsfe)

12, s1 = s22h= 270 9] 54 7HA-S 47 "} oA H = injection HF-E th-3
Zo FEo 2 ARG of gt

injection H as H1 H2.

ol

Folob|E Al&atAt,

r

ol o= A/37te] Thadof thet ofok7| & mhA| AL o] A i e/d of T
HIEH] & o]-&5h= 2R discriminate®til of= Zo|Th,

337k 08k so] e & S ot Ao R Edlol & Al o]
At AzxA AR RAE 47 &k 227 0] 295 B E WA=
F2 o= o|Fo|d AR (Y] AAHF) Eo|ttA

-4 w2 54 AT of 2t B PAolH, £
Stof not PRHEIY A o2 Aottt o] & flste], 4 AR

not P := P -> False

#olgiey. o] sk 8- ke Aol A thE ol Holm, BARALE 09t s WiEH L ket
1

£ S0l oA =
=
[e}

SR RICEES:)

Theorem 0_not_S' : forall (n : nat),
0 =? S n = false.

I3 A2 o] A= o]Hf zero_negb_sEH= 0|59 AR ST Aol Q. 1o S
A (@ =2 S n) = falseBh= &S simpl S 14 I1-29] false = false® HFH S+, ©]

13, Z propoll HisiA FA1H o2 AFRE 2o] glrt. Ao +

% O -
e, et 2R E 5 Adct B ol e chglofof Wrki 2ok,
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Zo] ARE BEL A QAT o] 5AL = oo A ui2 UL Aolng F9 Sald
Y Q)

—FE] 09}5—4 HHE]' JS Fof o] 83 ) A OS2 discriminate ol B Zlolt}. thA]
oA, DAV injection & AFESHA] A1k FTHOA o] & 4 UL, injection
Ao DA Mea] ol gk shute] ol AW, HEFL discrininate AeFS A}
8517 I ]88 4 glrks Aol

discriminate H=Fe] AR & HA}

1 Theorem discriminate_ex2 : forall (n : nat),
2 Sn=0->2+2=5,
3 Proof.

4 intros n contra.
5 discriminate contra. Qed.

2kl 45 AP 9] (oq Goals A2 th-23F LT

n : nat
contra : Sn=0
171

2+2=5
7139 O1E€ contra A°] AHETHE o] 1 R0] BB A contradiction B LT 9171
wZolet. 714 Fol AAAE] Hetgel g BEBAL YLOW T2 BAE glo] vl

discriminate S A-8-5hH Hr},
destructs discriminateSt &7 AF-got= A& EAE (112 o] A2 o] AL rewrites
WA ot HA S HE)

1 Theorem egb _0_1 : forall n,

2 ® =?n=true > n=0.
3 Proof.

4 intros. destruct n.

5 - reflexivity.

6 - discriminate H. Qed.
ol 45 AP T 9] (oq Goals SHH-S thS1} ok
7 Goal 1

g H: (0 =?0)=true

9 (1/2)

10 0 =0

11

12 Goal 2

13 N onat

(0 =? Sn) = true
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2kl 69] discriminate™ B+ 142 H : (0 =2 S n) = trueoﬂ 2-g5l= Aol o] A2 Ao A
AZAFE9] HiERS S simpl AlAFE A AR A 0] & o 7|1 ofH 242l 65 tha Zol
HpLo] HH,

- simpl in H.
discriminate H. Qed.

simpl in H 9] Coq Goals SHH-2 TS} Zro| E&=1,

n : nat

H : false = true
(

S

1/71)
n=20

ol discriminate HEA F-&2| A AAAE ] Hetd 2 Ag3tth= Zo|t),

A7IA A B T2 simpl inS AR T simpl©] J_’-%Oﬂ ti5to] 2HE6h= A el
gisto] o]2]et simple ine 1 LEZC] Y@= 7 Kol thste] 253ttt ofof thsiA = tha
SHSMAAG] A ThE S s

o] Sk914 82 710 9HA] I Shke] WEF ¢ equal AASHTAF AT, o] WStk
injection?] ‘1-& WA olgtl B Hih HAHAESN A= M s n = S n2n = nQ & HHLO]
FE= A0| injection®|2H¥, f equal® & ZF s n =5 n&n=nlE, 13 Irgog
A29] 4 £2} AL 915 col Thool T T £« = £ v « =y HF0] i Aol
o] Ak 7Hd Foll x = y7t U= B¢ &3] 22oH, o] % rewriteE WA TS WFL
S QAT B Slete] AT A,

f_equalo] A FO12 L & TG £ x = 1 50l AEL W B 7} Dhbror B

Dot gohs Zoleh ksl « - v f
woloh. oit £71 ARl OTOﬂ"E =y7bf x = f yo] BRFEx0] Hrh.
Fact eq_implies_succ_equal : forall (nm : nat),

n=m->Sn=Sm.
Proof.

intros nmH. (* H :n=mx*)

apply f_equal. (* Goal : n =m *)
exact H. Qed.

=

[ N

Using Tactics on Hypotheses

AL 11 HEE A5 tiAde] Aot 19y 1eS A dides & o HEAE Yo

ofd 7Hd-& AHgshe Aol 1 7Hd2 A= ARE g ollA A sfiof ottt T1ei A ek

Agshoha We o) 1 A 122 E6l7] & okl ML ok gt o]d £5- 1)

{5t vz =] el (target) T Q1 (argument) 2= 8015 AHE-SELAL ghet, o & E0]
apply H.

= B2 M vE R, IS HACR Jith, (BHAlS TR A5 o HEER

g Zfo] gllo] ")

5 4R S gekaat g @ Q4 E e Q4E AE uvt gk, oS Sol
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injection H as H1 H2.

+ B8PS 7H e 4R st o7lolE as o m w27t E = AME AL QI
@ AF7HAlE BE 7ol B2l Ao Aw 287 g2 - e Aot oA

1 Theorem S_inj : forall (n m : nat) (b : bool),
2 ((Sn)y=2(sm) =b ->

3 (n=?m) =b,

4+ Proof.

5 intros nm b H.

6 simpl in H.

7 exact H. Qed.

 bool

2k}l 69 simpl in HE BFAS 1-go] ofd 7Hd H=E A=t (714 Q14E, simpl #2F9]
2 o] - geollA T18stxol, glth) 1A 1 Ayt= 7ol (o] 52 HHA] ¢8al), =29]
Aolof o]t H @ (n =7 m) = b2 HFATH

A& ottt B SolEA};. 7| A= symmetry 2} apply ] EHAS 7HEA 2 A=t

1 Theorem silly4 : forall (nmp g : nat),
> (nh=m->p=gq) >
3 m=n->q=np.

4 Proof.

5 intros nm p g EQ H.
6 symmetry in H.

7 apply EQ in H.

8 symmetry in H. exact H. Qed.

kel 67FA] APt T 9] Coq Goals BFH-2 o3} 2t

olo1 ] 219l 7 AR BA W7k : p = gz HHAEE,

apply FFE ZOE 7ML p ) 0B 4R dho] BAlo] 48 W F 74A A9} 9
(2] 47 0T} @ i, 7Mo] 2ARP - 08 BAR sl AYPHED e 488
o, oluli pot i 27} o] 50 Aet g AAT AR HpRo] Azslof Fheh)

@ EAlo] o]t} o]uliz EpAle] qololof 51, ek Aal o]
el Al2g B pE ZETTH of
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@ EtAlo] 7H4d poltt, ojufji= EfZlO] Wi poojof ofal, AEF AdY Fofli= EfAlo] H: =
v, Sfukstd 7R p -) et PREEE 7 =8d HEAR dojA 1129 Sl AHSE
o, S 7R £QlE & Q7] miEoltt
o] g0 AHAES HILE HH 7R {p -) q, PI7F ZFEH ] UdE Aol
P ->q =8 p7t AR =, SARE UFol pE 2R 2 oHA HH
29 ol & BHet 2191 49 specialize (H2 H1)2 apply H2 in H1E tHAISE A O
2835 5.9l APyt ol YA thEX] = S AIYE ool A ArgstAltt

tu
e
i

1 Example specialize hyp : forall P Q : Prop, P -> (P > Q) -> P /\ Q.
2 Proof.

s intros P Q H1 H2. (* H1: P, H2: P -> Q *)

4 specialize (H2 H1). (* H1: P, H2: Q *)

5 split. (* Split the goal A /\ B into 2 subgoals A and B. *)

6 - exact H1.

7 - exact H2.

s Qed.

H2: P - QO] H1: P T

@ apply H2 in H1S Z-851HA H2= WS 91T H1-2 2 et
@ specialize (H2 H1)-S Z-&51H H2= = WSHL Hiol= WS} §lt

secializels el HHRE| RUANFS G ] 2ol Hle] (92 b3 551
A u& ZoIEL) oA AR E AL FEO| & EF AL Aol

I

Specializing Hypotheses
7Hdol AAEH: forall (x: 1), PC)UE] %-2]7F Ydh= 22 ol EH tofl A p(v)2hd,
ZH (x = )P, 2 H: POEH th-22F o] specialize A AHE-SHH Hrt,

1 Theorem specialize example: forall n,

2 (forallm, m*n=0) ->n =0,

3 Proof.

4 intros n H.

5 specialize H with (m = 1).

6 simpl in H. rewrite add_comm in H. simpl in H.
7 apply H. Qed.

2hol 45 A3YSH 39] coq Goals AL th27}F 2t

n : nat

H: forallm: nat, m*n=20
(

n

1/1)
=0
olojA 2l 5E AYSFHH=H ¢ 1+ n = 02 HHATE I oh22 AT 97t §lS Aol
specialize® AHgoh= 589 oS ot o XA
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Fact specialize example2 : forall (m: nat) (f: nat -> nat),
(forall n: nat, fn=2%*n) -
fm=2%*nm,
Proof.
intros m f H.
specialize H with (n :=m).
exact H. Qed.

P T S

O|HH =T of| A= specialize A applyS A& Hot. SEA|TF o] A Q] specialize example® &
Hol A= applyE & 5 §l=oll F2lotet.
o] 7314%]:% ;ﬂ _c; -.‘31 3l @Z'\__Oq 17:11\% % émstantlate OH "zr% 7/'1°]EE a o]%% specialize EH/}_]

instantiate2}al 2| H oW -S7} St}

Cog= B2 0|59 d=fo] o8 A= tE 7|5& $ddot= F-¢7F Eor, i =
olgo] Heo] FL 7)%5-g Fhatel FWSHE A& WO Folslof s} Wso] EAw
B AZFO B2 = specialize YOlE apply, rewrite, intro 5°] Uth oA MRS AL
o]3 EAE2] o A= exists, introZF © SUTt.S

specialize HEF2, applyll A I3 gl%0], 7HA 8T ofUet A& Q42 A 1
e,

1 Example trans_eq_example''' : forall (a b cde f : nat),

> [asb] = [c;d] -

s [c;d] = [e;f] => [asb] = [e;f].

4 Proof.

5 intros a b c d e f eql eqg2.

6 specialize with (m:=[c;d]) as H. (* trans_eq is a theorem *)
7 apply H.

s exact eql. exact eg2. Qed.

gtel 55 A3YSt 39 (oq Goals SHH-2 th-21} Zct.

a, b, ¢, d, e, f: nat
eql : [a; b] = [c; d]
eq2 : [c; d] = [e; f]
(1 /1)

[a; b] = [e; f]

o] ZFof 559 FO| A transitivity = A Ao]| B2 2}l 59] specialize®] Q142 trans_eqs
Q2 AbESttt, 8|1 o]uf E k= 7o o] F HE £t 13 W Coq Goals 3HHO t}-2-2]
7pdo] F7tE ) thE WS

H : forall n o : list nat,
n=1[c;d > [c;dl=0->n-=

= A3SHH Coge= HY Y 2 n = oF 2l& [a; bl = [e; floll FIXIAIA TH&9]

SZA RO A Lo HAWMEF EHL A17]| S fresh symbol & =4 (£3] Rule-C2t H2E)o|Bn g

BN
i
)
rr
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IHB2 22l 79 apply He TH28] ZH-& HE BT apply Hoh= A Zh
H: [a; b] = [c¢; d] => [c; d] = [e; f] => [a; b] = [e; f]

T8 ol [; b) = [c; ot lc; dl = [e; 1S 77 & Zgom sl £ o] ARTee
35ke] Coq Goals SFHS THET} Zo] HHR Stk o A ple A, = T 9| AAo]

oo &< 747 A& = 5t FEstd H

Goal 1
a, b, c,d, e, f: nat
eql : [ b] = [c; d]
eq 2 [c; d] = [e; f]
forall no: llst nat,
n=1[c;dl >[c;dl=0->n=0
(17 2)
[a; b] = [c; d]
Goal 2
(* same hypothesis as in Goal 1 *)
2/ 2)
[c; d] = [e; f]
O g AYE ast ge goltt. v
6.2 Part2

Varying the Induction Hypothesis

induction o] 2 o #3] 591 Qlek. S Fol thae] HelS 8 Aztgle] FHste

9 ojg A HiA A

1 Theorem double injective FAILED : forall n m,

2 double n = double m -

3 n=m,

1 Proof.

5 intros n m. induction n as [} n' IHn'].

6 - (*n=0%*) simpl. intros eq. destruct m as [| m'] ean:E.
7 + (*m =0 *) reflexivity.

8 + (*m=5Smn"*) simpl in eq.

9 discriminate eq.

10 - (*n=5Sn"*) intros eq. destruct m as [| m'] eqgn:E.
11 + (*m =0 *) simpl in eq. discriminate eq.

12 + (*m=5Sm" *) f_equal.

13 Abort

-2 BoloA & APt 2hel 1274H] uE o coq Goals SHH O] th&t 2o HHTh

m' : nat

So]glA| sh= o] fr= psooll A= ol girk
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IHn' : double n' = double (Sm') ->n' =Sn'
a : double (S n') = double (S m")
(/1)

n"=mn'

AG7HL ' 2 A T n' = s m'o] 12 n' = ' WjR =] gon= ARG 4
At 121 eqe double n' = double m'7HA] BHEUA|A E=ttl ST (AAZ2 o] A7 =
°}E¥) off A-go] glth SHFsHH double n' = double m' -) n' = n'= HIZ Z|F $

Hotel= Jfo]7] wjzolth.

—E— = AE7HE 1hn' o] UF §57d°] $thinfiexible stz A O]}, o= Hefjo] 118 L9
Rl g mo] o]n] s m' o2 EAEO] 97| jZo|th 2= /el ¥4 mo] “AHol7|E
Hrtth &, 927t Yot AY7HE e

IHn' : double n' = double (S m') > n' =S m'

o] oh]et

IHn' : forall m, double n' = double m => n' =m

olt}, o]FA HHHA (n := n) 2 A& 55to] 9
o1& st 229 59 intros n mE intros nS&

o[N ol

mlo

2 ARG 5 A et

ERES

s

1 Theorem double_injective : forall n m,

2 double n = double m ->

3 n=m.

4 Proof.

5 intros n. induction n as [} n' IHn'].

6 - (*n =0 *) simpl. intros m eq.

7 destruct mas [| m'] eqn:E.

s + (*m=0 *) reflexivity.

9 + (*m=Sm" *) simpl in eq. discriminate eq.

10 - (*n=Sn"%)

11 intros m eq.

12 destruct mas [| m'] eqn:E.

13 + (* m =0 %) discriminate eq.

14 + (*m=5Sm"*) f_equal.

15 apply (IHn' m').

16 simpl in eq. injection eq as eq'.
17 exact eq'.

15 Qed

grel 138 A

<

St 59| Coq Goals SHH-2 th21) Zrt,

n' : nat
IHn' : forall m : nat, double n' = double m => n' =m
m, m'" : nat

E:m=Sm

eq : double (S n') = double (S m")

GRVARD)

n"=m'
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ool Thn' o] nol HAHAMAO| DR, 2l 150] ©J5fo] n 1= m'e] Hgho] Aorh
olske] e ARk v

28 6.1 of2] 79 FAMSE 7H= AAES] S0l inductions AH8st7] Zofl Haol4
]_

o8 @2 WM4E intros SHA & AL —
83E A8 doltt. SFO dFEAlc| Bz Fo] dF = A=l

1 Theorem egb_true : forall n m,

2 n=?m-=true -> n = m,.

3 Proof.

4 intros n. induction n as [} n' IHn'].

5 - (* n=0*) intros m. destruct m.
6 + (*x ... %)

7 + (* ... %)

s - (*n=5Sn"*) intros m. destruct m as [} m'] egn:Eq.
o + (xm=0%) (* ... %)

10 + (*m=Sm" *) intros.

11 assert (Ha: (n' =2 m) = true).
12 { simpl in H. exact H. }

13 f_equal.

14 (% ... *)

15 Qed.

st o,

1 Theorem plus_n_n_injective : forall n m,
2 n+n=m+mn-

3 n=m,

1 Proof.

5 intros n. induction n as [} n' IHn'].

6 - intros. destruct m.

7 + (% .. 0*)

8 + (*x ... *)

9 - intros. destruct m.

10 + (% .. 0*)

11 + simple in H.

12 rewrite <- plus_n_Sm in H. rewrite <{- plus_n_Sm in H.
13 injection H as Hi. apply IHn' in Hi.
14 f_equal. exact Hi. Qed.

1o
4
S
=
i
nl
ofN
)

(87 6.1]1 2% sf2 =] k= F-97F Al Aol AHES |47 A E
o oFell 1Alstar Q1A ¢F2 97t 1A otk

d& 5o Sk & YAI7} forall (n: nat) (1 list nat), ... FEISIH $-2]7F Yot=
Z10] induction n®] o2} induction 191 7-9-o|2tH o B A Sfjof F7}78

&2 generalize dependentBt AZFS AREoE Aottt th29] 9l & Fote] o] dolH
L= shat

72kl 15 Al specialize IHn' with (n := m')S AMRSN = Ho}.
8 Abe] W A]S o] gato] Yo WAE TR =H o= F53 YA
forall (1: list nat) (n: nat) , ... 2 HHE o] HZET], o7 coqollAl 214 2 ¥skA] =t
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1 Theorem nth_error after_last : forall (n : nat) (X : Type) (1 : list X),
2 length 1 = n => nth_error 1 n = None.
3 Proof.

4 intros.

5 generalize dependent n.

6 induction 1 as [} h t IHt].

7 - intros. simpl. reflexivity.

8 - intros. destruct n as [} n'] egn:Eq.
9 + simpl in H. discriminate H.

10 + simpl in H. injection H as Hi.

11 (% ... *)

12 Qed.

Aot 2hol 47bA] APstet. 13 H Cog Goals SHH-2 of2-1F Aot

n : nat

X 1 Type

1 @ list X

H : length 1 =
(171

nth_error 1 n = None

o714 2l no] AAFLH7E E7|E Dot o] 2GS s F= 2ol 24l 5ol 1|

Coq Goals FH-2 T3} Zro| HEA LY

X @ Type

1 : list X

(1 /1)

forall n : nat, length 1 = n => nth_error 1 n = None

kel 10744 Bk A A7 S A 4= QA Hck, 1 the-e Akt

Unfolding Definitions
unfold 22Ee o o] g ¥l thEo] glont o714 & o AAs] Potr ] Pk,
Tﬂﬂzmﬂﬁthﬁ:E_P MAAZLE ALE5HE A A A Yinductive definition 2 7
o Aol 1 oL A Mt el AHESHE Hol © el B9t gk o2 5
square: nat -) natO|2h= -5 That 2ol A oJotitial oAt
Definition square (n : nat) : nat :=n * n.
223 ohge) ket Helg Sk e,

Theorem square_mult : forall n m,
square (n * m) = square n * square m.

o] el FH5t7] Y5t intros n mE AFSHH th29] 118 3hAS A=t}

n, m: nat
(1/71)
square (n * m) = square n * square m

1 ohg2 go] & Zo] girh o] F wf square®] HOE AW oh3 3 2 Hrt

0
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4 Proof.
5 intros n m. unfold square.

1 n, m: nat
2 (1/1)
s n*m*(n*m)=n*nx(m*m)

&
tlo

20] -2 o+27] A AH T} olA mult_assocTt mul_come AHE5te] Holst o7 =
atz 4= QA et v

unfold A2 simplo] 2H55HA] oS off S22 0 2 55| AF&HTt ol & 59 bar: nat -) nats
oh23 2ol (ofg]dA) A olsittal shat,

Definition bar (x: nat) : nat :=
match x with

l0=>5
IS_=5
end.

213 hgo] Helg FYetu ek

Theorem bar_idempotent : forall n,
bar (bar n) = bar n.

Proof.
intros n.
simpl. (* does nothing! *)

2hel 45 Adgstd 1Pl ot A
bar (bar n) = bar n
o] JHl == T ol & Aol it o|nf unfoldE AH8-SHH
6 unfold bar.
chet o) Hirt. 23 o] Hol 2w AHks] Soith Byl oA ghe.

1 n I nat
2 (1/1)

s match match n with
4

1 T S

Fo1 _=>5
5 end with
6 | O] =5
7 end = match n with
g | O] _=>5
s end

2Hel 4, 6, 89l Hol= 1 0 | _ =) 5= o BAS E9 & Aok
0=>5
S_=>5
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Aol Bl 2kel 3 - 2FQl 9] &2 nofl thet HEIF glon = sipp1o] E4] gEtt. o]d of
destructE AFH8SIH n = 0 E=n = 5 _gF= AEE 7IAA H B2 sipplo] 2-ssHA "t
destructE AYSHH oo AFF LR simple =] A FEZ |1l g, o] Z7
ot o} sl = A2 THHAHE olslst= dlE 2ol Walrt He otk & S8
AR E ol tha vt e,
Theorem bar_idempotent : forall n,
bar (bar n) = bar n.
Proof.
intros n.
unfold bar.
destruct n as [} n'] egn:Eq.
- (¥ n =0 %) reflexivity.
- (*n=5n"*) reflexivity. Qed.

9] ZHAA unfold bars AF&S= ©]-4-E, barl] A of 951 par nQ] -2 A4 nol 02l
A5t s Q9 HE F ol AR E dofopgt A4EE P 4= Q7] wiFolth. O E=R

destruct®] 2]t case analysisE &-85FH unfold bar $1°1% 5ol 7Hs5tT.

Theorem bar_idempotent' : forall n,
bar (bar n) = bar n.
Proof.
intros n.
destruct n as [} n'] eqn:Eq.
- simpl. reflexivity.
- simpl. reflexivity.
Qed.

o] 71 A Lot FojoF & 72 par_idempotentS] FH-2 unfoldE Mk il AR ot
7FsSHA T, square_mult®] S H-2 unfoldE WFE=A] A OF o1 destruct A2 T-go] ]
A=t AH ot s square n] A2 n = 0¥ Wehn = 5 2 oA AL E o] Q1A
k7] wj 2ol

gl.rl

50

Using destruct on Compound Expressions

destruct =2 destruct term ... o] FEHIE AMEE|™ o|uf term2 H47]2Q1 7497 wrt.
I8 o) termS & W47|2Y QL 1 compound expression, = 5 TP}
A2 2AFA £ ek oAl E E0] destruct (n =7 3), B2 destruct (bin_to_nat bo) 5=
A2 2 9k TR p 424 SR
expr?} compound expression Q] 73-% destructe= expre] a8l B 77 AAAAE AHgSHA

AGH o2 HOlH % destruct expr 2 AHED 4= AT} o|mf Coq GoalsOllA] That 2ol
758t}

T9] ZF 247} coll !isto] subgoalo] A4 ek, 2] 2} B o] A AE 9}

& TFA e = B E exprE (&2 X|2HTH = 249 o2l gl whet e v,

c vl v2 58 FHIE 7HAA "t

destruct L destruct expr -0 2 Ab

2 Geel PRS G,

ofo
et
=
H
39,
o
i
of
oz
AL
lo
i)
s

o

| intro pattern
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destruct expras [ (1)} (2) 1 .. 1 (k) ]ean:Eq

o714 (i)+= 1A Ad7tel tigt 459 ERo|rh A7 gl A9
AAd =z FH ok AR HHE7E m; Q1 A D v ve .. v, BT 9714 v
AHGA7E Aok & o] 522 Hg7]| 2ol

eqn:EqOl &Jste] ZF AYIAEN=Eq @ expr = cBHE 7Hdo] A ELY o] 549l SHo=
A47Ee] QIG5 Tl Fofof gttt ol & &0 AR 7} binary ?1 Z-f-oll= ©] 7Hd2
Eq : expr=c vi1 v2 FE|7} Hch

as [ .18 AFE g0l Y2 D 0|FS AolFRR FHo] T gL gou,
can:Ea A M2t Fo) Bad Yuol £4 dote] 30| A 4= At
can:Ee7t ZH ABEIA G AR ol W FE Ho] 29| YRS o] Fu,
ol Z1eke F3o] ofujzte, @ 4 9o ol ALgatES Tt

Exercises

O =77} symmetric & SHUT o] F 9I5t0] =7, = eqp TESE] Mo FTH| FIUE F+
e & A&t

Check egb_true. (* forall nm, (n =?m) = true => n = m *)
Check egb_refl. (* forall n, (n =? n) = true *)

Theorem eqgb_sym : forall (n m : nat),
(n=?m)=(m=?n).

Proof.
intros. destruct (n =? m) egn:H.

(x ... %)

n =2 m°] trued e} falsed W2 Lpiro] A ztol= Aol @ddstet, I3 22 destruct (n =2 m)<
Abgiom, T12]H Coq Goals SHH-2 T3} Zo] Hct,

1 Goal 1

2 n, m: nat

3 H: (n=?m = true
4« (17 2)

5 true = (m =? n)

6

7 Goal 2

g N, m : nat

o H: (n=?m = false
w (2/2)

11 false = (m =? n)
M Goal 12 BA}F. 21 301 H: (h =2 m) = true®] ©FUE H: n = mO| U THH rewrite HE A A
2712 R Pk eob_trueS AFESHH Goal 12 0} ¢ 22 ZH),

- apply egb_true in H. rewrite H. symmetry. apply eqgb_refl.

Goal 2= ©|2A 71dsHA SHE A =t JuFstA (n =2 m) = false =) not (n = m) B
A= (oF2) gl7] W2olct. S22 thA] §F ¥ destructE AH8-dh= Aot
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destruct (m =2 n) egn:H1-Z AP5HA Coq Goals SHA-2 t}2 1} Zro] HHALE 7| A n =2 n&
0 =2 nO.2 2 2] gotof @tk n =2 n& AHGslol SHe olfk o Edo] e el 5
Ast7| wj ol
1 Goal 1
2 n, m: nat
3 H: (n=?m = false
4 H1 @ (m=?n) = true
5 (1/2)
6 Talse = true
7
s Goal 2
9 n, m: nat
10 H: (n=?m = false
11 H1 ¢ (m=? n) = false
12 (2/2)
13 false = false
714 2] Goal 2+= reflexivity= {FEstAl A 2]k
Goal 1914 g A7t Beolme AHAE Yol 4 Bg Stolobul S}, 2hel 4
O] H13} egb_trueZH-E m = nolgk= 7HE-S dojuijal, o] & o]-§ote] <l 39 Hel S
n =2 nO2 AT T3, egb_refle HA ZH 7HE true = false® AHAE L3t 4

A}, o] FA & Hd T FAE ot Bt

1 Proof.

2 intros. destruct (n =? m) egn:H.

3 - apply egb_true in H. rewrite H. symmetry. apply eqb_refl.
4 - destruct (m =? n) egn:H1.

5 + apply egb_true in H1. rewrite H1 in H.

6 replace (n =? n) with (true) in H.

7 { discriminate H. }

s { symmetry. apply egb_refl. }

9 + reflexivity.

10 Qed .

= HA EAE 2L polyoll A AHERE k4] Ao ofefofl thAl

Fixpoint combine {X Y : Type} (1x : list X) (ly : list Y)
©list (XxY) :=
match 1x, ly with
P = (]
b, 1= 1]
Px titx, y it ty = (x, y) :: (combine tx ty)
end.

Fixpoint split {X Y: Type} (1: list (X*Y)) : (list X) * (list Y) :=
10 match l with
u o []= [] []

)
12 bo(x, y) t => (x :: fst (split t), y :: snd (split t))

o] % g4 thek Aol o

)

Sebm 2 4 gl

B
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E]"%Q’] ;g“j’]'\L_; (01]:5 9’]“]0"/\1) combineol Spli‘t—o/] —"]'d O]'Tleftmverse \j]'% E]_o:]_;ﬂ_il:]-g

1 Theorem combine_split : forall X Y (1 : list (X *Y)) 11 12,
2 split 1 = (11, 12) -
3 combine 11 12 = 1.

4+ Proof.

5 intros X Y. induction 1 as [} h t IHt].

6 - intros 11 12 H.

7 simpl in H. injection H as H1 H2.

s rewrite <- H1. rewrite <- H2. simpl. reflexivity.

9 - intros 11 12 H.

10 destruct h as [h1 h2] egn:Eh.

11 simpl in H.

12 (* ... %)

13 injection H as H1 H2.

14 rewrite <- H1. rewrite <~ H2. simpl. (* ... *)

15 apply IHt. reflexivity.

16 Qed.

Q® 22 ¥ A T A split_combine®]th. & split®] combined] FETTAS
St orgt o] A7t A-5H] Y5Ho] = length 11 = length 128H= Z7d0] 1% ofoF
sttt -2 9ste] WA HXAE] combine nilS £t

1 Definition split_combine_statement : Prop :=
2 forall X Y (1 : list (X *Y)) 11 12,

3 length 11 = length 12 -
4 combine 11 12 =1 ->
5 split 1 = (11, 12).

7 Lemma combine_nil: forall X Y (11: list X) (12: list Y),
s length 11 = length 12 -

9 combine 11 12 = [] ->

10 (11, 12) (11, 1.

11 Proof.

12 intros X Y 11 12 H1 H2. induction 11.

13— simpl in H1. destruct 12 as [} h t] egn:El2.

14 + reflexivity.

15 + simpl in H1. discriminate H1.

16— destruct 12 as [} h t] egn:E12.

17 + (x ... *) discriminate H1.
18 + simpl in H2. (* ... *)
19 Qed.

20

21 Theorem split combine : split_combine statement.
22 Proof .

23 unfold split_combine_statement.

24 intros X Y. induction 1 as [} h t IHt].

25— intros 11 12 H. simpl. intros H1. symmetry.

26 apply combine_nil. { exact H. } { exact H1. }

9t 29l FAJof] T left inverse @] ZO|Th combine©] splite] LS HWole 54
combine (split 1) = 10|t} ZIRH] o] 5412 Q] 275 wEok] 3t 1Al combine_splitoll Al AHERE 25
oA HA O R combine©] split?] FIg4A-S LrEF AL
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27— intros 11 12 H. intros H1.
28 destruct h as [h1 h2].
20 destruct 11 as [} h1' 11'] egn:Eql1.

3o+ (x11=1[1]%)

31 simpl in H1. discriminate H1.

32 + (x 11 =h1" :: 11" *)

33 destruct 12 as [} h2' 12'] ean:Eql2.
34 * (x .. %) discriminate H.

35 * (x . %) injection H as Hi.

36 (* ... *) injection H1 as H1i1 H1i2 H1i3.
37 assert(Ha: split t = (11', 12')).
38 { apply IHt.

39 - (x ... %)

40 = (x ...%) 1}

41 simpl. rewrite Ha.

42 (% ... %)

43 Qed.

ahel 36014 wol 3712l 72 BajEl Ao §olatolal,
@ theo) BA= vlnd Jeln g Ao gekgi,

Theorem filter_exercise : forall (X : Type) (test : X -> bool)
(x : X) (1 1f : list X),
filter test 1 = x :: 1f =
test x = true.
Proof.
intros X test x 1 1f H.
induction 1 as [} h t IHt].
= (x1=1[1%)
- (*1=h:itx*)
simpl in H. destruct (test h) egn:Eq.

+ (* test h = true *)
injection H as H1 H2. (* ... %)
+ (* test h = false %)
(* ... %)
Qed.

® olfl A= W Ao rE= 7Y Fastth iAo 22 44
forallb: (X = bool) -) list X -) bool
existsb: (X = bool) -) list X -) bool

i

forallb odd [1;3;5;7;9] = true
forallb even [0;2;4;5] = false
forallb (whatever) [] = true

existsb (andb true) [true;false] = true
existsb (whatever) [] = false

ol2]gt J&-E 7HA] = forallb, existsb= G714l & 7FA]7F SlTt.

99
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Fixpoint forallb X : Type (test : X -> bool) (1 : list X) : bool :
match 1 with

P[] => true
i h ::t=>andb (test h) (forallb test t)
end.

Fixpoint existsb X : Type (test : X -> bool) (1 : list X) : bool :=
match 1 with
I [1 => false
I 'h :t t=)>orb (test h) (existsb test t)

T 22 existsb@] nonrecursive B A existsb'= forallb?} neghS ©]-83}o] A LJ5tal o]
=0 L FFAES Tt o] BA= Jr, P(x) & —Va, —P(z) 9l 7|§+-& F1 it}

Definition existsb' X : Type (test : X => bool) (1 : list X) : bool :=
negb (forallb (fun x => negb (test x)) 1).

Theorem existsb existsb' :
forall (X : Type) (test : X -> bool) (1 : list X),
existsb test 1 = existsb' test 1.
Proof.
intros. induction 1 as [} h 1' IH1'].
- unfold existsb'. simpl. reflexivity.
- simpl. destruct (test h) eqn:H.
+ simpl. unfold existsb'. simpl. rewrite H.

(x» ... %)
+ simpl. rewrite IH1'. unfold existsb'.
(x ... %)

Qed.



Logic

7.1 Propositions and Predicates

Proposition, & Z&o] oJu]E pp10-14914] o=k A5t et & Sof kvt 7}—%5}1}”4
Coq] g2 Y AE mat FUSH Hdo] T S% QAT ill-typed expressiond &
SIh Hole, o1210] coge] Zekst eliee| o] el 48 A A 2 FHole,
e =g AT} o R 2 oFE T atomic proposition @l A & A ogical connective 2t THF 7| T

quantlﬁere MA ArbE2] B vHE 4= itk @A71A] 27 AR oAM= AR
= ->, 7S 2= forallTh 511'0"%\4‘4 o] o A=A A% At and, or, not, iff, False,
True®} HH 7|2 existsE LYot th=rt.!

T3t obFm Il AMEEE &0 predicate 2= AA7A] = T8 = SR ARERIGIE=T], ©]
ol AE Tt &0l & A osto] ARG Aol

529 B s otk 7] 91519 check =4 check "="
AdPotH ohga 22 ANE =t

I
o
i1kt
o2

ol
-
ki

N
-

T
i)
-
=5
a
3
—+

I

1 Print "=".
2 (* Inductive eq (A : Type) (x : A) : A => Prop :=
3 eg_refl @ x = x. *)

eq= Cog®] HESE 2tolHefof Hol= o] =2 & bmarypredlcate ojth. 18|l =& A HFE
gto]| B & @] NotationS AFESe] AOlH ¢qO] AEt (syntactzc sugar) ©|tt.

eqt §EA BHYATE AHEotE e &ololB & oA 9 BtYS dotH 2H e eql
A A prefix THF 2ol Q.

Check @eq. (* @eq : forall A : Type, A -> A —> Prop *)

2kl 2-33F o] Inductived AHE5to] &€ Aok A2 CogollH 718 T2 7HiE T2
Stutolm ofof tisA Agoll A A=A FF5HA 2 Aot

Iralse$} Truthis 1@ ZFolaty Fols| AT, e =g st A= FalseE 715 L 2 YEFH I nullary
connective 2 FHSIH, Truee L — 1 2] Zo|A7] abbrewatlonﬁ’_i A olsl= Ao| i YutAo|t},

22127 A] Inductivet EFY-2 A 018 W AME-E]Q1th Enumerated type, type with parameter, recursive type,
polymorphic type &
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o|Al woleof ol LotEzt. ol A4-E Wotk g et ot o] A2
parameterized proposition®| 2l W& 4= o}, A9 eE =09 o2 H anity ]t} ©] &+

op
ol
5L

rl

o 4 TreFE &0l 8 A olate] ALEE Aol2ka sHgid], o] £ol50] R EAA ALgEE
7]% 301 primitive predicate% AR %‘/l], O]E]‘ %‘/}—], O] Ol‘ﬂ 7]% %01% 7“”8;%]‘0”/\'11?‘151 %%}‘6]—7“
e},

Fet &0 9] of|2 FolRl QIF7F 31 B33 Toh= 19 &l & Fod Bt o] &ol=
nat -» Prop EFY-S 7F2 Tt} nat - bool®] otdol F2ol5tet.

Definition is_three (n: nat): Prop :=

n=3.

Check is_three. (* is_three: nat -> Prop *)

o] 2-& &0] is_threeE AHE5I THE A& HAt,

1 Theorem one_plus_two_is_three :
2 is_three (1 + 2).

3 Proof.

4 simpl.

5 unfold is_three.

6 reflexivity. Qed.

2l 49} 2Hel 5 E % o sl B8 & b8 Ak Hrt,
ool = T &Y polymorphic predicate ] S EA},
Definition injective {A B: Type} (f: A => B) :=

forall x y: A, fx=Ffy->x=y,.

2} 0] HEE Fsuccessor 4 S7F1-1 A& SHo] B}

Check S. (* S: nat -> nat *)

Lemma succ_inj: injective S.
Proof.

intros n m H.

injection H as H1. exact H1.

Qed.
PSS BAH O AT Ak (WAL o]d Bast AW ket Lol ok
k.

Lemma succ_inj"' :

@injective nat nat S.
Proof.

intros n m H. injection H as H1. exact H1.
Qed.

7.2 Logical Connectives

Conjunction

‘E"—a:}':]lconjunction% %@' @@'Z}'—t— andol‘:}. :Lgli O]Z—JQJ /}——'j%}:[L’E‘% /\O]E]— é PQ’]’ Q_QJ ’l{?
252 and P Q, &2 P /\ = & AUk
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Check and. (* and : Prop -> Prop —-> Prop *)

and=, T1719] EF1S 1B 2710 BgS Q15 Wol] shte] mEg edshs Fael oz
Helt}, o] 2L g Wolck, 1) and®] H OIS B Tk} Pk,
1 Print and.

2 (* Inductive and (A B : Prop) : Prop :=
3 conj : A->B ->A/\B. %)

A 27 4= Definition, B Fixpoint= AFES1e] HolgiQith. 18] 1 Inductives EFYS

golshe l ARSEE Aol - H o174 E InductiveE WA &4 andE I AHIL?
Inductives AHJAHE AHESHo] BH Yl oS off ARg_tet. BAAE BF 2 YA inhabitant
/\H/H o]—\:]— 1:]— J,].ﬂo :’7__r /\].}10]-1:]-3

Inductive type_name parameters : Type :=
constrl : typel;
constr? : typel;

219 Inductive Z-& FEollAl Type THAl setE AHES S St o] tisiA&= poell A&
=°] Agsteley ¢lo] B7] vigtrh, A7) B Type Al AFES 4= Sl A o] set 2ol &
sty Qlth= AS & 4 ot A2 HEE propolth. Yol E.2l and®] Inductive AL A Type
4l Prope AHESE O, IR 279 - W Qlon R ahd= F /i) TS whof
shte] g whEojul= o, & 23A Aol

and= conj 2L Sk A2 171 E ARGRITE o] 2 A BFY o] A9} g B} Y] o] Y45 o}
and A B EFY]S] ¥AE EHEol= 4ot prop BFY Q] 94, & Teh2 7719 S P proofterm,
orevidence 1 H| O] F-2-2 07| A F16] AY57] &M thZoll U2 8783} 9ol A AAIsHA
Ama Aol

v

Q

Inductive® AF§3te] QA% (EHe] A%, H& Uk A4S Wold LFL ks ¢4
s 5 AT, BAAY ser B9 942 fRske @42 OE 4 @tk 1 ol gk
Inductive= B} A olsl7] mzolet. (B Qo] ofste] FAHM Art AR

o} grsolAiet)
conj o] EF4)S PotR et 2,

Check conj. (* conj: forall A B : Prop, A -=> B => A /\ B *)

SFoll= check conj 4] Check @conjE AH&otl QAT o] d T a7} gltt, o] &= g2 5t
At HojZh o UEole AL Ao 4534 45 vhE o o]& =8y &eld)
ol7]elE A=A A7t E2AoHA] FOo DR eF AEotE A2 (BHA o7& ofyAwh

obFd ¥t glrt.!

3Inductive T2 AL o]ZAHELT HA ‘:‘1
nat - TypeQ & HHE =&k Q11 constro] EE&
N A= Algoll A o A Aol

4SF o] A2171 a5 AHEEL E‘H UEH °1A7} EA5HA] -2 HEs| of

#stet. A& 9] parameters (T : Type)S YA TypeS

HXZ
2 A% 52 Q2Z L natHE g Y& £k qlrt o] FEo| o

B3t 0 5 5 Qe TATE oF ASTowA 2 5 girt
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@ & m&olp /\ Q FHIE Ol o] 5 ok H split 2, £-2 0] 552 apply conj
f{_]‘léh% ]’ o} T:" j_E—]tﬂ 21}0 ’;:]]lo ;q’conjuncte _LEE 0]”1: 27H—’1 ]"?;' O] Ng@%q—
WA Azl o2 B

1 Example and_exercise :

2 forallnm:nat, n+m=0->n=0/\m=0.
3 Proof.

4 intros n m. split.

5 - (* 1st conjunct *) (% .. %)

6 + (* n =0 *) reflexivity.

7 + (*n=5n"*) simpl in H. discriminate H.
8 - (* 2nd conjunct *) (* .. *)

9 + (*m =0 *) reflexivity.

10 + (*m=5Sm" *) rewrite <- plus_n_Sm in H. (* .. *)
11 Qed.

2kQl 49] splite L& ZFO| p /\ Q
Sh= 2709 subgoal 2 split ST},

Goal 1

odll

FEQ B, o] La= FUAY petoE 4 LaR

@ split2 apply conjt B-5otth off 2] LotH 7] floto] oSt 72 A7t Jlrkal
7Hystat.

Check AB_Lemma.

(* AB_Lemma: forall (A B : Prop) (f : Prop -> Prop -» Prop), A ->B -> f A B *)

WA 7-20] g -y f A BEHA, ©] ALl apply AB_Lemmas A BSHH T-&0] AR HHE Aot
< S| ot
B2, ©] 79| apply AB_Lemmas A YotH, 129 2L FFH5H]
1ot = 7He] =g a9t g7t Aottt webA ol&& 77 &= Stz 2709 subgoal&
Ay/dot= Aol ol cog A&l ] 2k off =Tt

AB_Lemma®ll Al foll andE THYSHH A <5] conj 2] EFSo] Ht.

Check conj. (* conj: forall A B : Prop, A > B —> A /\ B %)

wkabA 3120 Ao /\ BE T apply conj & HPSIH T2 XAS F
g A9 87F a5k}, o] A 0] split apply conj®] &5 °l-folt.

Inductive® FolH meto] AYx= Aot 2 oz S &8 = Qrf= A2
HFEA] a1 glojof §F F-Q 3 AR oj},
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= ﬂ*éconjuncm hypothesis H © P /\ Q7]— 9L uf o]2 Zo] g-g5l= WS ool A}
o] ¢ 2= destruct H as .. 5 A8t 24719 =25 A conjunct & 7HIE EAT F

1 Lemma proj1 : forall P Q : Prop,
2 P/\Q_>P.
3 Proof.
4 intros P Q H.
destruct H as [HP HQ].
6 exact HP. Qed.

2kl 45 A5 coq Goals 3}
Q

ﬂa
Mo
i
jille
i)
my
i)
i
i)

P, Q : Prop
HP : P

HQ - Q
(171

P

7 thee Aol Ba 9 Aol

T vh2 9] SEelA w : o Sl AHREA gz A7) 9l Wast gl
qejng ahel 45 bt ol sl 7ol o o} meld,

destruct H as [HP _].
o127 8t hq : Qi SHete] LreREA] oA ek A b 7S ST el 49t hel 52
HAA tha Zo] st Aot

intros P Q [HP _].

EF‘”—E 7Hde] =glte] AT Eeh v BYE =l o2 A N\ gL HAt

£ LE& AYE TET=right associative A Ol F-2] 5k}

1 Theorem and_assoc : forall P Q R : Prop,
2 P/AN(Q/\R) > (P/\Q /\R.

3 Proof.

4 intros P Q R H.

5 destruct H as [HP HQR]. destruct HQR as [HQ HR].
6 (* .. snip snip .. *)

2hQl 5= o2t Zo] 7t E= FAA & 4= Sl
destruct H as [HP [HQ HR]].

o] ZHEsHA|, 2491 49} 2k}l 55 oFA ohak Eo] M= Hot.
intros P Q R [HP [HQ HR]].
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Disjunction

—Lﬂﬂﬂdisjuntion% et AA= oroltt. 223 o] A o] AEE-2 \/o|th
2orPQ Z2P\/ QR & S Uk \/= \& Fo] LEX A9rS WELY

\/9] A= N\Eot oottt o E Sl P \/ Q /\ \/ (Q
P/AQ\ RSP /\Q\/ RS Qulgtct,

O IEP \/ 02 ZYoIHH left - right FZFS AW Hc} o] 22 12 p \/ (54
pe} = HHYETE,
Lemma or_intro : forall A B : Prop, (A -> (A \/ B)) /\ (B -> (A \/ B)).

Proof.
intros. split.

- intros. left. exact H.
5 - intros. right. exact H. Qed.

& 3l Cog Goals SHE-E Tha 7t AT}, 1 Eefo] e FolnE 5 A 519

P R O

[
1o
e
w
rO
5y
Wl

2}l 40 A MR introsZH 7HI-S TS o]ol A leftE HA 1 T
BolH Coq Goals SHH-2 o2t 27| Ht.

A, B : Prop
H:A
(
A

@ 7FdH : P \/ Q5 AE0FEH destruct H as .. = AHE5He] 2709 subgoal 2 U 5

SHEE 9}, ZF subgoal ol A A2 Qe A3 FAstal M2 p \/ @7F 212} pet & v

destruct A=F-E =25 7Hd o] AP = 7HE 2707 Y AE 2712 EYE =

o], =29t 7P el AdFS wl= 2&o] F /= EelE 1 7H-2 ZF 59l & s =Y

Hof| folstet® et M2 =Y == 7Hd 9] ol A5k 42 .. as [H1 H207F ofH 2t
. as [H1 | H2]ell F==ofoF gict

Sgestrucels AALER] e A2 YOI 0E ool o) A AT 4 ek destruces] A3}

i

B Bhelo] HARFE] HOE HH & 5 AT AAE 1 7 eRiviet ¢o)o) FEE @,
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1 Theorem or_commut : forall P Q : Prop,
P\/Q ->Q\/P.
Proof.
intros P Q H.
destruct H as [HP | HQJ.
- right. exact HP.
- left. exact HQ. Qed.

ehel 49} 2kl 52 GHAA Theat ol £ 4 9let.
intros P Q [HP | HQ].
59 AEFGEAE ZolHet

Theorem impl_add_disjunct : forall P Q R: Prop,
(P->Q -> (P\/R->0Q\/R).

M)

N o o oA oW

Falsehood and Negation

RAAGA o} HET Ok b} o] Hojdrt
Definition not (P: Prop) := P -> False.
Check not : Prop -> Prop.

Notation "~ x" := (not x) : type_scope.
Notation "x <O y" = (~(x = y)).
False: Prop< Coql] 7| EQl gt o 2 A o]A 9] T2 EA 5] k=rt. 7Hdof False”t
QoW Tdmjo] go] Falo]E2] AGlo] destruct HES WA FHgo] npFe
Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.
Proof.

intros P contra.
destruct contra. Qed.

I 7P o] o] Q= 99 S lA = 15 discriminates A T

Fact contra to any: 8 =S 0 ->2+ 2 =25,
Proof.

intros contra.

discriminate contra. Qed.

Darle 7HAS o] 85k S OA destructE A= -9} discrininate® 2 & A7 Ao
b= o] 22 & oA AREolof gttt A= Falseol Z-§otal 2= A2l TAH o
oStk Aol A gt
False=HE] BololE o &
% 9k,
Theorem not_implies_our_not : forall (P : Prop),
~ P -> (forall (Q : Prop), P -> Q).
Proof.
intros P H. intros Q HP.
unfold not in H.

apply H in HP. destruct HP.
Qed.

o,
sk
>
%0
)
rr
>
i)
Flo
)
o
o
my
e
)
8

2,
>
=
rel
_O,l‘,
EJ
olN
o,
ok

~ o o =W N =
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[¢]

2hol 45 A5YS}H Coq Goals SHH-2 o231 Zrt.

P : Prop
H:~FP
Q : Prop
HP : P
(1 /1)

7Hdoly 11 T4 ~ pE THHH o] A9 unfold not= A8 P -) FalseZ HF
S 2ol Hi&= A7t Bt oA 2kl 5 o|stE ¢lo] 7HHA TS olaid o+ S

-
rr
o)
o)

"y ol
i)
I

S AAAA 11 O 128 WS W= o7 2 unfold7F M, o]di= t1 O 27t
t1 = t2 -) FalseZ HITE
YA E B9l 7P o] ZAotAY &2 7H &8 folA RS ThE o Q= H9oll=

exfalso NS ALLSH= Zo] Hah 497} gl

11 O

1 Theorem not_true_is_false' : forall b : bool,
2 b <> true -> b = false.
3 Proof.
4 intros. unfold not in H.
5 destruct b.
6 - (* b = true *)
7 exfalso.
8 apply H. reflexivity.
9 - (* b = false *)
10 reflexivity.
11 Qed .
2HQl 55 AY5HA Coq Goals 2HH-S th33F Zro] Hrh
Goal 1
H : true = true -) False
(17 2)
true = false
Goal 2
H : false = true -> False
(2 /2)

false = false

Goal 2= reflexivity=® IFdslA S HH

Goal 12 -&o] BRI, Cogoll A R &S 3 H
of & THEo] W= Aotk Iy ojuf ¥ 11-&9] FalsedtH
apply H. reflexivity. & AFES 4= ot

exfalso= &2 FalseZ HHYFE= 752 ot obF et ARl o] oo 1 /&
ot & 4 Qo o] Ao g2 7|24 <l

2 exfalsos 22| ¢ 919] Goal 1-& S5}

(x ... %)

- (* b = true *)
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assert (HF: False). { apply H. reflexivity. }

destruct HF.
(x ... %)

Truth

True Cog®] 7191EQ) TFo A 1 ofulis - False, 2 2% A0R AZSH Hrk, oA
False T 245 20| A G w2 §-85tch, L2 True®] S-S tha} Zo] Gt

Lemma True_is_true : Tru
Proof. apply I. Qed. (* or exact I. *)

Trues -85t 3H 9 9= S B2} o] S AL 2kl 10 5 of discriminate HE
ﬂ%dmﬂqa}‘ﬂ%%HM]MBQMKMMMW%&H%EHU%Q£4qzmﬂ*
Hregojrt,

1 Definition disc_fn (n: nat) : Prop :=
2 match n with
3 I 0 => True
4 'S _ => False
end.

Proof.
intros n. unfold not. intros H.
10 assert (H2 : disc_fn 0). { simpl. apply I. }
11 rewrite H in H2. simpl in H2. exact H2.
12 Qed.

5
6
7 Theorem disc_example : forall n, 0 & S n.
8
9

Hiw 2l 9

i

AHPS | Cog Goals SFH-S t}-S3} Zct,
n : nat
H:0-=
(1/71)
False

Sn

2}ol 12004 rewrite H in H2E ASBSHH H2E=H2: disc_fn (S n)o] H}. o] simplSFH H2: False”}t

Hrt. o]A| exact H2E AYotH FHo| EUT} v

Logical Equivalence
=24 558 VRS “if and only if” BEA <> b8} o] Hejg]o] gl

Print iff.
(¥ iff = fun A B : Prop => (A -> B) /\ (B => A)
: Prop -> Prop -> Prop *)

<->% AFSSHE o2 skt ua,

Lemma not_true iff false : forall b,
b & true <-> b = false.
Proof.
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intros b. unfold iff. unfold not. split.
- (* => %) intros H. destruct b.

{ exfalso. apply H. reflexivity. }

{ reflexivity. }
- (% <~ *) intros H. destruct b.

{ discriminate H. }

{ intros H2. discriminate H2. }

apply S 2 Ebiconditional 7Hd HOll 801 HE FAot= F 719 ZAE Foll ZE
EEE 212 oA AETT, FH] §E T A10] 2AR IR destructd BRI} Hek

Setoids and Logical Equivalence

->+ =%} H|g BEo] Qo F5 @A = Aoltt. I=iA o2 3709 A= reurite,
reflex1v1ty54'symmetry§§ iffwol thafl AFES 4= Ut

1 Theorem iff refl : forall P : Prop,
2 P <> P.

3 Proof.

4 intros P. reflexivity.

Qed.

(P<>Q > Q<> P).
Proof.
10 intros P Q H. symmetry. exact H.
11 Qed.

6
7 Theorem iff sym' : forall P Q : Prop,
8
9

13 Theorem iff_trans : forall P Q R : Prop,
1w (P<D>Q) > Q<D R) > (P R).
15 Proof.

16 intros P Q R H1 H2.

17 rewrite H1. rewrite H2. reflexivity.

S EAZE H1E IS setoid et Sk Setoid ol A= S ofl BEAMY, tiA g3t S=014d

filo

7.3 Existential Quantification and More

Existential Quantification

A2 dS U= €01 evens o= 2o] A olRtet. ool A3 double : nat - natE
o] 7 ofo| A Ah-getrt.

Definition Even x := exists n : nat, x = double n.

Print double. (* fix double (n : nat) : nat :=
match nwith | 0=>0 | Sn' => S (S (double n')) end *)
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O o] ZAFHELY W exists term H2FS AL 4= ST}, o] AR termS witness

1 Lemma four_is_FEven : Even 4.

2 Proof.

3 unfold Even.

4 exists 2. simpl. reflexivity.
5 Qed.

21l 92 AWSHH Coq Goals HALE T} 7} 2o,

Goal 1
(1 /1)
exists n : nat, 4 = double n

exists 22 EAHE L& T witness 2 25 AF&SHT= 50]th6 exists 25 AYstA 12
oA YA AFER| AL 1= 29] X[gho] o] Fo] A g T2 thZ 3} o] Hrh

4 = double 2
I oh&2 A& At

exists O] specialize AT} o BA| thEX] A7 ol Het,

@ 71do] ZANAHEY mi= o] 8 1-29] 2o 0]85}7] $J5tY] destruct HEFS A2
& otk 2R Be A9 EAE AL 12 m5o] HANA introslo] AYAE £eH
=t ol destruct”} introsoll &lote] A O Rimplicitly A P HTE.
At o & st Bt
1 Theorem exists_example_2 : forall n,
2 (existsm, n =4 +m) -> (exists 0, n =2 + 0).
3 Proof.
4 intros n H.
5 destruct H as [c Hc]. (* intros [c Hc]. *)
6 exists (2 + ¢).

7 rewrite Hm. simpl. reflexivity.
s Qed.

2}el 45 A5YSt $9] coq Goals SHH-L o1} A},
n : nat
H : existsm:nat, n=4+m
(171
exists o : nat, n=2+o0
ZAE 714 Holl Rule-C, B2 exists elim< Z-29|oF gttt o] & Hs5te] 291 59014 destructs
APt EAE 7 H ¢ exists m ¢ nat, n = 4 + m O] H no]l ol n = 4 + mo] ™
gtk Aol o] & WSt m& 2kl St A%k m = ol gJste] dojz= =L 7HA
n =4+ c9 o5& (3] LokAH inhabitantE) Hc2Fl k= 0] destruct H as [c H]7F
Sl dolct, o] 2k 2]5te] Coq Goals BFH-2 Th23} Zro| HHALE,

Su}atA o] A2ko] o] 5L exists7t OFH 2 witnessZ A2 A o]t
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n, ¢ : nat
Hc : n=4+¢
(1/71)
exists o : nat, n=2+o0

I ok o]of A= =kl 63 241 7 g-Z& olafd 4= A= Aolnh. v

I UA AF350], EAE 7S H ¢ exists m, n = 4 + n= IS

mo

HH

ol)l
i;

(exists m, n =4 + m) -) (exists 0, n =2 + o)
o] Aol A Zlo] 7
9J5te] Rule-C7HA]
oA 4 et

intros n [c Hc].

r

EIAER intro AR destructs BAIZ 02 A2 o8 introsOll

blo] AR o= et o] & fl5ke] 2]l 49} 58 H=t 2ol & E=

rok

th&9] el ALl g 712 2] 4]0 & §rEA] o} frofof & Zo|rt7

Theorem dist_not_exists : forall (X : Type) (P : X => Prop),
(forall x, P x) => ~ (exists x, ~ P x).
Proof.
intros X P H. unfold not.
intros [c Hc].
specialize H with (x := ¢).
apply Hc. exact H. Qed.

-~ =} ot = w N =

gtel 4 & A3SE 39 coq Goals SHH-S th2 1} Aot

X

P

H : forall x : X, P x

(

(exists x @ X, P x => False) -> False

o714 atel 55 Al hew} 2ol 1,

H : forall x : X, P x
c X

Hc : P ¢ -> False
(1/71)
False

oo} 4] 2el 6, efel 7L AYSHE Fo] $RPL & 4 L Aolek. v
g0 BT A B o} Fojof shi goltt. HY FL FEL A9 92 vt
1 Theorem dist_exists_or : forall (X : Type) (P Q : X -> Prop),

2 (exists x, P x \/ Q x) <> (exists x, P x) \/ (exists x, Q x).
3 Proof.

x) = (forall x, ~ P x)= HISE §lolk TH &= qrh

a8
o T
ol
a
1o
12
&
Iz
ﬁi
~
(]
x
e
w
“u
w
>
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4 intros X P Q. split.

5 - intros [x [HP | HQ]].

6 (* intros [x H]. destruct H as [HP | HQ]. *)
7 + ( *)

8 + (* %)

9 - intros H. destruct H as [HP | HQ].

10 + destruct HP as [x HPx]. (x ... *)

11 + (% .. 0*)

12 Qed.

2kl 5= 1 ot 2kl 69 IRE <tofl 9= W8 &0 & Zeltt. o] 52 S8 1] o194
olo o & Ajersic},

HAEEA @ Vi, meN, (n <m — (JzeN, m =n+z))

1 Theorem leb_plus exists :
2 forall nm : nat

7

n <=? m = true -) exists x, m =n + x.

3

4+ Proof. intros n. induction n as [|n' IHn'].
5 - (*n=20%*) intros m. simpl.

6 (% ... %)

7 - (*n=5Sn"*) intros m.

s intros H.

9 destruct mas [} m'] egn:Eq.

10 + (x Eq :m=0 %) simpl in H. (* .. %)
11 + (*Eqg :m=Sm" *) simpl in H.

12 specialize (IHn' m").

13 (* ... %)

14 rewrite H. simpl. exists x. reflexivity.

15 Qed.

induction nollA Z1HEA n = o= 21U 7F S Aot AT A n = s n' ASE BT
= opAk oh22 21l 82 AP F9] oq Goals SOt

IHn' : forall m : nat, (n' <=? m) = true -)> exists x : nat, m=n' + x

H: (Sn'"<=2m = true

(1/71)

exists x : nat, m =S n' + x
IHn' O] v o] 2 (n <=2 m) = trueZ} A HSIES Sh= & Zrof, o|nf HiH o] &70] 1-&
ﬂa’fﬁr A z)stthA £& Zo|t),

(s nt =2 m) = trueEs Bl n = 02 = 9l m = s m'ol]ojof S & 4= Qlth 1

p==1 E}O] 99l A destruct me AHSFATE 21l 125 AdHSH F (oq Goals SHHS o231} At

IHn' @ (n' <=? m') = true - exists x : nat, m' = n' + x

H: (n"<=?m") = true

(1/71)

exists x : nat, Sm' =S n" + x

2tel 139+= At AWME 270 (applyet destruct) & o] FH Hot, v

AEEA @
T ohee ¢ 4ee] olt. atel 83t atel 138 S mat.
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1 Theorem plus_exists_leb : forall n m,

2 (exists x, m =n + x) —=> n <=? m = true.
3 Proof.

4 intros n. induction n as [} n' IHn'].

5 — intros m. intros H. simpl. reflexivity.
6 — intros m. destruct m as [} m'].

7 + intros. destruct H as [x H].

8 (*x ... %)

9

+ intros H.
10 specialize IHn' with (m :=m').
11 simpl.
12 apply IHn'.
13 (x ... *)
14 injection H as H.
15 exists x. exact H.
16 Qed.

AE5EA B
destruct H as [x Hl.& elim H. intros. & WA &
olH 7|52 Sh= A A A] Argotolz;.

of,

S el Bt 223 elin B2o]

Programming with Propositions
A F7HA] S5 gl B AFE M et FAES AFEA B FEE & A
S dlE S0 BBl dart HohE 55he 28] In2 thad Eol Ao 4 3l

Fixpoint In {A : Type} (x : A) (1 : list A) : Prop :=
match 1 with

I [] => False
Px" it 1" =>x"=x\/Inx1l'
end.

orE 22| ¢FA Ing A O5k= A2, A9 inductive F )& FIL JTHA E SFt match .. endE
WA 7VE skt 8y of 7] 4= a7t Bigo] B2 QF Hrk, 8B 2 oy 1n9] A ool FHEA]
ore} T2 ko] tfigt A4hS o]-8-sfofof gty

TAAR] HAE}F Ao tishA no] AHS Hole= AL, tha9] F oA Hxo]
a1 e glct.

Example In example 1 : In 4 [1; 2; 3; 4; 5].
Proof.

simpl. right. right. right. left. reflexivity.
Qed.

Example In_example_ 2 :
forall n, Inn [2; 4] =
exists n', n=2*n",
Proof.
simpl.
intros n. intros [H | [H1 | H2]].
- exists 1. rewrite <~ H. simpl. reflexivity.
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- exists 2. rewrite <~ H1. simpl. reflexivity.
- destruct H2.
Qed.

@ 2w ¢ Lub#ola Fule AE BA.

1 Theorem In_map :

2 forall (A B : Type) (f : A->B) (1 : list A) (x :
3 Inx1->1In (fx) (map f1).

1 Proof.

5 intros AB f 1 x.

6 induction 1 as [ | x' 1' IH1'].

7 o= (x1=1[]%)

8 intros. destruct H.

9 - (x1=x"::11" %)

10 simpl. intros [H | H].

11 + rewrite H. left. reflexivity.
12 + right. apply IH1'. apply H.
13 Qed.

2kl 109] intros [H | Hl&= TS &9

intros H. destruct H as [H | H].

o
I

ot

1 Theorem In_map_iff :

2 forall (A B : Type) (f : A ->B) (1 : list A) (y :
3 Iny (map f 1) <>

4 exists x, f x =y /\ In x 1.
5 Proof.

6 intros AB f 1 y. split.

7 - (x = %)

8 induction 1 as [|x 1' IH1'].

9 + (* base case *)

10 (% ... *)

11 + (* induction step *)

12 simpl.

13 intros [H1 | H2].

14 { (*H1 : fx=y %)

15 exists x. split.

16 - (% ... %)

17 - (*x ... %)

18 }

19 { (*H2 : Iny (map f 1') %)

20 apply IH1' in H2.

21 destruct H2 as [x' [H21 H22]].
22 exists x'. split.

23 - (% *)

24 —(* *)

25 }

26 - (x (= %)

27 intros [x [H1 H2]].

B),

115
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28 rewrite <- H1.
29 apply In_map. exact H2.
30 Qed.

2kl 11 o g

fx=y\/ Iny (map f1') -

exists x0 : A, T x0 =y /\ (x =x0 \/ In x0 1")
o)A 72 intros [H1 | H2]E& A3Y5IHA 2709] 51 A1& p -) R} Q - RO A HT}. 18|11

Azpol AEAE = H1 : p7h, 123l S0 HAEAE =12 : o7F oKt

2kQl 212 destruct H as [x' [H1 H2]] i o] M=k of-2t 2 FA] o] 714
Holl Thal A 2-g2tet.

H : exists x, P x /\ Q x

785 A LE A Y] 7Hd he AFRRAIAL, 22 F 7 1 P x2bH2 1 Q x' 7T
o},

2l 272 intros [x' [H1 H2]] FEIAE o]8fet A2 oS3t 22 P49 11-& It
dhato] 28

(exists x, P x /A Q x) >R

Al
=

o
o2
s

ol
1=

E

Mo

chg 7 2t p v/ > R FFolt.

o]

e
=4

i rsh

olglgt ¢ 1& Zer2 ro| HIL, HEAE=H1 1 P x'2FH2 1 Q x'7F =P HT

b€l 215} ) 279] F-E-L THIahA L8 A ek o] YA, ol RS A
%19 AStE Aislel 5okl FUT AHE A 4 onz, WD 9A Yol
Sk ZAE okl e v
@ o3 dl= SvlEl B9 8ottt WA g4 a11E Folst=t] o] A2 €%-9] polymorphic
quantifier 2 & 4= Qlt}. o] @<= QIS4 E 19} &0f pet ZAE 12 WopbA p7h 19 BE £
Axof tiste] AHetE U« 23S vHEo] 'ttt a119] F ool NE AHEsH=ol
=5t

Fixpoint A1l {T : Type} (P : T => Prop) (1 : list T) : Prop :=
match 1 with
P[] => True
P x:t1'"=>Px/\AILl P11
end.

oA 2]2] ot 2 A1l P 1°] forall x, In x 1 - P x& B55HAE FHloF gt of2
o] ZrgollA gtQl 18 o] o] HE2 FHo] 4]¢82 dystx] =rt. 22l 198 &<l 20—
introsE 112 T o] Fejof opet o] EA AFEslof ot=Al 5 HoET oln intros7t &
2O 2 destructs AYTHE= A olsffsliof s, o] 512 k1 tg A|Z O 2 destructs
AHgohe UL AR & dotof gith

2kl 229] apply= F7o] AR AAHRE ZAEY wjf AFESE
dFHO =2 splito] AP = o] 2709] subgoal o] A== A2 Ao Agsh vf it
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1 Theorem All_In :
2 forall (T: Type) (P : T => Prop) (1 : list T),
(forall x, Inx 1 -> P x) <-> Al1l P 1.

3

4 Proof.

5 intros T P 1. split.

6 - (* forward direction of <{-> *)

7 induction 1 as [ix 1' IH].

8 + (* base case *)

9 intros. simpl. apply I.

10 + (* induction step *)

11 simpl. intros H. split.

12 * apply H. (* ... *)

13 * apply IH. (% ... *)

14 - (* backward direction of <-> *)

15 induction 1 as [|x 1' IH].

16 + (* base case *)

17 (% ... %)

18 + (* induction step *)

19 simpl. intros [H1 H2]. (* goal: P /\ Q -> R *)
20 intros x0 [Hg1 | Hg2]. (* goal: forall x, P x \/ Q x => R x *)
21 * (% . 0*)

22 * apply IH. (* IH: P —=> forall x (Q x =» R x), goal: R x0 *)
23 { exact H2. }

24 { exact Hg2. }

25 Qed.

Applying Theorems to Arguments

Aol o2 Ao o] 2o AT AL 4= gtk 13y 2

Al

AR 1 O

SR Roha oRke] F7h A& shof sk H$ 7} dlek. o Sol
forall x y z: nat, x+ (y+2z) =(z+y) +x

£ add_comn 2| E F H ARES] SHT 4= Qlojok & Aoltt. I3 th=3 22 S ¢

i},

Proof.
intros x y z.
rewrite add_comm. (* ==> y + z + x = z + y + x *)
rewrite add_comm. (* ==> x + (y +2) = z + y + x *)
Abort.

ehel 41 ehel 3o] o 5L A2 HE v
ol st il 9IS

Lemma add_comm3_take2 :
forall x y z, x+ (y +z) = (z+y) +x
3 Proof.
4 intros x y z.
s rewrite add_comm. (% ==)> y + 7z + x =z +y + x %)

o W N e

olN
=

o] AP E] 2] et o] A= Aol ekt

[

V)

Srewrite 22FO] 28 $=Aorder of application”} outermost-leftmost ©]7] W&o o] 25}c}.
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6 assert (H:y+z=2z+y).

7 { rewrite add_comm. reflexivity. }

s rewrite H. (* ==) z + y + x =z + y + x %)
9 reflexivity. Qed.

] 22 o] Alek AElo] dFargumentE 01 71 BB E Al #A &8 4 Qo
A E sy Aol Zlo|t),

o

AN

1 Lemma add_comm3_take3 :

2 forall xy z, x+ (y+z)=(z+y)+ x.
3 Proof.

4 intros x y z.

5 rewrite add_comm.

6 rewrite (add_comm y z).

7 reflexivity. Qed.

TP o AHgshe ARloll g Fol A AFgshe Bilele A=7HA7t 9le & .
olE A5t Sl Al E & B A, o] ol Tl A ARl vt o

H

1 Theorem in_not_nil :

2 forall (A: Type) (x : A) (1 : list A), Inx1->1< [].
3 Proof.

4 intros A x 1 H. unfold not. intro HI.

5 rewrite HI in H.

6 simpl in H. destruct H. Qed.

910] A2 o gste] g

o =9 31 7+
=2 O 3 1_
A:= nat, x:= 4291 7ot} HA] éu_" Ste %5 HolAl.

35HA HSHAFA 9] A 2] of A

1 Example in_not_nil 42 :

2 forall 1 : listnat, In421 ->1< [].
3 Proof.

4 intros 1 H.

5 Fail apply in_not_nil.

6 Abort.

ohel 42 AT 5] cog Goals FHHL ThS} et
1 : list nat
H:In421
(1/71)
1O (]
g IZ5Fo] is_not_nil®] HIT o] AT} AA|SHER applyE AR 4= QlojoF & A ZA|ut
A o}k o] FAL AR 1E A7 1 x 1914 xoll oW g goloF #A & 4 917
H
o

Gk
HZoltt. o]& sidste dHie of2f ol At

@O A HA -2 x:= 425 apply .. withE #A g&F= Ao},

1 Example in_not_nil_42_take2 :

2 forall 1 : list nat, In421->1< [].
3 Proof.

4 intros 1 H.

5 apply in_not_nil with (x:= 42).
6 exact H. Qed.
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o] ZFo] ZE5h= o]f= 2kl 55 AdYSH 9] coq Goals SHHO| th2t 7] wj-Rolct,

1 Example in_not_nil_42_take3 :

2 forall 1 : list nat, In421->1< [].
3 Proof.

4 intros 1 H.

5 apply in_not_nil in H.

6 exact H. Qed.

2l 45 APt o AHAEO|=H : In 42 1°] 9] AUt apply?] A2 AHEEHE= A
in_not_nil®] T2 i‘ﬂ’giﬁ% forall 1, In 42 1 -> 1 & [Io|t}. applyd] EHAlo] 714 <L
= 2ARe] Mol 7 x| E]ojof 5t o]uff 7Hdo] XES] FHORE HH&= A
i

a2t kel 55 AdSE 9] coq Goals SHHL th21 2t

1 : list nat

H:1O (]

QA A 2 FEE dE Hof Bl g Yol F= Aot

Example in_not_nil_42_take4 :

forall 1 : list nat, In 421 ->1 < 1.
Proof.

intros 1 H.

apply (in_not_nil nat 42 1).

exact H. Qed.

o A W N =

o] AL 22l 55 A3HSE 39] (oq Goals SHH-2 Example in_not_nil 42 take29] 73-$-¢} 2t
IR A2 2kl 50014 Q14 12 A= HT. CogZt FotA Zrot7] o Zolt.

Zes] TolA o] A in_not_nile Q14370 Fofl & E Q2 Sh= Z12 x:= 42 Sho|o
wabA] 2hl 5 ohg % ol 7.2 uhY ALl Hck.

apply (in_not_nil nat 42).

apply (in_not_nil _ 42).

apply (in_not_nil _ 42 1).

apply (in_not_nil _ 42 _).
apz]ake 2 2kl 60] apply H HOIE Hi 21-& o &ako] kel 59} 2kl 62 A Thgel (1),
FL ()9} Zo] S0l et

apply (in_not_nil _ 42 _H). (* (1) %)

apply (in_not_nil _ _ _H). (* (2) %)

()0l 427} S UA] ot H= olfr= Holl x:= 428h= BH7F 501907 wZoltt.

l

O
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7.4 Working with Decidable Properties

o] Aol HBs}A] ghe HAS A 414 dolof she o] ol glck

94 decidable] ©|0) 2|okA] GFT AFESFL Uk, A © 2 2 1 o] Foli Hof
3719] oJu| & 7FA] 2L gl

st ol oA AREElE A2 computable, B2 recursive®} & 2]ojo]t}, o] A
computability £} algorithm ©] g ¢f| £3l= 7i\gdo|ct.

ohe shbe FAlCl fE Aoz, 179 Tl EASHAY Ze 179 BA| T
o] ZA5HH decidabledtttal Tt o & 591 “T am not provable.” 2 Z=6F= arithmetical
sentence+ undecidables}t}. Classical logic 4]+ undecidable sentenceS 2= 71 0] EH‘:}O]
ot Mgl EAAA AEE 5519 undecidable sentence 2] EAE H|x 2 Ho|F
&2 AH&otA] = S AIAH oA = undecidable sentences 2E7]7} o= it} Oﬂ’i
S forall P : Prop, P \/ ~ P= undecidable d}t}. ©]Z2 provability 2] G H el &35H= 7l
Jolrt.

TH2 7|2 E AFESHE Alato| B R o] T E2 ZAA ddE] o] Ut shA|RE £ 5
= Nd ol B0t o] Fo] £55t0] A& -97F Bt SFoA & T12fs}t.

Al A7) ojn)= ] =gl et A =2 A2 Ao, F o] Etheoryoll oA AHEE= A o]t
Folxl =g Alo] 11 Hitoll &ot=2]9] RS Aotz dgso]l EAL o 1 o]E2
decidableott}al g}, o] -2 A HA ojn]of] ZHTHY & 4= QL

H

SF+ th=3} Zo] &l

We've seen two different ways of expressing logical claims in Cog: with booleans
(of type bool), and with propositions (of type Prop).

Logical claim< F91I71? HE TS —5{—5}% A Zlolt}. 112]11 boolean © & logical claim
2 = A2 term = true B2 term = false FEH Q] THFHZ AFESTH= AL Lol= o2

e,
olol 4] SPi thg 3t ol W,

Here are the key differences between [bool] and [Prop]:

bool Prop
decidable? yes no
useable with match? yes no
works with rewrite tactic? no yes
o]d B o] o] AlE-& “Comparing bool and Prop” & ATHH RS 7} A z+o] =t
®© A 27E AuRg $4 TFE Folk, T4 FYE EASHA g1 27 2

SHE EA5tA] = Aol Hol 312‘3—?-_ Prop+> undecidable| 21l Wt 4= 91-& A o|th,

9'decidable’o]eHs Gofis o] oju| 2 20417] Ate] Seli=e] o} Hofol A U] A HYAT aZolt
W= A o,
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st Fofl E4 QA term = true®t term = falseol oA ZstAtH, & 52 ()
| | A, s, SF= th53 2ol ¥stal /17| ol (SF7F

AT L= o) Ao Foletn Wit)

The crucial difference between the two worlds is decidability. Every (closed) Cog

expression of type bool can be simplified in a finite number of steps to either

true or false — i.e., there is a terminating mechanical procedure for deciding
whether or not it is true.

Boolean term®] AAHE decidable3t 22 term = true, S term = false FEfS] THL

decidabled}tt, HIZ o] Ao = ‘decidable’ 0] 2= 07} & H AFREQ=d], A HA AL

L algorithmic JF2] ou|2, 718]31 F HA AFR-S FH o] 24 of 79| ou|g ARRE| Q).
@ EA =, “Usable with match?” ol THSA] bool< yes, Prop= no2til F o] =t o] 7] A
o] 227} et AE 5o A o3 E2 55 ARERE Hol Sl

Definition disc_fn (n: nat) : Prop :=

1

2 match n with

3 I 0 => True

4 S _ => False
5 end.

o] oflof A B dess_fn®]2HE= propoll a4l match s AHEFATH
|27} Bl A} SH= A2 term: boold W= match term with ... & .
83 o & S99 t1 = t2: Prop¥ W match (1 = t2) with ... = & 5 QittE Holtt. (B
o}
[e]

AzteiTh) SA0] ofd atel elAE BA|E AEE 4 gl AL Salste
match WASIe] slup Goprojof & Z2 if-then-else 22 match-with-endd] T2 X
dolm2 AA| poolo AT AHES 5= Qlth= AMH oIt & of3 9] = BAA A HA At

well-formed expression©|2h= Zo|t}.

if boolean_term expl else exp?2
if proposition expl else exp?2

® 11 t}2 “works with rewrite tactic?” = bool® A= no, Prop®l A= yesetil 5H=H] 0] A 9]
vl rewrite RS AFES = Q= 7HAS 11 = 2 PEfS] ZFEolgk= Aol 0

27t Aede T8 (or QD ste =2 F U< vlalshA Het

Example even_42_bool : even 42 = true.
Proof. simpl. reflexivity. Qed.

1
2
3
4+ Example even_42_prop : Even 42.

5 Proof. unfold Even. exists 21. simpl. reflexivity. Qed.

L= ATBH O even 42 = true®t Even 427} 555t A& ottt o] AMA S o] & o3 9]
2] even_bool_prop?ll Al S5l Bkt FHAA AFESH XA 2] even_double_convi= &
admit o}o] ARSI, 27 Fof FHE Aot

2 (11 =2 12) = trueL Ho: t1 = 128 5ol Al A4 rewriteE AT & §l3, 49 H : 11 = 2E
g 1'4' o rewrites A 4= 9
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Lemma even_double_conv : forall n, exists Kk,
n = if even n then double k else S (double k).
Proof. Admitted.

even n = true <-> Even n.
Proof.
intros n. split.

1
2
3
4
5 Theorem even_bool_prop : forall n,
6
7
8
9 - intros H. unfold Even.

10 destruct (even_double_conv n) as [k HK].

11 rewrite H in Hk.

12 exists k. exact Hk.

13 - unfold Even. intros [k HK].

14 rewrite Hk. apply even_double.

15 Qed.

2hol 95 APSH 9] coq Goals AL T2} 2t
n : nat

H : even n = true
(1/1)
exists n®@ : nat, n = double n®

74 H @ even n = truet even_double_conve] %3
2, Even n2] A 2Je] &5t n = double k¥l kE
Het o] Y2 2l 10 ¢ E= F&Eottt. o
I FAHa4E no 2 EHoto] Yeth= EAHE-S (even_double_conv n) o2 A1l o] & 714
Festo] destruct HEFS AFESh= 7ot oA T ho = ko] H Zojrt

I o9 & 3FH2 th53} A

H @ even n = true

Hk : n = (if even n then double k else S (double k))

(1/71)
exists n® : nat, n = double nO

022 1k & EH even n2 HE 08919 true® rewrite$tct. 2Fel 112 o] & AYsHHA
50 2 simplZtA] AP o] Hk 1 n = double k& EA Hrt 1 29 2l 12 AHo]
Qg gls Aol

Holt}. even_SEH= AYE F

2.8 olyl n|Fo] 2 H HZAE even double conve] =
=2 FE2 dA AL 4 & Aol

ol ALgaiet. okefe] Z@elA g
Check even_S : forall n : nat, even (S n) = negb (even n).

1

2

3 Lemma even_double conv : forall n, exists k,

4 n = if even n then double k else S (double k).
5 Proof.

6 intros. induction n as [|n' IHn'].

7 - exists 0. simpl. reflexivity.

8 - destruct IHn' as [k IHn'].
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9 destruct (even n') egn: H.

10 + exists k. (* ... *)

11 (% ... %)

12 + exists (S k). rewrite even_S. rewrite H.
13 simpl. f_equal. exact IHn'.

14 Qed

A= evenness = bool 2 HEFH™ even n = true®| 1, Propo 2 YEHHH Even nQld| ©] &
o] 352 W& 3ot
0]} H] =3t M EFof| A, TrS-equality ] 7HE2 bool @ Propoll Al 22 (h =2 m) = true®tn = n&
2 Yehd & 9l o] Eol 58S 29 A eqb_eqll Al S oI

<=>9] forward B2 o] eqb_true®l A S HSH HvF Tt

Check egb_true: forall nm : nat, (n =? m) = true => n = m.
Check egb_refl: forall n : nat, (n =? n) = true.

Theorem egb_eq : forall n1 n2 : nat,

n1 =? n2 = true <> n1 = n2.
Proof.

intros n1 n2. split.

- apply eqgb_true.

- intros H. rewrite H. rewrite eqgb_refl. reflexivity.
Qed.

boolZt Prop ©1H T+ & F o= Z& A
Heolth=7}, ofdf o] 3 Zit 73 Ae
Th2-9] AFA2 hool o] A& Trafl=rt.

Coq’s core language is designed so that every function it can express is com-

et
B
o
in)

] O
=

= ATAT, E o @ uji o]
ek,

putable and total.
Jejez PAE boole ©]-§ste] Y= A2 11219 F90] cog ERFO] ALt w &
B2 ofsjshy] 418 Tedh F2E 7H 4 ek Aol itk
1000°] #A4-d= FEohe o8 HAh WA g AHgSh= JHol

Example even_1000 : Even 1000.
Proof. unfold Even. exists 500. simpl. reflexivity. Qed.

10000] Z=pehes AFL 2 prop2 2 HASHH A2l "t o]d SEske P AdLE 2
HHHLO. witness 5002 ZH= Aolt}, o] AL 2. of o] AT AW © 2 witness S ZH= Z L

A7 -2 7397 gt 194 bool- S AHESHH S0l 41971t

Example even_1000"' : even 1000 = true.
Proof. simpl. reflexivity. Qed.

ShLto] HiE o] 9)«3}. 22 even n = true®} Even n°] F53= A& even_bool_prop®lA]
Yoot o] & o] &%t 29 S-S Hef

Example even_1000'"' : Even 1000.
Proof. apply even_bool_prop. reflexivity. Qed.

T
=
)
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Ol

2 proof by reflection ©| 2kl gt}
bool A9 & St} F2 A2 T negations HHF717F 724 glth= Aot} thx9] A&

Hat,

Example not_even_1001 : even 1001 = false.

Proof.
simpl. reflexivity.
Qed.
3 41tk 1) prop HALORE o]®A WY the el FHE Bt
1 Example not_even_1001" : ~ (Even 1001).
2 Proof.

rewrite <- even_bool_prop. (* even 1001 <> true *)
unfold not. (* even 1001 = true -» False *)
intro H. simpl in H. (* H : false = true *)
discriminate H.

Qed.

N o o oA W

HIA T reflection ©]-&5hH v W& {ct,
SFA|TF reflection= AFHE5H0] 11-& LS boolean expression © & HFLA] 9F1 217 Zd

6]‘7]% ‘ﬂ;(] ?é*ﬂr E]'%ﬂ' ZE]'O] EHO]: ??} 7/'10111} —,—ﬂ L Evend 0,2,4,6, .. oﬂ EHOH/q Aga‘jﬁ]—

T~ Even (B + 1o el Y-S ore} wabA] ~ (Fven 1001)S 2517 et

Even 1000 3ol EH

Lemma even_n_odd_Sn : forall n, Even n => ~ (Even (S n)).
= Zojolwl 2 Aojt}, o] WS s1Het b3} Be FHo] Fisalrt.

Example not_even_1001'' : ~ (Even 1001).

Proof.
assert (H : Even 1000).
{ unfold Even. exists 500. simpl. reflexivity. }
apply even_n_odd_Sn. exact H.

Qed.

H 2242 even_n_odd_Sn= 5] flstel= tHA 1 oA th3& S ook ettt n+ 27}
=0/ n o] #oltt,

1 Theorem even_SSn_even_n : forall n,

2 Even (S (S n)) -> Even n.

3 Proof.

4 intros n. intros H. unfold Even in H.

5 destruct H as [m H]. unfold Even.

6 destruct m as [} m'] egn:Eq.

7 + (*m =0 *) simpl in H. discriminate H.
8 + (*m=Sm" *) exists m'. simpl in H.

9 injection H as H. exact H.

10 Qed .

gtel 5712 AdYsgt 9] (oq Goals SHHL o} At
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, M nat

H: S (Sn)=double m
(1/71)
exists n®@ : nat, n = double n@

2kl 6914 destruct m& A m = 0 -9+ FASHA A=A, = s n A= 2H 87H4]
APt o] 112 spo] okt Zo]

n, m, m" : nat

Eg :m=Snm

H:S(Sn) =5 (S (double m"))

(1/71)
n = double m'

gL AenE 4BE e
Op2]9k 0 2 even_n_odd_sne] S-S A glo] off Bt

Theorem even_n_odd_Sn : forall n,
Even n => ~ (Even (S n)).
Proof.

[

V)

3

4 intros n. induction n as [in' IHn'].

5 - (* base case, n = 0 *)

6 intros H. unfold not. intros H1.

7 unfold Even in H1. destruct H1 as [m H1].

8 destruct m as [Im'] eqgn:Eq.

9 + simpl in H1. discriminate H1.

10 + simpl in H1. injection H1 as H1. discriminate H1.
11 - (* induction step, n =S n' *)

12 intros H. unfold not. intros H1.

13 apply even_SSn_even_n in H1. apply IHn' in H1.

14 unfold not in H1. apply H1. exact H.

15 Qed.

EE 4 bool®] PropETh £ A2 ofyt}, dREHO=Z (n =72 m) = true= n = nt F5}

o
- pu}
7] SHAIRE S 2= rewrite WS & # A= ¥ =7 Fohrhs 9ol Qv

A
Lemma egb_eq® M A FE-S Q71HA AA%tef whet o Y2 &2 EiolH Hr},

t}2-9] dof| A= boolean expression= eqb_eqs A4
21 250 7hera] SR A, o] o] o T

Lemma plus_egb_example : forall nm p : nat,
n=?m=true >n+p=2m+p = true.
Proof.
intros n m p H.
rewrite egb_eq in H.
rewrite H.
rewrite egb_eq.
reflexivity.
Qed.

=A4. 5o A4 7P94 ol oS Hlwshs 2% &5 eqp2HH, 1L YO F FAETL
Fo RS o t-gohs D45 ol BT eqp”t AHSI=AE Vo 23 &4 eab_listE
golstolat. 28Il egb_list 11 127F 11 = 129} S5 S0t}
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Fixpoint egb_list {A : Type} (egb : A -> A -> bool)
(11 12 : list A) : bool :=

match 11, 12 with

P[], [] = true

P[], _ => false

b, [] => false

bx1 oo 11', x2 @ 120 =

if egb x1 x2 then egb_list egb 11' 12'

else false

end.

O)|ZAO & egb_1listo] A o= H U, oA A egb_list true iffE W BA} 7|4 4=
9] double negation eliminations A8 Zolth. W= 23] = intuitionistic logic Ol A=

NNPP: forall P : Prop, ~~P > P

2 Y 5 QAT S e T PO HBFe kel
23 4 9k,

(* Following is a constructive(or intuitionistic) version of
the double_neg elim rule. *)
Lemma not_false_is_true: forall b: bool,
(b = false -> False) > b = true.
Proof.
intros. destruct b egn: H1.
- reflexivity.
- exfalso. apply H. reflexivity.
Qed.

Aol S 110 gk Ad 2 1200 thet destructZ o=, 11 = [10 Z-$-2t
—W>ﬁ-%%%Eiizﬂﬁ%%ﬂ%ﬂw&@@ﬂ%@%ahl FE AlEe

- o

il

HojubA] gkl o] BAIZ

r_.

1 Theorem egb_list true iff :

2 forall (A : Type) (egb : A => A => bool),

3 (forall (a1 a2 : A), egb al a2 = true <{-> al = a2) ->

4 forall (11 12 : list A), egb_list egb 11 12 = true <-> 11 = 12.
Proof.

6 intros A egb H 11. induction 11 as [ix1 11" IH11'].

7 = (¥ 11 =[] *) intros. destruct 12 as [|x2 12'].

8 (% ... %)

9 - (* 11 =x1 :: 11" *) intros. destruct 12 as [|x2 12'].
10 + (12 =[] *) split.

11 (% ... %)

12 + (*x 12 = x2 1 12" *) split.

13 { (> %)

14 simpl. intros H1.

15 (* Will show [x1 = x2], and show [11' = 12'] using IH11'. *)
16 assert (H2: egb x1 x2 = false -> False).

17 { intros Hh. rewrite Hh in H1. discriminate H1. }
18 apply (not_false_is_true (egb x1 x2)) in H2.

19 rewrite H2 in H1.

20 apply H in H2. rewrite H2.

21 apply IH11' in H1. rewrite H1.
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22 reflexivity. }

23 { (x<&=%)

24 simpl. intros H1.

25 (* Will show [egb x1 x2 = true], and

26 show [egb_list egb 11' 12' = true] using IH11'. %)
27 injection H1 as H11 H12.

28 apply H in H11. rewrite H11.

20 apply IH11' in H12. exact H12. }

30 Qed.

2hol 128 AP F2] q Goals SHEL T2} ek (NP2 WoFs}7] 9okl AE2EC A
SIHAEL BT Yol 1R Beleh) T A9 ARTLA AHAEL FUST 1L
o 27RO

™ A=z o] Hojrt,

Goal 1

H : forall a1l a2 : A, egb al a2 = true <-) al = a2

IH11" : forall 12 : list A, eqgb_list egb 11' 12 = true <-> 11'
(17 2)
egb_list egb (x1 :: 11') (x2 :: 12') = true => x1 :: 11" = x2 :: 12°

1
—
N

Goal 2

H : forall al a2 : A, egb al a2 = true <-) al = a2

IH11' : forall 12 : list A, egb_list egb 11' 12 = true <-> 11'
(27 2)
x1 10 11" =x2 212" => egb_list egb (x1 :: 11') (x2 :: 12') = true

22l 189] ofn| 2 AWsHIT). 2Rl 17744 A Ao AEAEe (e8] 7S Fol)
cheo] 5 o] EAht.

H1 : (if egb x1 x2 then egb_list egb 11' 12' else false) = true
H2 : egb x1 x2 = false -) False

4714 2tel 188 AeBal o o7} Zo) Hhpie,

H2 : egb x1 x2 = true

|
—
N

MNFsA not_false is trued] < WS b7 28] TAIQ egh x1 x22 EAZEH7] ofj&
ot}

7.5 The Logic of Coq
Coq9] =82 74k, o] 2 9] 2] HLHof| A ZHgl50] o1c(Calculus of Inductive Constructions)

ojtt, otatEo] A A o2 Abgot= =814 7|5kl ZFCH 2 2-m a7 Z9EE (with
Axiom of Choice)) ¢} B2 FE-& T/t W of2 H T Ads| Ett,

Coq¥] T AL obF Zek. mebA] coqol M) 584 F e Helolor & 24T YEL
gl ol BAE shuf, o] YEL B AgAT Ak e QUHOE Yt St

Qore Felot JelEL F1ste] o BAE AT % 9



128 A 77 Logic

Functional Extensionality

Functional Extensionality & 2] 9otH "g<0] A4 A7t & ZldH o] AL ZFCOlA
‘?%3}% ﬂ ‘jq Axiom of Extension -4 zr\“é_]' 3 EH o] E]' ﬁ 2t 2] Sl Hog ?_:I-B—H ’q ;S @"8‘

17/'19/] —(2] ‘_extensionoﬂ —’]OH/\i 7‘%@%3}% 7/—10]‘:]- ]-7:"

)
dre A dFolH o] oo AFE A8t that 2o] & 4 Ak
Vf: X —->Y)Vg: X —>Y) (f =g o (VzeX)(f(z) = g(g;))) (7.1)
O] AE Cogoll A B2 AMgste W the-g AdstH Hr},

Axiom functional_extensionality :
forall {X Y: Type} {f g : X => Y},
(forall (x: X), fx=9gx) > f=g.

o]H prop= Axiom®|2tal A A FH IR FHoAA AF-EA AT 5 At Theorem?t2]
2bol= Axion S & Z a7t gick= Aot}

Th2-2 functional_extensionality AF82] oflo|t}t. o] 2] functional_extensionality
glol: 9% % it
1 Example function_equality_ex2 :
2 (fun x => plus x 1) = (fun x => plus 1 x).
3 Proof.
4 apply functional_extensionality.
5 intros x. apply add_comm.
6 Qed.

219l 45 A 5] Cog Goals S| THEI} ZrHE AT W o] FWL 44 olaF
oL& Aol
(/1)
forall x : nat, x +1 =1+ X
AXlOI’ﬂ'_ z7]'01- H’H '—{E‘/‘éconsmtcncya WHX] O]—Ei EHE}' ] Z/&]ﬁﬂo}: T?J'E]' %]{_l__l.i —E’—

Ao s RS ”&‘9_'0]' T EL gtt= Ao] ZH o] Q).
o] el o™ *ﬂﬂi @QEO] AFEE| =R E ob= ZHERE HR o] it

Print Assumptions name_of_theorem,
name_of_theorem®]| function_equality_ex2E @o] Ad4a| Hotat

4o A194E o §5H BAIZ sht o Fo] BA Sel} Agshe el A F47]
revis The 2ol golslo] glc.

b

2~
T

HEE 013&% ZFCoA 9] of7|tt. SFARE ZFCOA At 42 dAR o1& &2t (7.1)Z olsfste d
Aol §

tlo
_\.L
E
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Fixpoint rev {X : Type} (1 : list X) : list X :=
match 1 with

I nil => nil

!l cons h t => app (rev t) (cons h nil)

end.
FEE 4 2 o] qds]| H|B-gHolgt= AS o 4 Sk oAl 50 2ol 1009 JAEE
HHE I revi= 20] 999] ZAEE FH-2 thFol app Z0] 999 HAESL Zo] 19] A
Eof thsiiA Adggtrt. do] 999] ZAEL&= A reveE &S] o] 989 ZAEE FH2
cheol . o]@l Ao]c,

reve] A olof & Aito] vl Z&H 0 A= B2 WA AHEsh= o4 appl] A Q14

rev t2] dol7} 47| wjZof YAt o9 o7t B Yt o] AL F @A AA tr_revE
Ao,
1 Fixpoint rev_append X (11 12 : list X) : list X :=
2 match 11 with
s 1 [] =12
4 I x :o 11" => rev_append 11" (x :: 12)
5 end.
6
7 Definition tr rev X (1 : list X) : list X :=
8 rev_append 1 [].

rev_appends appdt B2 QA4-E2] dolo Akglo] Adof A= A|7H2 dA5HA &t o)A
e 7F sfoF & D2 revet tr_revZt FLe et A& S Sk Aot

t=o] AEe o] =AIE siEett.

1 Theorem tr_rev_correct : forall X, @tr_rev X = @rev X.
2 Proof.

3 intros. apply functional_extensionality.

4 intros 1. (* use 1 instead of x for readability *)

5 unfold tr_rev.

6 rewrite -> rev_append_correct.

7 apply app_nil_r.

s Qed.

2kl 63} 2l 704 A}

1 Lemma rev_append_correct :

2 forall (X: Type) (11 12: list X),
3 rev_append 11 12 = rev 11 + 12,
4 Proof.

5 intros.
6

7

8

9

oo
rOh
H
BN
ox
L)
il
rlo
AL
jlle}
:__l‘
my
L

generalize dependent 12.
induction 11 as [} h1 t1 IH1].
- (* 11 = nil *) intros.
simpl. reflexivity.
10 - (* 11 =h1 :: t1 *) intros.
1 (* ... %)
12 rewrite <- app_assoc.

13 (* ... %)
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14 Qed.
15

16 Check app_nil_r : forall (X : Type) (1 : list X), 1 + [ ] =1.

o] BA| o] EolofA A o] = BEL rey_append_correcth= 835 KX A =

ojth, At o] Hx Yol YA E FHUTHH o] & THS stz A2 18 o]HA| gt o]
Z2AYE HEsH] Mol 2853, Ego] 2 23 HxAeE A il ST =
AA Aelo] THolE Tgo] HA| s 497 Wt o] A o] HiRZ 57 do2 4F =
proof search @] ¥ o]ct,

52 ﬂ

Classical vs. Constructive Logic
j'_;ﬂ J{-a Classical logic—(‘)} *g’ﬂ’% JLTTEI Constructive logic(_tzc_—t— 1—!-?’_]’—%‘94 —:EE")AE ‘:‘"%9/]
2|2 Aoz o] of o] wef R 12

Definition excluded_middle := forall P : Prop,
P\/ ~P.

[El

2+ o 1
==y

excluded_middle= &3] LEM(Law of Excluded Middle) ©]2t1l FEr},
CogollAl 8= sttt ® wl2= LEMo| & et ZAA7 Hols 2971 3lrh Cog
OEEL LEME AH8okA QoD g ol Zug o] uhrku AZe 4 glid, ge 7

=2 — 1
chgol mxA e AHgslel o] 2A1E $51% 4 olek
Lemma restricted_excluded_middle : forall P b,
(P <> b = true) > P \/ ~ P.
Proof.
intros P [] H.
(* intros P b H. destruct b. *)
- left. rewrite H. reflexivity.
- right. rewrite H. intros contra. discriminate contra.
Qed.

2l 4= 28l 55 F0i¢ Aoltt.

LEM-2 o] gk ¥ th2 31 E nnpp(double negation elimination) 9} =2]2 0 2 F-5-5prtal
= 5 9t} oo I H FEES 2 ol AHE Zolth, npp] restricted version= 0] ]|
not_false_ls_truea}li o229 BHzxAa oA ZgstaTt

LEM®]| T3} restricted_excluded_middle NNPPof thgh not false_is_trueg} oy =
4 I}, SF+= restricted_excluded_middles E-8&5h= o2 T3S A|Alskal STt

Theorem restricted_excluded middle_eq : forall (n m : nat),
n=m\/n< .

Proof.
intros n m.
apply (restricted_excluded_middle (n =m) (n =? m)).
symmetry.
apply eqb_eq.

Qed.

T

[T B I N CE

LT B I IR I

12Constructive logic¥} Intuitionistic logic®] A ol= Al wret 224 225t o] Mo A= o] B2 Ze
Ao R 7712 gt
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2kol 59014 restricted_excluded middlel] HQ HEE2P:i= (hn=m), b: = (h =2 M= WA H
o A2 12 I =n\/ n  ne restricted_excluded_middle® A7l

n=m<->(=2m= true
2 v A "ot I o2 ok v

%A restricted_excluded_middle2 MAl THE 4= = FAI= SEEA P \/ ~ P FEH
ofof 5h=71? T1¥ 2] etk AS thell skt

E O predicate P7} 1575 (x: T) StHRE 712 = A5 A= &0 Bk «27t S35tz
sh= WA7} forall (x: T), Q x FEIZFT 7P T3 (P x > Q %) /\ (~P x -y Q )= 4
Al SHL 4 Aotal okAf, o] A BE Urol o xE SYoke A= et ot &6t

olfl o] ZtFolF & ), WA tha} B2 AHE 7HA= R &5 f: T - bool &
Zrotof girt.,

f(x) = true <> P x

lo

I o2 restricted_excluded_middles applydllA] forall x, P x \/ ~ P x& 9+t I o3
2 @%‘% et

LEM(Law of Excluded Middle)©]2t= o] &2 otk p \/ ~ pe} =g Fog F53t
~ (P /\ ~ P)OIA & Zlo] ofd 7} Gt} P and not PE P2t not PE W miade©]EtaL EE]-
W o] wHgto] FHFolaty W= Zo] LEMo|th. LEM2 &3] ¢-2%& sjFEolat
S}A| gt o] A HTh= Qkajeralo) Lh:}*v B}

Constructive logicO|2h= 0] 82 3z, P(x) 9 SH=Z P(t)7F 45k
t& construct Sh= AR WopEo| =5 o 917] iz =151 Zo|t}. Classical logicoll A=
30, Pe)7} FO1HS ) -G, ) S 7401 Reg fEGH: AR 2WOL Wobs

O|AIR, o WY (RS AL BéG FEINO] THL FUINE mpr, TL 0|2} B
LEM)-2 constructive logicol| A= AFHEE 4= ¢l

iz p\/ ~pE TEL 5 Yok o] A 2] double negation 5} o] FHo| 7Hs

St

_|_4

rlOll

HU

=y=1 = .
EHAY, = witness

rr

1 Theorem excluded middle irrefutable : forall (P : Prop),
2 ~ (P \/ ~P).

3 Proof.

4 intros P. unfold not.

5 intros H.

6 apply H. right. intros H1.

7 apply H. (x ... %)

s Qed.

o] A& o]&5to] Cogoll LEM2 F7Foto e Hoh= A, & cog0] Yl RS S HoHA]
=0, (Cog + LEM)E 22 S0 Gethe A2 B 4= 9

TP \/ ~ pE FolA o] HMIRITH, S FalseE THE %E’r‘ﬂ Cog=~ (P \/ ~PE
Tt of 7|tk 19 Coge excluded middle_irrefutable®] &5t ~ (~ (P \/ ~ P))E
o}, o] A THT F YA ZEE Falsed €= 5 Ut F Coge 28 ReHolot, v

o[N ofN

o

i
:
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Equivalent forms of LEM
gl ZPEL BE FEoiC

Definition excluded middle := forall P : Prop,
P\/ ~P : Prop

Definition peirce := forall P Q : Prop,
((P->Q ->P)->P.

Definition double negation_elimination := forall P : Prop,
~~P > P.

Definition de_morgan_not_and_not := forall P Q : Prop,
~(~P/N~Q > P\/AQ

Definition implies_to_or := forall P Q : Prop,

(P->Q -> (~P\/ Q).
ZHe SUF A glo] Bolaer,

Theorem LEM_to_Peirce : excluded_middle -> peirce.
Proof.
unfold excluded_middle. unfold peirce.
intros H. intros P Q.
intros H1.
specialize H with (P:= P).
(*x ... *)
- exact H2.
- apply H1. intros H4. unfold not in H3.
(* ... %)
Qed.

Theorem Peirce_to_NNPP :
peirce -»> double_negation_elimination.

Proof.
(x» ... %)
(x ... %)

apply H with (Q:= False).
intros H2. exfalso. apply H1.
(x ... %)

Qed.

Theorem NNPP_to_de morgan_not_and_not :

double_negation_elimination -=> de_morgan_not_and_not.
Proof.

(x ... %)

intros H. intros P Q H1.

apply H. unfold not. intros H2.

unfold not in H1. apply H1.

split.

- intros H3. (x ... *)

- intros H3. (* ... *)
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Qed.

Theorem de_morgan_not_and_not_to_implies_to_or :
de_morgan_not_and_not -> implies_to_or.
Proof.
(x ... %)
intros H. intros P Q H1.
apply H. unfold not. intros H2.
destruct H2 as [H3 H4].
apply H3. intros H5.
(* ... %)

Qed.

Theorem implies to or to LEM :
implies_to_or -> excluded_middle.
Proof.
(* ... %)
intros H. intros P.
specialize H with (P:= P) (Q:= P).
assert (~ P \/ P).

{ (= ... %)}
destruct HO as [H1 | H2].
- (x ... %)
- (* ... %)
Qed.

LEM} 553t 3709 &5 &A7Stt

Definition implies_to_or2 := forall P Q : Prop,

(~P->0Q > (P\/ Q.

Definition contrapositive2 := forall P Q : Prop,

(~P-=>~0Q > Q~>P).

Definition de_morgan_not_or_not := forall P Q : Prop,
~(~P\/~Q —>P/\Q

919] A mgfo] B LEMTH FEFS FHoH 2 AGEAR BA FA0
o] LS| o2 LEM glo] HT 4 9k o AL ool A7hat 5719 L F A=
37Hell sl A= SRR e, %, SE mgp, ool ThallA TS LEME g5t

Y
Flo
o &

2 Fepel
AT FHE 5 9

(PN Q > (~P->0Q
Q->P) > (~P->~0Q
PAQ->~(~P\/ ~Q)
P->~~P
P\/Q->~(~P/\~Q
(~P\/Q —>P->0Q

Z2, 7t p \/ Q FH Y HAS EHS 0, Ao BE AL implies_to_or2E AMR
gt} 22Uzt AdH o 2= LEMES ARSH= Aol
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Using LEM in Proofs

Ao F q : propd FHo| LEMS AHE52 ™ excluded_middle -y Q& 545}
olet= ©Y (ogl] EF gho|H e E Agot= W Q1o oA o] ’H-& ATlstAltt
Aol hge) wers Zua Ho| 9k

Definition dist_not_exists : forall (X : Type) (P : X -> Prop),
(forall x, P x) => ~ (exists x, ~ P x).

o] A9 e LEM flol= 5% 4 it} T2 LEMS AF83F S3oltt,

1 From Cog Require Import Classical_Prop.

2

3 Theorem dist _not_exists_inv : forall (X : Type) (P : X -> Prop),
4 ~ (exists x, ~ P x) => (forall x, P x).

5 Proof.

6 intros X P H x.

7 unfold not in H.

8 destruct (classic (P x)) as [HPx | HNPx].
9 - exact HPx.

10 - exfalso. apply H. exists x. exact HNPx.
11 Qed .

2kl 8ofl oJste] AEI-E 19+ Hex : P x7h ABILE 290 HPx @ ~ P x7F TAEHIAE
7P R ElET
Classical_Prop< Import%r th-2°f+ LEM th4l NNPPE AFRS 4= Ut}

Check NNPP. (* NNPP : forall p : Prop, ~~p —» p *)



Inductively Defined Propositions

8.1 Inductively Defined Predicates
The Collatz Conjecture

A2 4= div2: nat - nat@} f: nat - natE tha}t Zo] |5t}
Fixpoint div2 (n : nat) :=
match n with
0=>0
F1=>0

I S(Sn)=>S (div2 n)
end.

Definition f (n : nat) :=
if even n then div2 n

else (3 *n) + 1.

diva ne 0 22 the oleka 475t Sk, Fof
thedt 2e 9L A

n, f(n), f2(n), f*(n),...
ol 49| q& w50l B7] #ste] th=2] & ARgRIH.

(* Get a sequence of length n by repeatedly applying f to n@. *)

Fixpoint get_collatz_sequence (n® n: nat) : list nat :=
match n with
Fo=>1[]
I'Sn' =>nd :: get_collatz_sequence (f n@) n'
end.

201 109 D& ng = 1,2,..., 70 Hhte] FHE0] BRl oh-g3} P,
Compute get_collatz_sequence 1 10.

(x ==> [1; 4, 2; 1, 4, 2; 1, 4; 2; 1] *)

Compute get_collatz_sequence 2 10.

(x ==> [2; 1; 4; 2, 1; 4, 2; 1, 4, 2] *)
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Compute get_collatz_sequence 3 10.

(* ==> [3; 10; 5; 16; 8; 4; 2; 1, 4; 2] *)
Compute get_collatz_sequence 4 10.

(x ==> [4; 2; 1, 4, 2; 1, 4; 2; 1, 4] *)
Compute get_collatz_sequence 5 10.

(* ==> [5, 16; 8, 4; 2; 1, 4; 2; 1, 4] *)
Compute get_collatz_sequence 6 10.

(* ==> [6; 3; 10; 5; 16; 8; 4; 2; 1; 4] *)
Compute get_collatz_sequence 7 17.
(* ==> [7; 22; 11; 34; 17; 52; 26; 13; 40; 20; 10; 5; 16; 8; 4; 2; 1] *)
2ol 1~6Y W= L & Foll 10] HehE= A2 & 4= Stk 30| 7 = 10] do]

o o

109] FEofl= YehtA] %]'—o—‘:’% Aol 179] o]2&| Ao 10] LpepE o] HEE QLY

Collatz Conjecturer= R 23 ng > 0] tialiAl, $1¢+ Z2 o=z 42 Fho=
o] BtEA] Yepdot= 7ol (o] 7HE-2 1937 ofl 37HE] QAL of 74| ol Rk o] AS
F oA S5t Eotkait)

o] 7HA& cogll A YEIHE HAE A28 H get_collatz sequence®} exists F InS A
st g A 22, SF= tha1 22 45 AAlsHH o2 A st <t Hrkar ?l":]'.
1 Fail Fixpoint reaches_1_in (n : nat) :=

2 if n =? 1 then true
3 else 1 + reaches_1_in (f n).

oF Bl o] f=, HHZENA reaches_1_in2] 47} ‘obviously smaller than n’©] ©}4 7]
Folatal gt a2 2 Ae A gF o xS A olokE Aokl 5Hith 22 o] A o]

o] ol A 27t TR = FA37F o]frol7]= ofA| Tt oFA TR o] thE S d: gt

=21 o] eFro] el ge] BFlo] bool?d A 29l 1ETHH 1 + reaches_1_in (f n)ollA
£l 2F7h WSk AR BAIth 22T falsed 2lHlohe 20 EAAE ehth. o
Be A7k UR gelglel & A 2k,

Fek= e (@47} ohieh 27k ekl 5ats chast o) A o2 3o
Shof Lhehd 4= 9)e).

Inductive Collatz_holds_for : nat =) Prop :=

1
2 ! ¢ Collatz_holds_for 1

3 ! (n : nat) : Collatz_holds_for (f n) -> Collatz_holds_for n.
4

5

Conjecture collatz : forall n, Collatz_holds_for n.

2kl 5= tha it 4 aE 7T ot SxpoA| == A 2Ee] o mof| A 2ol 7} Sl

Theorem collatz : forall n, Collatz_holds_for n.
Proof. Admitted.

Collatz_holds_for2t= &0l & AH8Sh= Zatof it S o] ol & B4}

Example Collatz_holds_for_5 : Collatz_holds_for 5.

Proof.
apply (Chf_more 5). unfold f. simpl. (* Collatz holds for 16 *)
apply (Chf_more 16). unfold f. simpl. (* Collatz_holds_for 8 *)
apply Chf_more. unfold f. simpl. (* Collatz_holds_for 4 *)

o W N e
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6 apply Chf_more. unfold f. simpl. (* Collatz_holds for 2 *)
7 apply Chf_more. unfold f. simpl. (* Collatz holds for 1 *)
8 exact Chf_done. Qed.

W@ ket SEel AW A3k AWsHA RUR 5 1M S ASROnE ol4HE
o710 thetel AAISIA AdaHT). vt FRT M2 7S thet et

A ow AolH mgto] BARE A4 51 apply ek HEFTH

e apply WeFo] QA4 AEAE QU= 714, 5 Ae)7} Hojof gk 1ald] of 7] 4
AATL A% ALLE T ol w1 AR BHelg d4E ALFTT i Hrt
SER

Check Chf_more. (* forall n : nat,
Collatz_holds_for (f n) -> Collatz_holds_for n *)

O]|B 2 apply Chf mores Vn € N, Collatz hods_for (f n) — Collatz_holds_for n< applySt
= Ao =R oA

"““1]' Chf_more®] EFY2 %

2 Chf_more n9 EtY2 =7

rl

|El Hn T

Ao, AARAARS] FRIMSE no 2 EAF5HY
Collatz_holds_for (f n) -> Collatz_holds_for no|tt. 1&
E?._ apply Chf_more n< 112 0| Collatz holds_for n € W HEE 4 o, o]=
P of 1 T2 ZAF] AR collatz_holds_for (f n) 22 HFA Hrt,
oA T AFHES] &2l 38 STt B}, apply (Chf_more 5)5 A dYst7] 2He] 1-&
T2 (ollatz_holds_for 50|t} o 7]

=]

Chf_more 5 : Collatz holds_for (f 5) -) Collatz_holds_for 5

£ applyStd o] 2EL] o] dA 1S “%—‘_’—} Aot s, 1-& Tk Mg, 22
9] A7 collatz_holds for (f 5)% HFHATE o] BATL2 A AEHZ = simplo] HA o=
HZ] unfold f& 3l F=o]oF g}, I o2 simpl 0]"?"; Collatz_holds_for 16°©] ¥ojZct,

1 o2 ol @l T e] wolth, e apply (chf_nore WOIA] Q15 n, 0] o
F3lo] & ofof SF=A] & (oq0] AR FobA] Zropdll 4= glom g 2l 5, 6, 7oA HZol,
Aol H

npz]abof| T-&HA|7} Collatz_holds_for 1°0] E -2 o] o]A o] A=} chf_done?] EFY T}
UZ|SFEE apply Chf_done, &2 exact Chf _dones Z-§5}o] Z-& npzict,

—_

Example: Ordering

oA 2 Collatz_holds_for'=s 13 &ololth. 23 Zol& A WA Helat 4 alu} 2
o2 El7} 3 o 4Fel Zol 7 WA Hole 4 QAT o] F o= o2 El7} 1, 291 A
H)alq @A 3] At

1dg So] AYAE K: p > o7} Y& o, 12T DL mPo
&

=2 rfu

Q¥  apply H

2 289 4 9tk ol A9
A48 AFGT AL Ty o]

H: P = Q7F 142 AMSE Tt Eett), A 5] WolAtH 227t o] ofet 7Hd
O]Z-2 p -) Q9 inhabitanto|tt, TS Bt o 2 HS wf 1 B}l 9] inhabitant S THE W= HH|HA (evidence)
2kl sp o]Zo] oo 2 2|7t FE A Al Aol

2o (Z2 £01) 9] Inductive F oA 2] A2 7S DA A A primitive U] 20l
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rueﬂq'False

olt ]ﬂ‘g
rlo
_|

4 EAE

: nat) :

match n with

10
IS

=> true

n' =

2 Inductively Defined Propositions 2 %] l+=4], A&

?*33*01 201 Inductive® MA] Hola1E Ao|t}. 245 ool A Inductively

Fofl gict. Inductlve Fol= d4E Wotso] AAE A8
= EHA]— o }\H /H 01—

=olo]E & o] 10*4 A=

Al 7ke]

Fixpoint leb (n m

A 8% Inductively Defined Propositions

o] Ao Al Hj9= A

QA Hlo] FulE T fe} 945 Wi nge

ar
=

Inductlvely Deﬁned Pred1cates7]' o A% 4= & Ao|th

Uet= 224k
bool :=

= lebe Tt Zo] A ol= o] Al

match m with

| 0 => false

' Sm'"=>lebn' m'
end

end.

Rl

S

A5 7]

—

Al

! nat) :

R
i

B cF 3t o] GofalA vekd 4 A

bool :=

rr

T

r

= eqb

Fixpoint egb (n m
match n with

0 => match m with

I 0 => true

I Sm' => false

end

=> match m with
I 0 => false
'Sm'"=>egbn' m
end

A3 prop= MA

b S Gtk I leb AOR AGT 4 Gl S0l o B A Helsho} k4l
f)

che 3t o] Ao Helg 4 et

Inductive le : nat -> nat -> Prop :=

1

2 | (n:nat) :lenn

3 ! (nm:nat) : lenm->1len (Sm.

4

5 Notation "n <= m" := (le nm) (at level 70).

6

7 Example le 3.5 : 3 <= 5.

s Proof.

o apply le_S. apply le_S. apply le_n. Qed.

o, 2kl 9 Hl Hol Q1= apply le nexact le n22 AT 4= gt} T exactE A3 AtHA

exact (le_n 3) &2 Hof qhct,
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o714 st Notatione 1 7127t YERH LA} St &0 (B2 3 o] Ho) AT =
At o, oltfi+= Reserved2h= 7| HEE doll o Fofof gttt

Reserved Notation "n <= m" (at level 70).

Inductive le : nat -> nat -> Prop :=

l'len(n:nat) :n<n

lleS(nm:nat) :né&m->n<d=(Sm
where "n <=m" := (le n m).

o BAFE] BIE FotiA,

Check le_n. (* forall n : nat, le nn *)
Check le_S. (* forall nm : nat, lenm->len (Sm *)

Aute e Bhel e B T a2 Aow 7bsd) Haltt

Inductive le : nat -> nat -> Prop :=
} : forall (n : nat), lenn
! : forall (nm : nat), lenm->1len (Sm.

)
]EL-M Folgt AL = RE hele] i 48T 5 YAT <k
Ath= Holt}. AFH oo A= <7t ZA5Folof & A ES F2= 74F
Qlolo] AT 9191 Qelo] PAL LA PA T LEAT, oql BE
Ch oA A5 skt AR chEcka & 2 g

D

ool A BAS] A4, B2 o]0 SOl o B So] WA, Fol 4, A4 52
Beloto] EA 453 G4 A2 P4 Ashe Aol JHseitt. ol2dt e 5o

S5t 2 Aol

Example: Transitive Closure
2.2 transitive closure(5=©|®| L) o] o st Z ot}

Inductive clos_trans {X: Type} (R: X => X => Prop) : X -> X -> Prop :=
I (x y: X) :
R xy -> clos_trans R x y
I (xyz:X):
clos_trans R x y => clos_trans Ry z =) clos_trans R x z.

9] o]A o] A&s] FALS Aot Q= AJNAE AZbe| B2 clos_transt= 2@ WAE
HrobA] 1171 9] So|H 5 2|’ SH=71 “yes' 2Fal Goh= o] 9H7]= ShA| 9t 11 ofn] o] tf oA
Za AY7to] o siet.

A7A = 2@ TAE 23 Fah ol opd &
JARITE B x9] 4 27H% Hh=t) Jejal of| =
2FTAIE JI5E WopA o] 27t 2

=2
Clos_trans®] §18 Q42 AHEE of AL 23

i

ol Fej 2 ofar Qi 2 WA=
HS 2"t clos_trans= ©]2¢H

ol
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Inductive Person : Set := Sage | Cleo | Ridley | Moss.

Inductlve parent_of : Person —-)> Person -)> Prop :=
. parent_of Sage Cleo

. parent_of Sage Ridley

: parent_of Cleo Moss.

|
i
o] 2 parent_of= 47H9] YA E o] F o] AT person ol Ol E ATt o] 283HA
EZ YetiHA Ho] &F 37]T}. parent_of 8] SO XL ancestor_of+ Tt Zo] A o)gt
ST}, O] A sage”} MossS] 2AFU-S S5l EAt
1 Definition ancestor_of : Person -)> Person —-> Prop :=
2 clos_trans parent_of.

>

Example ancestor_of1 : ancestor_of Sage Moss.
Proof.
unfold ancestor_of. apply t_trans with Cleo.
(* with (x:= Sage) (y:= Cleo) (z:= Moss) *)
- apply t_step. apply po_SC.
- apply t_step. apply po_CM. Qed.

2kl 6 W @ EX O with (leor=, Yl 2FQl 73} o] Hok & S, (0qd] F& 58S B
37h9] Q& Foll & WA At 4= FFal = ZAolnh. 2kl 83} 2kl 9o 4] apply po_scet
apply po_CM< Z+2} exact po_SC2F exact po_SC= TSN E H T},

I

© o N o o

povstion | S| STl FAOIc), £ B AHE U e FYolet
Bh9l A9-0) (52 TAF0]) oA BAlo] e S o] A 2H

WAL Foln 1A ¢he WAL ARlelct,

Srjolele A S Welell o] Slelel mea 39S FRER £A2 Belslor Atk

—_

1 Check 0 =0, (* 0 =0 : Prop *)
2 Check @ = 1. (* @ =1 : Prop *)
Check forall n: nat, n =n. (* forall n : nat, n=n : Prop *)

Check n = n. (* Error *)

Definition nat_refl: Prop := forall n: nat, n = n.

Check nat_refl. (* nat refl : Prop *)

Definition nat_refl2 := forall n: nat, n=0 -> S n=1.
Check nat_refl2. (* nat_refl2 : Prop *)

2tl 50l A ol H7F e o= n = n2 T ol 2 5= /7] WiZoltt. nol 7R (BFd ot
= F) BE7] g & AXlS BEE 4 gl
Z1 2 Prop Typel] ¥4:0]

© ® N o o & W

o
S}
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11 Check Prop. (* Prop : Type *)

12 Check Set. (* Set : Type *)

13 Check nat. (* nat : Set *)

14 Check nat =) nat. (* nat -> nat : Set *)

15 Check Type. (* Type : Type *)

16 Check forall P: Prop, P -> ~~P. (* forall P : Prop, P -» ~~P @ Prop *)

ofZ] meto]] oA & o] WAk o]Fof|A Frgofl oAl of7]el BHat. WA FH o] A&
St s,
17 Theorem nat_refl_thm : nat_refl. (* nat_refl is defined in line 7 *)
18 Proof.
19 unfold nat_refl. intros n.
20 Check n=n. (* n=n : Prop *)
21 reflexivity.

22 Show Proof. (* fun n : nat => eq_refl : nat_refl *)
23 Qed .

bl 202 2FQl 5oF ZAT A= th2r}, 1 o]f+= o|H o= no] AHAE S0t 3171
Zoltt. &, AfRgoltt 32 HEAN EAE o] glon=s meto] YErd 4= 9l

211 229 show Proof. = @A /=0l = SAY (proof term)-& MAIZ] Zo]] l"ioq—r‘:}
o] 71 A eq_refle nat_reflo]gh= EFIS 714 = %‘74 o]k, %‘7% P2 FH ol E o=
o] Aol A= proof term= 1S At SAYle= S0l E
27|12 sHZT.

FHNE T8 2T Y Eprootseript 2F A 0] Yok & o 224 Jid ol Izt A=
A7 o g27] gk (4 11 A2 of ARk tf 2 9] A9 T1¥})

o Je g goto] R o] W)= 42 ot AR o g o ofshH L2 ofA S-S
27] b2 ”EHO]—T—’ THS A =Y 2R Frr Aokal AR o] 1 vro]HstA,

mlo

Check nat_refl. (* Prop *)

Check nat_refl_thm. (* nat_refl *)

Print nat_refl. (* forall n : nat, n =n : Prop *)

Print nat_refl_thm. (* nat_refl thm = fun n : nat => eq_refl : nat_refl *)

o] B propelth. A9 B I7le] FHE xgoltt. el 5L B 5
AHERZ YEPRAIT SAFS W& "t print AWMEE Y Foiid Ao Ho]g HAF
A, A2 Aolle %S RAFES cogoll 7+ H ] Utt?
S 58 2T HENA AREsh= A2 o k. obfi 9] 2l 62 2Hl 9ofl A& <17t
At
Definition myprf1 : nat_refl := (fun n : nat =) eq_refl).

Definition myprf2 := (fun n : nat => eq_refl) : nat_refl.
(* myprf1 and myprf2 are exactly the same. *)

e >

AW N e

3coqol A AAobject 2He 8018 F 27] ghth, 4l Edoxprossion ALEAT HE’ o] YR LptAQ)
L7ol2he “EdTenn' & F0h RO, e, T4, B 502 o] f gHe TAAR §oIS Al Bol

A8 7ol cog®] o] ol
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Theorem nat_refl _thm1 : nat_refl.
Proof. apply myprf1. Qed. (* exact instead of apply is ok *)

Theorem nat_refl thm2 : nat_refl.
Proof. apply myprf2. Qed. (* exact instead of apply is ok *)

5
6
7
8
9

eq_reflo] =HA F3RIA] &S TEH= Zolnh. o7] SNt

Check @eq_refl. (* @eq refl : forall (A : Type) (x : A), x = x *)
Print eq_refl. (* Inductive eq (A : Type) (x : A) @ A => Prop :=
eqg_refl : x = x. *)

eq_refl Fd= WA Fojd ZHAT EoD Y eq? (FrLH A7 oIT. 124l =2 eq]
Notation®lTt. Cogoll A= T2 XA o] FA| & &Jsto] AH-g-_tet!

SAZCl A funo] So17toF st=Ale Wl BHK siAs 49T of &7 2 Aot
71 A& 1 HobEoe] 7] = SHAL fun®] AR ol & ofef €] 2<l 49 B ATt

Definition nnext (n: nat) := S n.

1
2 Check nnext. (* nat -> nat *)
3
4+ Definition nnext2 := fun (n: nat) => S n.
5 Check nnext2. (* nat -> nat *)
TFe HAEA 1A =g oA B5H= closed formula®} H|<5}tt, SEA|RF A A E of ula} 217
HEE IR =& itk Atomic Tl &ol7|27F D Qotrt, AR7EA] AHSof 2 BE
&0]7|5= AES HA Ao orr I Aot 0% &0 True?) False= A
chg 7 2ol Helsteirt

Print True. (* Inductive True : Prop := I : True *)

Check I. (* I : True *)

Print False. (* Inductive False : Prop :
Check True. (* True : Prop *)

Check False. (* False : Prop *)

Truet= @4 Folatal st=d|, 974 FA4' 2 /A4 TotEolA gd=rh= Xolth Trued
Aol A= 1702] AL 15 AFERICE. Trues S5 apply 1 oFH Hr}.

False: 4 AA O]‘:} Z+E co}% 12 ¢Fa1, 237927} glol uninhabited ©]H.

CoqollA] 5] AFEE = Z5E d o g "mefo] gre ol Ay AZlo|t}h 7} it ZTgell=
Frol Fo=| 7] gr=tt.

‘T2 FolAY ARtk = Y Holth st FolXl TE-E SAYTORE in-
habit =AW 12| ¢¢7] wjZolth. ot ARl o] BRAE AAA & Qlth A& &
A forall (A : Prop), A \/ ~ A7} Z1&{5}tt,

1
*

Example: Permutations
Permutation> 7 2|2 E ZHO] WA= & 4= Qloh. 2 BF o] 4= o] Fojl, Zo7kno g
n

T2 F YAE Iy, Lt of" AL &4 0 1 n — nol AN (Vi < n)(la(i) = Li(a(d))) 7}
T of A2 permutation Aol Tkl gt
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=95 ¢4 st7] fiste] Zolrt 39 flAEE] theh permutation WAE th3t 20|
SEEES

Inductive Perm3 {X : Type} : list X -> list X -> Prop :=

| (abc:X :
Perm3 [a;b;c] [b;a;c]
| (abc:X:

Perm3 [a;b;c] [a;c;b]
| (11 12 13 : list X) :
Perm3 11 12 -> Perm3 12 13 -> Perm3 11 13.

T AFGEZAR == T8l AL

Fact Perm3_factl : Perm3 [1;2;3] [3;2;1].
Proof.
apply perm3_trans with [1;3;2].
- apply perm3_swap23.
- apply perm3_trans with [3;1;2].
(x ... %)

Fact Perm3_fact2 : Perm3 [1;2;3] [1;2;3].

Proof.
apply perm3_trans with [2;1;3].
(* ... *)

Example: Evenness (yet again)

A 4=2] #4520l tho A= ol th3} Z-2 27)2] A o)} ot
Fixpoint even (n: nat) : bool :=
match n with
i 0=>true | SO0 =) false | S (Sn') => even n'
end.

Definition Even (n: nat) : Prop :=
exists (m: nat), n = double m.

at)

Fixpoint double ( t) =
0! Sn'"=5S (S (double n'))

n:n
match n with | 0 =>
end.

2t ool 3HA A olE AT,

Inductive ev : nat -> Prop :=
| tev 0
| (n:nat) (H:evn):ev(S(Sn)).

Check ev. (* : nat -» Prop *)
Check ev_ 0. (* @ ev 0 *)
Check ev_SS. (* : forall n : nat, evn —> ev (S (Sn)) *)

o] AeJofl=, oMk ollatz_holds_for, le 52 A LJollA RA|et Tuf= AFGsHA] &dd,
Eolgt Aol gir}. ot Hl 1ist2] A )} v w s HAf 4

13=9]: o] AL 287t BAF AF45HE implicit argument& AHESFA] ¢E-2 A oJoltt,
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1 Inductive list (X: Type) : Type :=
2 I nil
3 I cons (x: X) (1: list X).

listv 142 By HeE Wolsols % B Y polymorphic type | . eviz 1= BFQJ 2] €
A WolEol= 9E B dependent type O] T}

T3t Inductive list ... o1AT 1ist®] Q15 xi= =29 YZof Y| g}, whabA] A= nil ot
cons7F HEFH = (/4 ot) A9 BF-2 FA5] 1ist x&2 (ol wfeh) AA ek T137] o 2o
2kQl 29} 2kl 30fl A= nilTcon .. FOll @ list x& BOIA] -2 Aot thZ3t o] Fol=
A= it

Inductive list (X: Type) : Type :=

I nil : list X

I cons (x: X) (1: list X) : list X.
listo] AOJollA] Q14 x: Type> EEC] AFol A2t o] parameterstal 3trt, o]of BF
5to] evO] Q= FEO QEZ | ATt (0] WotH evd ¢l FE LEZC o5
ol EFIRE nato]2tal 24 ste] LeRdT)) & inder, T annotation®]2tal ST},

Inductive mytype®] QI=7F (x: x): .8t 2 mtetug A4S HT w= o] Ao JA2t
7F wEo] e 949 B2 nytype x7F EofoF gtk T34 Inductive mytype®] 7t

: X =) PropTt E2 QIEIA P4 HT wi= o] AL AAHAT} e U= Y4 B
mytype (S (S x)) & TFFet #h= 714 & St

A& 5o v 22 Fo&= o8& drh

Fail Inductive wrong_ev (n : nat) : Prop :=

| wrong_ev_0 : wrong_ev 0
| wrong_ev_SS (H: wrong_ev n) : wrong_ev (S (S n)).

(* Unable to unify "wrong_ev 0" with "wrong ev n". *)

H42 Aolshe 43 el ik,

Fixpoint ev2 (n: nat) : Prop :=
match n with
I 0 => True
I 'S 0 =) False
1'S(Sn') = ev2n'
end.

Compute ev2 27. (* = False: Prop *)
Compute ev2 400. (* = True: Prop *)
Fact even_400 : ev2 400,

Proof. simpl. exact I. Qed.

o| AL =olol AT A ool Inductives AHESHA] Qb o whEkA A ARRSEA] ekt
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£&0]E Ao 0, pefinition, Fixpoint, Inductive & o] A& AR Hr}t A F 2%
oz 9147} 2] Q0] glofo} aitk. 3 WA Aol Q148 B2 o] it Tu)1

AR FROE ] Sol g o] glrt
ev.SS (n :nat) (H:evn) :ev(S(Sn)).

o et Zo] AR SR 27] 24 B4 AHED o] FE9 A ev_ss] F HA Q1S
(H: ev n)o] A Eolstet. (ev n: Prop)ol2tal Aok & A A7k ghd| T13 7] ¢t 11 o] /&
o]—o].iz‘,.

FH2 e FE LEZ YetYA] =t 2822 (H @ ev n) (_ @ ev n)o]t1!
M Hoh &, o] & 72 FYe on]E 7T

2 g}Qlo] 1 o] A o] YA (inhabitant)= 1 T2 ZHo|BZ2 ey sSnH : ev (S (Sn)
=ev 5SS n HWFZg ev (5 (s )] FHolgh= 5ol

AnHoZ E mfev (S (S )Y TH2nev nC2HE D= %
> H o2 RE] di= Ao] Fisttt, mpebA] 8= ev_ss9] F HA Q1
otlzt A (H: ev n)& AHESH= Zolt}s

SFE CogE Aot 2 3557 {18t Folw cogl] X2t deof thet dAst g2
Z2 oA AlFokA] gk=th o]d &2 [2, 3] Falsto] FHotd ek

of

‘ _4

o

SFoll th22 &2 8] qlet.
We can think of this as defining a Coq property ev : nat —> Prop, together with
evidence constructors ev_0 : ev 0 and ev_SS : forall n, ev n => ev (s (s n).

These evidence constructors can be thought of as primitive evidence of even-
ness, and they can be used just like proven theorems. In particular, we can use
Coq’s apply tactic with the constructor names to obtain evidence for ev of par-
ticular numbers, or we can use function application syntax to combine several
constructors.

tids] T2t 8ot dl& o7 A 33ts| gojs HAat,

O E=A thise FHA ev9 Inductive FYE oJujst= 702 Hltt,
@ property= W7t EolE &0 predicate, 2+ 1 &02tll K 2=
@ Z7{ MMt (evidence constructor) 2] 2 WA Z ey 0
HA Z ev_SS @ forall n, ev n =>ev (S (S n)= < A=
ev_SS (n : nat) (H:evn) :ev(S(Sn)).
oF Zro] #2] Z}F-E7N? T o] f ev_ss9 (Bol7} oty B Y-S ==l 4%17]
o Zolth. 12 of Bl 1%471] =271
5248s] Tt (H : ev n)E AT oty SAF Wt ev n9] oHEAgte AS YeEtfE 8 A type

declaration©|th. 18] 4= SATS YHEtf = 224 Hao|t, o9& 59 ev_ 0 : ev 0ol Al ev_ 0= I ev 09
SAFOITE H ¢ ev 021X £THA He ev_0E UEHE TEEH Rigeoltt.




146 A| 8% Inductively Defined Propositions

ol
ok

4

@ F A g2 o

]

FalMe s

ek

—

olafe % glet.

rlo

O @ o= TtdotA A =Ny oA @2 A A ev_ss<] BFYell thahA
A=

Inductive® SetB} Y& Aol uf= 4271 5ol W Y49 Bl mhepd e & &9t
gt ohtel mAA o7 AA Tt 2|1 Aol JI4-E F5otH 1 B3 A7 1 e <]
daoltt. dE 591 nil nat, cons nat 2 (nil nat) < list nat: Typed €A0]1 0,50
B2 nat: Typed] YAo|tt

I3 InductiveZ ZF, & 59 ev n: Prop= Aol wfji= ot | & A}-851HA] gror,
77 o] Y YA (g $9) 2 B (Zs) 2 19 A (or annotation) & 23R of 2
BAA], AE B ev 0,ev (5 (5 0) TL=E UERHA Het, A2 ] Q145 F&F6td 1 59

ZAA7F A9 AL olptet up At dlE 59 ev 0, ev_SS 0 ev_0, ev_SS 2 (ev_SS 0 ev_0)
58 ZtZ ey 0, ev 2, ev 42 YAO|Th ev 1, ev 3 59 YAt EA5HA] Y=t}

ev 0 I8 WA Y= Ad S AAAeIn 27 AL o]A 9] B2 eq 00T
ev_0E eq 09] FEHAZ one-liner T OIT. T2 2HL B T, o S/, B oHd A
evidence 212 F-E T}, offjofl A 2kl 25 Het,

Check ev 0. (* : Prop *)

1

2 Check ev_ 0. (* : ev 0 *)

3 Check ev_SS. (x @ forall n : nat, evnn —> ev (S (Sn)) *)
4 Check ev.SS 0. (* : ev 0 > ev 2 %)

5 Check ev_SS 1. (x : ev 1 -> ev 3 *)

6 Check ev_SS 2. (* @ ev 2 —> ev 4 *)

7 Check ev_SS 0 ev_0. (* : ev 2 *)

s Check ev_SS 2 (ev_SS 0 ev_0). (* : ev 4 *)

o Check ev_SS 4 (ev_SS 2 (ev_SS 0 ev_0)). (* : ev 6 *)

ev 0 g Aol B R S A FAlO] T A evidence O] T ev_ss+= 571 A3 A0] 2
Tk ob2] Z A<= oft}. 271 9] Ql4-5 Wofop H| 24 A7 Hh ev_Ss= L AA| 2= ol F AR
4ot Y=t
2FQ1 72 B2k ev_ssO] HJ 2™ ev_SS n (H: ev n)Zev (5 (5 n)2] Sl sh=t],
A 72 A7]A n = 02 EAFH FH ev_5S 0 ev_0: ev 0]tk TEHA] O]A2 ev (5 (5 0)),
Z ev 29 A0t}
2Fel 49] ev_ss o= oJHIF? O] A2 FHol Q15 (H : ev BB FUS Wev (5 5 0N F
A, & 927t "t old iz ev 0] HOJO] YA0|BE A ev SS 0 ev 0914 ev (5 (5 0)=
7t dolth Sev 0 ) ev 2 HFU2 7H M O] ev SS 0t ev 0 - ev 22 & 4 QL
ZhQl 404 08 nCZ v FH ev.SSn : evn — ev (5 (5 n)ol AHETS & 4= Qltt.
O|A| ev_ss& HH, of7]o] Ao 14 n& FH5H= Wevn 2 ev (5 (Sn) BHAS 7t
B2, ev 559 EFY-2 2FQl 39 HS 50| forall n, ev n - ev (S (S n))Btal Hol= Zo]
BEeE & 4 Utk
AR evE tht Zo] Fooie Yol Aot ehds] HE-2 85 7l
Inductive ev : nat -> Prop :=
! Dev 0
! : forall n, ev n > ev (S (S n)).
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o/Fo 24 39 A vzl

@7} Dot F A4 ET2 vl Fast Abde] gt &53t Aolr]
Aol ofslatr I 47) 9 4 9

“Use Coq’s apply tactic with the ¢ Immudmrnmn%tooqunewdmmeﬁﬂevofpmtmuhr

numbers” 2t 3 A2, BYAE FEE AR iRV & apply @] QR AR 4 len
ZEev 2 ev 2659 EA %Aé%-fﬁ o] metof ot = AAHEE apply constructor
name= §H& A-g5to] A5 4 Qlrh= Kol

J12]1 “function application syntax to combine several constructors” 2f1l oF= Z-2 A4
A2LE 2 Hot §h4=9] 9H 4 function compositions AF&RFTH= 2ot} o] A2 SATS IS

uj AbgEe

el

o] 4

rlr
ol
Mo

Pt 2%

rm‘oo

Theorem ev 4' : ev 4,
Proof. apply (ev_SS 2 (ev_SS 0 ev_0)). Qed.

1 Theorem ev_4 : ev 4.

2 Proof.

3 apply ev_SS. (* ev 2 *)
4 apply ev_SS. (x ev 0 *)
5 apply ev_0.

6 Qed.

7

8

9

2kl 3914 TnLﬂ£°i2EEﬂquﬂl%E%°w 40122 (0q°] ev_SS9 &
AR evn—ev (5 (sn) T 1 T ev 45 FfA|S Aot} 8B 249l 32
apply ev_SS : ev 2 =) ev 454‘7}3} wabA] 11-E T2 ey 2 .
= Y2 2l 40A Qg n2 008 ERFEUY. T8 2THE«= o|Z A apply con-
structors §H& A-g-5to] A 4= QlTh
OJA SAFE Do Bt 23l 804 A ev ssE 2 R Bl ev 08 AFE Kot
AAdste] Elo] & %5& DA 7142 apply WAl exactE A= -
TATLE T AAHERRY g7 €<= 5 ok 2kl 5 oF#of] Show Proof
St A (ev_ss 2 (ev SS 0 ev_0))°] HIA|A] 3o e
g mFolev (5 (sn) FHY W= T4 ev ssE 20 Hoh. &8 o|nff no] &4=0|H
apx]eto] 744 S nHEEle o gl Aotk thao] ol & Het
Theorem ev_plus4 : forall n, ev n -> ev (4 + n).
Proof.
intros n. simpl. intros Hn.
apply ev_SS. apply ev_SS.

exact Hn. (* apply Hn. *)
Qed.

82 e ALBAT nol et AkS AHg e

Theorem ev_double : forall n,
v (double n).

Proof.
intros n. induction n as [} n' IHn'].
- (*n=0%) simpl. (* ... *)

i
i
kl
>
o2

ﬂll
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- (*n=5n"%*) simpl. (* ... %)
Qed.
o] Ao A 22l= =0l E Inductives WA A LJsk= W
A B AR, A T Q1S old meel 1k, 2 57198 o] vick
Inductive definition of predicates2] &St QJu]E At oL, oA o]t &o]E& o|F oA
nehg ZUSHe o2l ML FHRAES o7

8.2 Using Evidence in Proofs

B

gre 7Rtk o] bl

7H2] P vtol] oJshE Ztn: natoll tote] ev n @ ohte] 4
ol e} ¥ste] SF+= that

—_L
=1 = n
Qe FHT S QAT U D Woksel A1) 2 o,
Zro] W}yl Q)ch.
Defining ev with an Inductive declaration tells Cog not only that the constructors ev_0
and ev_SS are valid ways to build evidence that some number is ev, but also that these two
constructors are the only ways to build evidence that numbers are ev.

In other words, if someone gives us evidence E for the assertion ev n, then we know that
E must be one of two things:

« Eisev 0 (and n is 0), or

« Eisev.sSn' E' (andnisS (S n'), where E' is evidence for ev n*).

Inversion on Evidence

Y F AYLEN E ¢ ev ng 7HEE 7HA L Q1& off 0] & o] &ot= WH O = destruct E7}
ATt A2 tHE TF79 destruct2} PF7EA] 2 AE9] case analysis©| T
destruct 2 2 JEAE Q)&= B A, ol E E° n: natE destructot™ n = 0
case®tn = S n' case= U0 ZF 790 1’416& S92 St= ZAolth. 4RSI destruct 2
T : Set’t :H‘J'Oﬂ olsto] Aol lar o] AoJo| A AEA cq, ..., cp B, BET 9] 7Y
F/H’JO] T o destruct t5 Aot TJ JAZ7t ¢, (0= 1,...,k) Q] AR Yol ZF
-ofl thste] S st Aol
o] oto|t]o] & AfHIFH A E: ev noll A8 4= T} destruct EE A YSHH E = ev_0 -2}
E=ev.SSn' E' AFE Yol ZF Hof ticto] SHot= Aotk E = ev_0 9= n = 0=,
E=evsSSn' E' dFEexistsn', n=5 (Sn')/\ evn'Z o]ojZ] =g o] F HL2 o]
ZH5k= 719 inversion©|2tal Sk, o] ARG o oh&o] B2 A 2|7t /-85t

x oE

1 Theorem ev_inversion : forall (n : nat),

2 evn -

3 (n=0) \/ (exists n', n=S(Sn") /\evn").

4 Proof.

5 intros n E.

6 destruct E as [ | n' E'] egn:EE. (* destruct evidence *)
7 — (*E=ev.0 :ev 0 *)

8 left. reflexivity.

o — (*E=ev.SSn" E'" :ev (S(Sn")) %)
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10 right. exists n'.
11 split.

12 + reflexivity.

13 + exact E'.

14 Qed.

gtel 55 APt H Coq Goals SHH-2 tf23} Ztt,

—_
~

1)
=0 \/ (exists n' : nat, n=S(Sn') /\evn')

2kl 6ol A 7H (Z-2 oflHIE ) E: ev e destructSHH th&3t o] Hrf,

Goal 1

E:ev0

EE : E =ev 0

(172)

=0\ (exists n' :nat, =S (Sn') /\ evn")
Goal 2

n' . nat

E:ev(S(Sn'))

E' : evn'

EE : E=ev.SSn' E'

2/ 2)

S(Sn') =0\ (exists n'@ : nat, S(Sn') =S (Sn'0) /\ evn'o)

2 gL cog SRS BA A FHL AL S 9IS Holek,

ev_inversion Z3]| inversion lemmaZtil F-E2r} o] HxA 2] 9] 3-8 o & ofzf Bt

Theorem evSS_ev : forall n, ev (S (S n)) => ev n.

1
2 Proof.
3 intros n H. apply ev_inversion in H. (* H : ev (S (S n)) changes to disjunction *)
4 destruct H as [HO | H1]. (* destruct disjunction *)
5 - discriminate HO.
6 - destruct H1 as [n' [Hnm Hev]]. (* destruct existential conjunction *)
7 injection Hnm as Heq.
s rewrite Heq. exact Hev.
9 Qed.
2}el 32 A3YSH §H Coq Goals SHH-2 o2} 7ty
n : nat

H:S(Sn)=0\/ (existsn' :nat, S(Sn)=S(Sn") /\ evn")
(/71
ev n

I o2 A= A gl
Inversion 7]H-2 A&5H7] Y5te] ufH (Inductive 2 A 2H &ojuttt, o5 50 evoll ths}
o) inversion lemmas S ot= A2 HAET o] EA9 sI2S 915t Cog inversion©]

© A AT ol Bl evss_eve] T2 inversion A2Fg 2 ofF Zhgsf Aot
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1 Theorem evSS_ev' : forall n, ev (S (S n)) -> ev n.
2 Proof.

3 intros n E. inversion E as [} n' E' Heq].

4 (* We are in the [E = ev_SS n' E'] case now. *)
5 exact E'.

6 Qed.

inversion®] W5F @2 A3 AR o 7] wfjoll ALY MMt FE-& o]sist]
o]‘: /\1]—__ o] 7—11_1—_ ﬂ evsS ev94 ZU:]__:' a3 E]'Z'ﬂ oH—,—'GH/\i —F_TO:]Q' HH 7%-—4 E—r7]' - El routine
ojw, mretA HE DAES inversion SPHE Aok Aol o] dT A = AS & 4 U=
Aotk

rlo

Sl inversion AHESITHE E2 O T H =ojo] thet inversion lemmas 5 oHL
o] & o] 8dl= AE ou|T & 1, @ inversion Y AHESH= S u|T £ =1

inversion = = o2 Aoy &ol7 o]Fo|l ofF mg 7HA
oA A8 & =, 5 Aoz HolH wolo]|BER2 | @ s x =5 yeF T2 7

<
A E inversions & 4= JTt.6
a

evOl] TSt inversion lemmag A= ZA1} inversion S A= 729 Afo]& HolFE= &
Shte] & wAt.
1 Theorem one_not_even : ~ ev 1.
2 Proof.
3 unfold not. intros H. apply ev_inversion in H.
4 destruct H as [H1 | H2]. (* destruct disjunctive hyp *)
5 - discriminate H1.
6 - destruct H2 as [m Hm]. (* destruct existential hyp *)
7 destruct Hm as [Hm1 Hm2]. (* destruct conjunctive hyp *)
8 injection Hm1 as Hm1. discriminate Hm1.
9 Qed.
10
11 Theorem one_not_even' : ~ ev 1.
12 Proof.
13 unfold not. intros H.
14 inversion H. Qed.

@]
inversion A2 of 2] 9o dojub= B2 A& A5 o =2 Ao o2 ohA H 79

Ao A Het5ol tits] Hefsirt. mversan 2 TP@T% %—E‘cﬁ] *1]“‘3}71] oJsfistar °1E}B4

%ﬂﬂﬁﬂﬂmﬂl&%ﬁ%%%ﬂﬂ%%qdwqﬁmﬁﬁﬂd%%%SWﬂq%ﬂ
2ol Arslo] glct,
The inversion tactic does quite a bit of work. For example, when applied to an equality

assumption, it does the work of both discriminate and injection. In addition, it carries out
the intros and rewrites that are typically necessary in the case of injection.

6o]d 7Hdol= Yl injectionTt rewrites AHESh= A2 2 WIAT inversiond AW T 7HHSICE
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It can also be applied to analyze evidence for arbitrary inductively defined propositions,
not just equality.

) . . .
Here's how inversion works in general.

« Suppose the name H refers to an assumption P in the current context, where P has been

defined by an Inductive declaration. (©]ZA-& AGAES| | : P H : P t1,H : P t1 t2,
- e Zlo] Bof gl Eolt})

+ Then, for each of the constructors of P, inversion H generates a subgoal in which H

has been replaced by the specific conditions under which this constructor could have
been used to prove P.

« Some of these subgoals will be self-contradictory ; inversion throws these away. (1
HIAEo]| Reo] Qle ABN-ES HETh— 18 Spof o7 oh=r})

« The ones that are left represent the cases that must be proved to establish the original
goal. For those, inversion adds to the proof context all equations that must hold of
the arguments given to P.

Aol A Ed HEL gl oL} o] AW 7R A= inversion HZF FE5] FA2 5] €717}
2] &t inversion AEFS o]dlotal 54501 AHESHY] flstolE SRS A E B A5ol
d4Ao|tt

inversion< A= 07 oHAAE AT 4 = BE H2E S ZASH= ZlolH,
U= destructE APt 11 thgofl 5 o= Fojof & B2 AASE Ao of =
Zo|t}. inversione AH&otY] @2 RE FH2 YA SR inversion §lolk 7hsottt &
ol& slAl+=, o ATt H9-E A LlotalE, inversion lemma for PE destructs A A]
%511, 2 b2 o] lemmag Sl AGaof & Holch, o2 WAL 2 EH2 T
[e]

H7E71= S, inversiong A8sHA olsfstal A=AE &elste F2 ol

o

Induction on Evidence

At HAE T A 5ol Yol et destructHTh o et AFo =R |
Ao, ofH[A o] A= destruct BT B 75 inversion©] sl A5HA] &5t 75l
ALEE 4= 9l AZFo] Qlt}. HER induction (on em’dence) o]t},

destruct E2}induction E 2] 352 A2l WHE case analysisE STh= A 0]l 20|
A2 induction®] destructE ot o W2 JH, = AH7HE HE Algeth= Aot

t29] o & 7HA 2 A sHAl o

Lemma ev_Even : forall n,
ev n - Even n.
Proof.
intros n E.
induction E as [i{n' E' IH].
- (* E=ev_0 with n = 0, goal is Even 0 *)
unfold Even. exists 0. simpl. reflexivity.
- (*E=ev.SSn" (Even n') withn =5 (S n"') and IH : Even n' *)
unfold Even in IH.
10 destruct IH as [k Hk].

© w N o T A W N =
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11 rewrite Hk.
12 unfold Even. exists (S k). simpl. reflexivity.
13 Qed .

2hol 55 APt H coq Goals SHH-2 o2 Zrt.

(172
Even 0

Goal 2

n' : nat

E'" : evn'
IH :© Even n'
(2/2)
Even (S (S n'))

T 241 57} destruct E as [In' E'JHTHH o] & APFS T cog Goals SHH
Zloltt,

(17 2)
Even 0

Goal 2

n' : nat
E'" tevn'
(27 2)
Even (S (S n'))

o st ool w7t gtk Zeltt o]l 5 AAHE

ko3
% 9l Aoltk, v

i}o];a

olsig

i

o]
=1

o] H
X

Check ev_double. (* forall n : nat, ev (double n) *)

Theorem ev_Even_iff : forall n,
ev n <{-> Even n.
Proof.
intros n. split.
- (¥ => %) apply ev_Even.
- (% <= %) unfold Even. intros [k Hk].
rewrite Hk. apply ev_double.
Qed.

Exercises 1
== evoll gt AHA
O F #55 tobwl 44

Theorem ev_sum : forall n m,
evn->evm—->ev (n+m).

o\

Y EAl=olt

A He Elrh

NW

od 2

]’4—2_—1 ZFor o
= EMXRE

e

B3F ev n - Even n&t T3 Zo] A S ET o]H = destructE inductiont
D g gict o] FHofA= Aol Tl FAE EHEXH ] ev_doubleS AHE3ItTE
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Proof.
intros n m Hn Hm.
induction Hn as [} n' Hn' IH].
- (*Hn =ev 0 %) (x ... *)
- (* Hn = ev.SS n' Hn' %) (* .. . *)

ot
tlo

@ 32 A4S Yot= w0 ev' E eve} oHE WY O R Aol o] T o)Vt F5
H .

o] ZANA FEofoF & A2 ev' & H Yol A7 372k AFd o]tk webA] induction
Aere ALgota 3709 79, B2 ABge] Ak 13 3A A9 -
270 B a5ty AL7HIE THn', 1Hn' 270 ZQotct
1 Inductive ev' : nat -> Prop :=

lev' 0 :ev' 0
3 Lev' 2 i ev' 2
lev' sumnm(Hn : ev' n) (Hn : ev' m) : ev' (n+m).

Likeyd

6 Theorem ev' ev : forall n, ev' n <{-)> ev n.

7 Proof.

8 intros n. split.

o - (% -> %) intros E.

10 (* there are 3 cases *)

11 induction E as [} | n' m' Hn' IHn' Hm' IHm'].

12 + (x E=ev' 0 *) apply ev_0.

13 + (x E=ev' 2 *) apply ev_SS. apply ev 0.

14 + (*E=ev' sumn' m', Hh': ev n', Hn': ev m' *)
15 apply ev_sum.

16 (% ... *)

17 = (% {~ *) intros E. induction E as [| n' Hn' IH].
18 + (* Hn = ev' 0 *) apply ev'_0.

19 + (* Hn = ev_SS n' Hn' *)

20 replace (S (S n')) with (2 +n').

21 (* ... %)

22 Qed.

of inductions

ol 7 453
WE1, o T o o]

@ th& Al HEAEof 27]9] o H|d AT} Qlo B = o]l &
2|7} BEA ot} SPHE AEHSEY inductions A ZEd) R, & &
t5}te] inductions Al E3sfoF St

1 Theorem ev_ev__ev : forall nm,

2 ev (ntm) => ev n =) ev m.

3 Proof.

4 intros n m Hnm Hn.
5 induction Hn as [} n' Hn' IH].

6 - (* Hn = ev_0 *) simpl in Hnm. exact Hnm.
7 - (* Hn = ev.SS n' Hn' %)

s simpl in Hnm.

9 inversion Hnm as [} k Hnm' Eq].

10 (% ... %)

11 Qed.
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o] ZNA inversion Hnme A=, o] Al apply ev_inversion in Hnms A= BT Q1

o,
@

o

= A 22 of YA A £71E a7 M2 E ofd A% &o] Hofof gttt

Check plus_n_Sm. (* forall nm : nat, S (n+m) =n+Sm=*)

Lemma n_plus_n_ev : forall (n: nat),
ev (n+n).
Proof.
intros n. induction n as [} n' IH].
- (*n=0%*) simpl. apply ev_0.
- (*n=5Sn"*) simpl. rewrite <- plus_n_Sm.
apply ev_SS. exact IH.

© ® N o T oA W N =

10 Qed .

12 Theorem ev_plus_plus : forall n m p,

13 ev (ntm) => ev (ntp) -> ev (mp).

14 Proof.

15 intros n m p Hnm Hnp.

16 assert (H: ev ((n+p) + (m+p)) —> ev (n+p) -> ev (m+p)).
17 { apply ev_ev__ev with (n:=n+p) (m:=m+p). }

18 apply H.

19— (*ev (ntp + mip) *)

20 replace (n + p + (m+ p)) with ((n +m) + (p + p)).
21 + apply ev_sum.

22 { exact Hnm. }

23 { apply n_plus_n_ev. }

24 + rewrite add_assoc.

25 replace (n + m+ p) with (n + (m + p)).
26 { replace (m + p) with (p + m).

27 {

28 (* .. tedious part .. *)

29 }

30 { rewrite add_comm. reflexivity. }

31 }

32 { rewrite add_assoc. reflexivity. }

33 - (* ev (n+p) *) exact Hnp.

34 Qed.

8.3 Inductive Relations

0|

o] Aol A+= binary predicate, = 2@&0]19] AEA A olof tisfA FFot7|=2 gt}
< relation on N2 23} Zro] A o] gt}

Inductive le : nat -> nat -) Prop :=

I len (n : nat) :lenn

i leS(nm:nat) (H:lenm) :len (Sm.

Notation "n <&=m" := (le nm).

Unit test S $15Fo] tha= A 3] 24},



8.3. Inductive Relations 155

Theorem test_lel :
3 <= 3.

Proof.
apply le_n. Qed.

Theorem test_le2 :

3<=6.
Proof.

apply le_S. apply le_S. apply le_S. apply le_n.
10 Qed.

12 Theorem test_le3 :

13 2<¢=1)->2+2-=5,
14 Proof.

15 intros H.

16 inversion H.

17 inversion H2.

18 Qed.

2kl 9ol A= apply le SE-= ASYSHH & YA7F3 <= 5,3 <= 4,3 <{= 32 H| 2L, upz]uto]
apply le_n& AdYote] Fgo] Azt

2hel 155 A3 Cog Goals SFH2 Tht go] ", & T2 TPE + glenz
s A AEo|A Reg dojujof gt o] off inversion Hefo] 53] -85ttt

H:2<=1

(17/72)

2+2=5

121
, m I nat
H2 : 2<=0
HT ‘' n=2
HO :m=0
(1/71)
2+2=5

H: 2 =12 H: 2 =5 0°|B2 1le s 2 0) (H2: 2 (= 0)°l 25t A E Y-S Ao]7] w&o
H2: 2 <= 7} AEIAEo| Z7HHTE oA H2: 2 <= o7} ]G A| A U=A]E Zo} inversion
3 BH ufx] == S AR EASHA] oo o] R et v

olHol= N9 o < THAE tr2 3} o] Aot

Definition 1t (nm : nat) :=1le (Sn) m

T o} inversion HE A P51 Cog Goals SHH2 of21} Zro] Hrt.
H
n

Notation "n < m" := (1t n m).

Exercises 2

® Total relation. 2= n,me NoJ| | 4| total relation n m©o] AHS HOo|L 5 Jof
S, o] 29 2019] (§9T) AR tor& B33} 2ol Belsha e,
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1 Inductive total relation : nat -» nat -> Prop :=
2 tot (n m: nat) : total_relation n m.

4 Check tot. (* tot : forall (n m: nat), total _relation n m. *)

¢ Theorem total_relation_is_total : forall n m,
7 total_relation n m.

s Proof.

9 intros n m.

10 apply tot. Qed.

2hl 2 tiAl Ha2 ARSSlE

t @ forall (n m: nat), total_relation n m.

® Empty relation.
BE nom: natol] A5t empty_relation n m©] Falses & imply sOF St} o] & $1514
empty_relation n mo] AHs7] Yt 202 E71S 24-S Y ZAojof gt}

0|

1 Inductive empty relation : nat -) nat -> Prop :=

2 empty (n m: nat) (H: n < n) : empty_relation n m.
3

4 Theorem empty relation_is empty : forall n m,

5 ~ empty_relation n m.

6 Proof.

7 intros n m. unfold not. intros H.

8 inversion H. unfold not in HO.

9 apply HO. reflexivity. Qed.

Case Analysis, revisited

Coq°ll A1 9] case analysisoll+= destruct, induction & inversion® 37F2|7} Qlth. o] &2 HEF
Ay 7te] mret -5 Uiro]l 245k AolB 2 AHatd gNojetal 272 Stk
AAg2rE A A=k o3 o] E F oty A4S e

ol

@ case_anal term [as ...].

@ case_anal evidence [as ...].

o] 7] A case_anal= destruct, induction, inversion % ¢ dFolH, terme A& E°] EFY
A 0 nat7F AHAE] Q1& 2] nolH, evidence= 9lE 501 7Hd H @ e1 <= 27} X1H
2E°] Q& wj <] poltt.

case_anal®] destructd W= termo] HG=7} of 2} EEATR 7 Ho] 2RIt} evidence=
ARt RPPYALE ZIbokA] g2 ZE, & obF I go]ofof gt} T

MAZPE BA 370 S0l destruct®t induction term¥} evidence 25Ol -85 4= Qx|

. . . = A
inversion< evidencel|St A8 &= Qitt

TolE 2 InductiveE AA A oH o] SPUTE ARESto] TS 0]zl Lol
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B2 B2 Inductived] SJaliA] o] thide] thoto] of= Ao B R, ol & Fof o
] tidoll tisiA = 382 B4 olek= Zid o] EA5HA] k=t @A termo] A& =
fxd o A A2 foll tHallA] sk Zo] o=t £ xo] BFYdefl tisiA] qtrh. @A
evidence”} o€ &0l Pt ] AFAAE E/3-2 poll thollA] et

o] S}l A = destruct, inversion, induction®] ZFOlH-E, o]& S E : o1 = 29
tfoto] H-got= oA E 5ol Aotz sirh

H: e1 <= e28}= olH|H A7} HAHAE] Q)& W destruct H, inversion H, induction HOll
oJoto] Ztzk o™ W37} Coq GoalsOll AYSH=AE ZAI5] Attt o714 e1, e2= ®
T4+ AT ARt o 2 = W45 ok Ao th Al A B0 tiste] 2749
757t Ay gt

« A HAAE=H: e1 = e27F lenoll YA FAH, e1 = 291 FF-0]L,

« FHAEH: e1 = e27F le soll Al AAAH, e1 (= Q] A mo] I e2 = 5 mSl
7-g-o|tt.

destruct= Al Fofl 7FF 7] 20| H& ZolH & 27+ destruct”’t k= €2 o} 5H1,
7719l "4 71 2 Y-S et

o destruct H. A WA o= el = 20| B2 AHUAELQ} 189 UE = RE &
e1 02 Z|9hgtet, 2|2te] Atz v 7HdE Fofl T@o] HA = AE2, dE =
n=n @2 A2 AT F AR HLol=H: o1 (= 2914 e28 M2 HEn SR
2ot A2 H': el (= m' 2= (destruct®] tHEOIUTE) H: e1: e1 (= 25 HA|TIT].
93 - PA A= 28 s m' &2 XSt

. inversion H. Zf 7-%-, = subgoal®l thoto], FEAEf Ql= 7P Eo] A2 HAMY
71 subgoal-= AHA|ISITE, Zt subgoal O A1, A4 AHe] AR
& WEolA FAHYAE Y=t}

« induction H. 1L&°f YEId HE o2& n' o2 X&s5te] 42 HA, = A7 '
AHAEO 72 Y=t} 4 induction H as [} m' H' IH']1S] @A S 2 ALSHT
O] A}t destruct®] zFol= AG7HA O] fRHM] glen 2 At inductions AHESH HiT,
@ & =2 O™ inversions AHEot, @ SH2 & HA=H AE7HEo]l SH
AFEER] QMO destruct® HHEE A o] Q.3 ott

iy
=
1o
ot
oL
2
o
i)
ol
o
<2
ot
Qo
rr
ot -
fol

oo 7 IFd O R HOH &o] 12} 0] A O R o] Fo|Z ofHIHAE: 1e t1 29 T destruct E,
inversion E, induction EQ] Al A=Fo] sti= L& ZHZF Agotdict Aoz HojH dolo] &
o] p2 o]Foj% oH[E Ao tisA Iz o] Aoz BA. st 4= glojof Jirt,

Exercises 3
@ <9] 0|8, o] AL (o] £AI0] FajA 5)) o} AAslA Aetzct.

1 Lemma le trans : forall mn o,

2 m<=n->n<=0->mn<=o.
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Proof.

3

4 intros m n o. intros Hmn Hno.

5 induction Hno as [} n' Hno' IHno'].
6 - exact Hmn.

7 - apply le_S. exact IHno'.

8

Qed.
2}ol 45 A3 H Coq Goals BHHS o231 At

m, n, o : nat

L7t FHof AFRSE 4 Q= AHEAE Hin: m <= nT} Hno: n <= 02] 2717} YUt} o] &
olH|E A Z+Zbof| TSl A AR MEFO] 1 2 destruct, inversion, induction®] 3707} A5}
Bz % 6719 o] 7H55)

Fol S THL = 7ol e A2 dder HE AYE ol Zo] gutyojnz
HnoE AE5H7| 2 Shet. 18|31 Al BZFE 59 inductionS AF&ol= Zol ozt oz
|

kel 50] Q)= induction Hno as [! n' Hno' IHno'lE ASHSHH, Coq Goals SHH-S t}-21} o]
7124 @A Q] Goal 1 HEHA Q] Goal 25 HojFE} ojd QlER 1|8l a5 [
ot s == A A=Falle HA|q o] ¢ (ogo] AHs o2 M9 7HES] o|FE
AaflF=d, oA k2ol 4 E& s g U F2 as [ HA ol A5 =
Holr}8

Goal 1

m, n : nat

Hon @ m<=n

(17 2)

m<=n

Goal 2

m, n : nat

Hon @ m <=n

n' : nat

Hno' : n<=n'
IHno' : m <= n'
(2 /7 2)
m<=Sn'

n'se2 =5 n'E THESHE 1 o ]J_ Hno'+= HnoOllAl e25 n' & A&
AG7HE 1Hno' o] Zeh2 Yefo] & T oA 25 n' 2 x|¥sto] & .
F A 18 Zgon (= 5 n'7F BAT wEbA apply le sE AHES 4= 9ot v

o .

A2FO] 145 Hno 4! Hin O 2 JFHAY, and /or induction THAI destruct,
AHg5HA o]E A i, ot A Frgo] whel =25 FRls] He A2 2 A0l 2 740]‘:]'.

4>
15
7
fru
P
ar
a2
~
o
o
X

SRt YA %7 B QS Wb as [ .. Jo] o] 244} 2
T Cogo] HIBER AFoHE o1 FEL AHEAT.
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@ 41 A 370, (2t 189] Lemma n_le_Sn 3W1A] A ¢] s Aol ARgst Al U7} vhEof

=

ofy
Mo
pou)
oo

Theorem 0_le_n : forall n,
0 <=n.
Proof.
intros n. induction n as [} n'].
- apply le_n.
- apply le_S. exact IHn'.
Qed.

© ® N o A W N =

Theorem n_le_m_ Sn_le_Sm : forall n m,
10 n<=m—>Sn<=Sm.

11 Proof.

12 intros n m. intros Hnm.

13 induction Hnm as [} n' Hnm' IHnm'].

14 - apply le_n.

15 - apply le_S. exact IHnm'.
16 Qed.

17

18 Lemma n_le Sn : forall n,

19 n<=Sn.

20 Proof.

21 intros n. apply le_S. apply le_n. Qed.
o= Aol diafAl= efzte] di-S HE AT

1 Theorem Sn_le Sm_n_le m : forall n m,
Sné&=Sm->nd=nm.
Proof.
intros n m Hnm.
inversion Hnm.
- apply le_n.
- apply le_trans with (n:= S n).
+ apply n_le_Sn.
+ exact HO.

M)

© ®w N o o o~ W

Qed.

[
S}

inductionC 2= o] Z ER] O HF jpversion Hme AFESHATH odll cog Goalst T
o] "ok, (Ho ¢ n = m2 ¥l HoIA]=5 n = S mll injection®] AR H-gH Zoltt)

Goal 1

n, m: nat

Hhm @ Sn<=Sm
HO : n=m
(172)
m<=m

Goal 2

n, m: nat

Hm : Sn<=Sn
m0 : nat

HO : Sn<=m
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H:mO=m
(2 / 2)
n<=m
Goal 25 EW n (=5 no| Y AE 7FATHH Ho: S n <= m¥}t le_transE ©]-8oFo] 1L

o

=
St 1= = el g 9}\‘:} I A Lemma n_le_Sne "]E] FH|S] FE Aolth, 1
v

@ Dichotomy of <, & Vn,meN, (n < m) v (n = m). °] =A| ]A—] Hj &JoF & 2 Q3t =
s

7]@01 OIE]' 2 _u_E]—o] ia a—l“dlsjunctlve proposnlonOE] D:H —17_ ‘—Egintuitionistic proof%
olE A stfo|t}, Classical logicolAl+= P v Q& 59T I dF& o]} (classical logic
ML) FEF P — QS FHAE AT ABRA FPo) A o] 4¢] 9L 5897

o]—l_q_ H]—E}\] E&tﬂo]_ﬂ]/}_g_o QE ZEE{ H ]:ﬁ_‘:]'

AYAE =R P v Qo] 92 e 12 PV QE AUEH R FHE 5 e
dol ddtt— P}l Afolle PE T9sHL, '} B9le= QE :

o] A2)E Y W induction ne APSHH A7l =2otEo] UetA Het o] &

o] 2ol A A 712 >=& ge®] 7F2HE|227] 7| 2ol o] A& <=2 HHHH unfold geE
St Hrt

1 Theorem lt_ge cases : forall n m,
2 n<m\/ n>mn
3 Proof.
4 induction n as [} n' IHn'].
5 - intros m. destruct m as [} m'] ean:Eq.
6 + right. unfold ge. apply 0_le_n.
7 + left. unfold 1t. apply n_le_m__Sn_le_Sm. apply 0_le_n.
8 - intros m. destruct m as [} m'] ean:Eq.
9 + right. (¥ ... *)
10 + specialize IHn' with m'.
11 destruct IHn' as [IHn'_1 | IHn'_r].
12 { left. (» ... %)}
13 { right. (» ... *) }
14 Qed.
2hol 45 AP H coq Goals SHH-2 of21 Lt}
Goal 1
(17 2)
forall m : nat, 0 <m\/ 0 >=mn
Goal 2
n' : nat
IHn' @ forall m : nat, n* <m\/ n' >=m
(27 2)

forall m : nat, Sn" <m\/ Sn" >=nm

Goal 19] 2 n = 0 G n = s ' W2 Lhipo], AR Aol 225 gAnts
Aelshar, $249] Aol ¢ ok
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Goal 2914+ AG7HE ] =g]3tRo] long 118 meto] =gotd-s S 4 ot
2kQ1 89] intros m& APt FH O] 11-& A2 of-23F LT

n' @ nat
IHn' : forall m : nat, n' <m \/ n' >=m
m : nat

n'] noll oJH FH-E Folk 1&g TH-S

destruct me A9

o H.Oo
e H
HET =5 nd AAE H' Y nS '

HU %L
Am
ol
ol
oL
o

1 Theorem le plus_1 : forall (a b: nat),

2 a<=a+b.

3 Proof.

4 intros a b. induction b as [} b' IHb'].

5 - rewrite add_0_r. apply le_n.

6 - rewrite <- plus_n_Sm. apply le_S. exact IHb'.
7 Qed .
8

9

Theorem plus_le : forall (n1 n2 m: nat),
10 nt +n2<=m->
11 nt <&=m/\n2<=m
12 Proof.
13 intros n1 n2 m H.
14 induction H as [} m" H' IH'].

15 - split.

16 + apply le_plus_1.

17 + rewrite add_comm. apply le_plus_1.
18 - destruct IH' as [IH'_1 IH'_r].

19 split.

20 + (* ... %)

21 + (x ... %)

22 Qed.

T AR EA A= induction THAD inversions M= Hot o, FHL 25 ¢ EXAct. v

® the BAE & 7ittRet Boled), 94 g T =g
Zo| e} 72 ofolt]o]2 ARSI 18T ol A

ZOIE A OB 2 generlize dependents AHESHCH,

o] OB E 1t ge cases?
FAA pE SR

Mo
=

ol ¢
ftlo
ol

1 Theorem add_le cases : forall nmp q,
2 n+m<=p+qg-—->ni=p\/ n<q.
Proof.

intros nmp g H.

generalize dependent p.

induction n as [} n' IHn'].

- intros. left. apply 0_le_n.

N o o oA W
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8 - intros.

9 destruct p as [} p'].

10 + intros H. right. simpl in H. rewrite <- H.
1 replace (n' + m) with (m + n').

12 {

13 apply le_trans with (n:=m+n').

14 { (= ... %)}

15 { (x ... %)}

16 }

17 {(**>}

18 + intros H. simpl in H. apply Sn_le_Sm__n_le_m in H.
19 apply IHn' with (p:=p') in H.

20 (* ... %)

21 { left. apply n_le.m_Sn_le Sm. exact H 1. }
22 { (= ..0%) 3}

23 Qed

2}el 82 AdUSH & coq Goals SHH-2 o211} Zet,
IHn' : forall p : nat, n' +m<=p+qg->n' <=p\/ mnd=g
1/71)
Sn"+m&Ep+g->Sn &=p\/md=q

IHn' Al p := pred p= EXSIH 2 % SR o] Z A o} t_ge_cases®] S llA <t upztrt

212 p = 0¥ W7t EA7F "Dt o] EA|E destruct p=H siiAgch v

@ oAl HFolet ZAIS It

1 Theorem plus_le compat_1 : forall nm p,
2 né=m->

3 p+nd=p+nm.

1+ Proof.

5 intros n m p Hnm.

6  induction p as [} p' IHp'].

7 - simpl. exact Hnm.

8 - simpl. apply n_le m_ Sn_le Sm. exact IHp'.
9 Qed.

11 Theorem plus_le compat_r : forall nm p,

12 n<=m->
13 n+p<=m+p.
14 Proof.

15 intros n m p Hnm.

16 rewrite add_comm. rewrite add_comm with (n:= m).
17 apply plus_le_compat_l. exact Hnm.

18 Qed.

20 Theorem le plus_trans : forall n m p,
21 n <= m —>

22 n<=m+p.

23 Proof.

24 intros n m p Hnm.

25 apply le_trans with (n:=m).
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70

71

72

73

74

75

76

- exact Hnm.
- apply le_plus_1.
Qed.

Theorem n_lt_m_n_le m : forall n m,

n<m->
n<=m.
Proof.
intros n m Hnm.
unfold 1t in Hnm.

apply le trans with (n:=S n).

- apply n_le_Sn.
- exact Hnm.
Qed.

Theorem plus_1t : forall n1 n2 m,

nt+n2<m->

nt <m/\ n2<m,
Proof.

intros n1 n2 m H.

unfold 1t in H.

split.

- unfold 1t.

apply le_trans with (n:='S (n1 + n2)).
{ apply n_le m_Sn_le Sm. apply le plus_ 1. }

{ exact H. }
- unfold 1t.

apply le_trans with (n:=S (n1 + n2)).
{ apply n_le_m__Sn_le_Sm. rewrite add_comm. apply le_plus_l. }

{ exact H. }
Qed.

Theorem leb complete :

forall nm,

n<=?m=true -> n {=m.

Proof.
intros n m H.

generalize dependent n.
induction m as [} m' IHm'].

- intros n. destruct n as [} n'].

+ intros H1. apply le_n.

+ intros H1. unfold leb in H1. discriminate H1.

- destruct nas [} n'].
+ intros H1. apply 0_le_n.

+ specialize IHm' with (n:=n").

intros H1.

apply n_le_m__Sn_le_Sm.

apply IHm'.

inversion H1. reflexivity.

Qed.

Theorem leb_correct :

n<=m->

forall n m,

163
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79

80

81

82

83

84

96

97

98

99

100

101

102

104

105

106

107

108

109

110

113

114

115

n <=? m = true.
Proof.
intros nm H.
generalize dependent n.
induction m as [} m' IHm'].
- intros n. destruct n as [} n'].
+ intros H1. simpl. reflexivity.
+ intros H1. inversion H1.
- destruct nas [| n'].
+ intros H1. simpl. reflexivity.
+ specialize IHm' with (n:=n').
intros H1. inversion H1.
{ apply leb_refl. }
{ apply Sn_le Sm_n_le m in H1.
apply IHm' in H1.
simpl. exact H1. }
Qed.

Theorem leb_iff : forall n m,
n<=?m=true <> n <= m.
Proof.
intros n m.
split.
- apply leb_complete.
- apply leb_correct.
Qed.

Theorem leb_true_trans : forall nm o,
n<=?m=true > m<=? 0 =
Proof.
intros nm o.
intros H1 H2.
apply leb_correct.
apply leb_iff in H1.
apply leb_iff in H2.
apply le trans with (n:=m).
- exact H1.
- exact H2.
Qed.

Predicate Examples

'%—S‘ 1}@4‘—%94 3601' 5&7:” ternary relationg:l Oﬂ O] 1:]-

Inductive R : nat -> nat -> nat -)> Prop :=

I cl RO

l'c2mno (H:Rm n 0 ) t R(Sm

fc3mno (H:Rm n 0 ) :Rm

fcdmno(H:R(Sm (Sn)(S(S0))) :Rm

l'c5mno (H:Rm n 0 ) :Rn
QS LR Sojolth, ol tha

true =) n <{=? 0 = true.

A 8% Inductively Defined Propositions
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Ol 22 case analysise 5714 -2 oA Zd4sHA| Het. Fitgkol A= nat Q] AR}
270l B2 Aot o] 2719 B2 o] AR A4S gt

1 Definition fR : nat -> nat -> nat :=

2 fun (n'm : nat) = n + m.

3

4+ Theorem R_equiv_fR : forallmno, Rmno <> fRmn = o.

5 Proof.

6 intros m n o. split.

7 - intros H. induction H.

8 + simpl. reflexivity.

9 + simpl. rewrite IHR. reflexivity.

10 + unfold fR. rewrite <- plus_n_Sm.

11 rewrite <- IHR.

12 unfold fR. reflexivity.

13 + simpl in IHR. rewrite <- plus_n_Sm in IHR.
14 injection IHR as IHR.

15 exact IHR. (* unfold fR is automatic *)

16 + (% ... %)

17 - generalize dependent o. generalize dependent n.
18 induction m as [} m' IHm'].

19 + intros n o H. simpl in H. rewrite H.

20 generalize dependent o. (* See (1) below. *)
21 induction n as [| n' IHn'].

22 { intros. rewrite <- H. apply c1. }

23 { destruct o as [} o'].

24 - (* ... %)

25 - specialize IHn' with (o:=0"). (* (1) *)
26 intros H. inversion H. apply IHn' in HT.
27 (* ... %)}

28 + intros n o H.

29 destruct o as [| o'] ean:Eqo.

30 { (= ... %)}

31 { apply c2. apply IHm'. simpl in H.

32 (x ... %)}

33 Qed.

SHeFe o)) 2 Fhdeitt, Jrieke 2 7ttt 22, A APE B4 0] inductiondt destruct”}
Z¥7y = 2o, inversion©] §F wtd] A%t

Ao Go Hol pol Ut AA FHol Aots] BAS W AA 47
S o] olg EHA Lo A,

2hel 7oA (A E A~ E o] oF 71 pofl tis[e1) induction HE A 3SR

Ao 2R WAL Varrars, Rltr,bats) — Qrr,aa,15) BEOILE 01714 1; =
ti(z1,22,23), i = 1,2,3+= ZAYO|T},

WA, ., s Zh2ke] dhstel A1 ngo] Shb AL 2 A1 18] AEAE

= O "9 BdddR, @ webe 7MY @ IHR"]ﬂ'h Ag7hdol Aot &, BAEAF 19
tistol, o] AT AF+E (nullary) 0| 2HA] Q145 glopEolz] gfomg A AE T} H]o]

AT

a1
[¢)

5 3
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WSS QA WS Q5 Bolek? /S AR Q1% 71 R(sy, 52, sa) ©I . e}

o,

22 79] induction HOIA as [ .. 18 AHgsto] M4-S3t /M A7l o182 & %
QAT o] Aol WA} 50l 2t YA MS7k 34ROt QlonR, Qe
mglo] U5 Ba3a] 4 Zolma T g7t HIBER AT o552 A8t

&S n: nat, 1t list nat Q4 WolEoli 28 %0} 9] ofo]th. Ho} 11 o] Zof o]
R L e

1 Inductive R : nat -> list nat -> Prop :=

2 Il :RO []

3 ' c2nl (H:Rn 1) : R (Sn) (n 1)
4 il a3nl (H:R(Sn)1l) :Rn 1

6 Fact myR1 : R 2 [1,0].

7 Proof.

8 apply c2. apply c2. apply c1. Qed.
9

10 Fact myR2 : R 1 [1;2;1;0].

11 Proof.

12 apply c3. apply c2. apply ¢3. apply c3.
13 apply c2. apply c2. apply c2. apply c1. Qed.

15 Fact myR3: R 2 [1;2;1;0].

16 Proof.
17 apply c2. apply c3. apply c3.
18 Abort.

Inductive Predicate for Subsequence Relation

—]?‘ —/[\‘oedsubsequence 3’1:1(7:”, subseq (].13 list nat) (].23 list nat)% :Hl)ﬂl——% 4’\1/\'1 7@948]—3’_ 019’}
wAE 2 o] 7| 2HQ A E Sl HAt

1 Inductive subseqg : list nat -> list nat -) Prop :=

2 ! (12: list nat) :

3 subseq [] 12

1 ! (11 12: list nat) (x: nat) (H: subseq 11 12) :
subseq 11 (x :: 12)

6 ! (11 12: list nat) (x: nat) (H: subseq 11 12) :
7 subseq (x :: 11) (x :: 12).

8

o Theorem subseq_refl : forall (1 : list nat), subseq 1 1.
10 Proof.

11 intros 1. induction 1 as [} x 1' IH1'].

12 - apply sbsql.
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13 - apply sbsqg3. exact IH1'.
14 Qed.

16 Theorem subseq_app : forall (11 12 13 : list nat),
17 subseq 11 12 -

18 subseq 11 (12 ++ 13).

19 Proof.

20 intros 11 12 13 H.

21 induction H.

22 - apply sbsql.

23 - simpl. apply sbsg2. exact IHsubseq.

24 - simpl. apply sbsqg3. exact IHsubseq.

25 Qed

o2 el Fol4d o Srolth. 3 ot = 7FHl 1= subseq 12 139 HiaiAl Ad-=
Hgol7|2 gk $HL F FROR o] Auabat,

Theorem subseq_trans : forall (11 12 13: list nat),
subseq 11 12 => subseq 12 13 -> subseq 11 13.
Proof.
intros 11 12 13. intros Ha Hb.
generalize dependent Ha.
generalize dependent 11.

[

o] Zof| A Eo|gt Z12 22l 50|t} generalize dependenta Set EFYJ 9] W=7} of et 714
Z Prop EFY 9] TSl Haoll Aokt oA o] ofH 7] St AJAA] &7 AAsfiAl 1?1_21

Ha : subseq 11 12
Hb : subseq 12 13
/1)
subseq 11 13

Hb : subseq 12 13
(1/71)
subseq 11 12 -> subseq 11 13

olFA Ag TS 2T R HHY 2 olfre WSl AMsH 2 A7 S ° AsH
TH=7] fIetolth. o] 22 generalize dependents Set BFI Q] W0 28 wff MAFAHAE
Al

el 204 AH7HEE H oA Tree= A J} Z2 ol
TF2 generalize dependent 112 Ad¥ste] 1-& T (L5of 9
A S0l 3 hA ol ulE 2 wooll TR A1 A2t

I

100] 72 generalize dependentS Set Bt W40 #8351 1 W4o] Q] A 4l a
AAPANE FAZR= AT v&oict D8RR gk A= ZAES A0 2oy & 4 ot
2 ™ nat - nat : Typeﬂ' forall n: nat, nat: Type Atololl Bl EgE To] QliTt. o] o]re] thal

2
i o=
m\n
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7 induction Hb.

s - intros.

9 inversion Ha.
10 (x ... %)

11 - intros.

12 apply sbsq2.
13 apply IHHb.
14 (% ... %)

15 - intros.

16 inversion Ha.
17 + (x ... %)
18 + (*x ... %)
19 + (* ... %)
20 Qed.

o] EAl= AE7HI-S 73F5t7] YIS generalize dependent®l T5HY] inversions 2 A4 A0
Argsflof stng e %] irha Erof

Case Study: Regular Expressions

egular Expression+= 41| I8tol| A 7} Wol 2ol= 7i\d F shfolth. AE
22 o] Aol go] HE = EHG term O] T Uz AR AAS HAA (Regex) 2F2L
270 g4 4l E5] ¥ pattern O] 2h= 801 F AHESH | & &
P AAE EAT BAIE Y] AES of W o2 7|&3ttt, o] ot &ot= EAE
1 A Aol 0§&| match) BTkl it
ol dojlA 2l eALE Cogoll A ABA & 4 A=A AH BT sh dotFrojof ot
2 7| o= g A A= AA RO oA 2ol el A A0 7|REE Al Fehs A2 A
AA| 2ol YAt wol def B Aolgh= Aok, T2 Iy oA de] AMEE I Q=
T2 A Hejgeo] $4-& & Aol coge] AHESHE HlAA R AAA
FTH= & Aoleta B H Aol

lo
rel
J
joe}

Flo

A2 ok Eglolch. Q14 W Ehele )50 Welaty Aztstel Hrk B4 Bl 7
2 AR QARSI GRS AT 8 Sol T

2= 4ol

Inductive reg_exp (T : Type) : Type :=
|
|
|
|
I
|
|
|
|
|
I

(t:T)

(r1 r2 : reg_exp T)
(r1 r2 : reg_exp T)
(r : reg_exp T).

Arguments {T}.
Arguments {T}.
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Arguments {1} _.
Arguments {my _ _.
Arguments {t} _ _.
Arguments {1} _

AL re: reg_exp®t ZAE st list 19 WA, = wjx] ¥Al= v 200 o) A olH

. EmptySet= O]H EAEE mjx]5}A] =t} = EmptySet©l WA EH = EAE2 ¢

o FEZAE [12 EmptyStroll v Hct.

« do] 190 FAE [x]& char xofl Tix|H ot

e 519 re1: reg_exp®ll A E I 557  re2 1 reg_expZFoll FRA] ™ 514+ s9= App rel re2°l
ufj x] E o},

e 51°] rel: reg_exp®ll WA E 2L 557 re2 : reg_exp”toll Ml E®H s; ©] Union rel re2°ll
Wf 2] &3 TS 55 I Union rel re2°] v H T}

. 31,.. s 7F B reof] iR EH 51 ++ - ++ s+ Star red R HT k=09
Qo= FEAE ] Star reof i H Y.

olAre] Aol AGH &o] exp_match® th-& 3} Zro] yrebd 4= Qi
Reserved Notation "s =~ re" (at level 80).
Inductive exp_match {T} : list T -> reg_exp T -)> Prop :=

: [] =~ EmptyStr
| X
: [x] =~ (Char x)
! s1 rel s2 re2 (H1 : s1 =~ rel) (H2 : s2 =~ re2)
: (s1 ++ s2) =~ (App rel re2)
| s1 rel re2 (H1 : s1 =~ rel)
: s1 =~ (Union re1l re2)
! rel s2 re2 (H2 : s2 =~ re2)
: s2 =~ (Union re1l re2)

! re : [] =~ (Star re)

! s1 s2 re (H1 : s1 =~re) (H2 : s2 =~ (Star re))
:(s1 ++ s2) =~ (Star re)

where "s =~ re" := (exp_match s re).

AL re7t BAE 5B WA wff s7F reo]l WX H T TR 5 =~ reE s € re 2 AJZ5t=
AL WE-2 olatal Hr,
reg_exp2] A2} 670 ZHztof| thall A exp_matche] A2 770 5 07K, 170, -2 2707} &
St Aof| 5ot
AL g AE0| DR U [1;2;A;b]9] FA OS2 M of stA|qt o] & 15| 1242t O]
e 7] 2 ofx}f. 18 H of3-9] x| TASo] AdH et

1 1 =~ Char 1
2 12 =~ App (Char 1) (Char 2)
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3 a =~ Union (Char a) (App (Char A) (Char B))
4 AB =~ Union (Char a) (App (Char A) (Char B))
5 abab =~ Union (Star (App (Char a) (Char b))) (App (Char A) (App (Char B) (Char C)))

2ol 33F kel 4ol ST A A~ Bt o At 7 o7he] BA4d et
ool 59] AAAL PRs] e BAGE g, 15 ¥ A4S s nu

ABC, [], ab, abab, ababab,

ol qlet.
SJolA o2 E BASO] JATL shby Fe) 1

O A HA o] ZTH-& exp_match® FZ2HEE ZA] HojAct

)

Example reg exp_ex1 : [1] =~ Char 1.
Proof.

apply (MChar 1). (* or apply NMChar. *)
Qed.

AW N e

2l 3004 uchar®] Q1% 12 A Cogol o Frobzet,
@ % WA oo FE-L of ] Moz Ho] FArt

Example reg exp_ex2 : [1;2] =~ App (Char 1) (Char 2).

Proof.
apply (MApp [1] (Char 1) [2] (Char 2) (MChar 1) (MChar 2)).

Qed.
A B A= A2t mapp ] 15 67HE

1 := [1], re1 := Char 1, s2 := [2], re2 := Char 2, H1 := MChar 1, H2 := MChar 2

2 Fo] 2l st A SR o AgsHSI T
THS-2 WAppS] Q142 470k Abeals v o)t}

1 Example reg_exp_ex2' : [1;2] =~ App (Char 1) (Char 2).
2 Proof.
3 apply (MApp [1] (Char 1) [2] (Char 2)).
4 - apply (MChar 1).
- apply (MChar 2).
6 Qed .

AGA oo Aatre] Q4= 3= L}EPHL Q=ot AU EAE e = 149 = /7t
Uk ohA] HSHA n :onat, 1 ¢ list nat 5 Set EFYS] Y949 H: 1= 1,E : ~ ev 35 Prop
qMQﬂAﬂmq

o] A9 FH ATHEAE= mapp2 JA4-E T S UEHHE A5

Abgeth a8 E2 27] 9] oHAAE YEYE QA5EL 747t she] AHALEof A
A elote & d 7t 1'?*711 of= Aol 3 AAHEE AAdot= FAA A ol

_4

F

Zrjo] A WA WAL o83} 2o,
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1 Example reg exp ex2'' : [1;2] =~ App (Char 1) (Char 2).

2 Proof.

s apply (MApp [1]).

4 - apply MChar.

5 - apply MChar.

6 Qed .

O] A2 A 14-E Coqo] A5 L2 A YPF= 7|52 o]-&T Aol
2}l 30014 mappS] Q145 off| gt N ARESHA] o it 22 T Qi
Example reg exp_ex2''' : [1;2] =~ App (Char 1) (Char 2).

1

2 Proof.

3 replace [1;2] with ([1] + [2]).
4 { apply MApp.

5 - apply MChar.

6 - apply MChar. }

7 { reflexivity. }

s Qed.

® A WA o o Fol ATMOE (a,b,4,8,C}L AT,

Inductive my_alphabet : Type :=a | b | A} B | C.

1

2

3 Example reg_exp_ex_my3 :

4 [a] =~ Union (Char a) (App (Char A) (Char B)).
5 Proof.

6 apply MUnionL.

7 apply MChar.

s Qed.

9

10 Example reg_exp_ex_my4 :

11 [A;B] =~ Union (Char a) (App (Char A) (Char B)).
12 Proof.

13 apply MUnionR.

1 apply (MApp [A]).

15 - apply MChar.
16 - apply MChar.
17 Qed.

Al AA et | H
2 Zlo

A el 5 B Uniond AHESHE el Al 20f tigh mix] o] F-2 ol & A glrhs
AL o 2 9le A

E

@ star®] F9-£ 27 o BEsIh 020 ol B BA g3 222 39 Eojur)E
Agt.

Example reg_exp_ex_my5 :
[a;b;a;b] =~ Union (Star (App (Char a) (Char b)))
(App (Char A) (App (Char B) (Char C))).
Proof.
apply MunionL.
apply (MStarApp [a;b]).
- apply (MApp [a]).

N o g A W N =
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s { apply MChar. } { apply MChar. }
9 - apply (MStarApp [a;b]).

10 + apply (MApp [al]).

1 { apply MChar. } { apply MChar. }
12 + apply MStar0.

13 Qed.

R

Star® EFSHE AA20] et A FHY G WEA ustarapp 09 o1 ALESH
shR| st wstaro S W AHEiof gol S-S stet.

o2 A= #4292 SHNA inversion?] 4832 HoJETE inversion $10]1&E o] T2
(o] Z4el7]= obAh) 7He & vl p17994 BA & Zoltt,

Example reg exp ex3 : ~ ([1; 2] =~ Char 1).
Proof.

intros H.

inversion H.
Qed.

£A49% obA DA AT A ALE WE Aok T8 i 2ol Aoid 5
olet. o] F47h ghgo] S dlA s A s EAGe e word B shbtel ik

l
Fixpoint reg exp_of list T (1 : list T) :=
match 1 with
I [] => EmptyStr
I x :: 1" => App (Char x) (reg_exp_of_list 1")
end.

HolA g olgt eholl thet 73 HIAE shubg HAh e #3 HAEZF T12fshRo] o] 2=
A Am e 8ol

Example reg exp ex4 : [1; 2; 3] =~ reg_exp_of list [1; 2; 3].
Proof.
simpl.
apply (MApp [1]).
{ apply MChar. }
{ apply (MApp [2]).
{ apply MChar. }
{ apply (MApp [3]).
{ apply MChar. }
10 { apply MEmpty. } }

© ® N o o« oA W N =

12 Qed.
F2 2kl 32 AP H coq Goals SHH-2 tf2-1) Lt
[1; 2; 3] =~ App (Char 1) (App (Char 2) (App (Char 3) EmptyStr))

%5¥ﬂ%%%{mwwrwﬁmgthﬂ[1Zﬂo*W%Hqce‘qu.

= Star rex= ref] 2otz AL SOl (Yo R HAAE ZAEES
;S"ELQE HFstlct) o] SN polyollAl SHAE Hel app_nil_r< AHEATH oA <]
EAL 18 gk 54 5 =~ Star rel] FH sE s ++ [J2 diA|5H] Ygtoltt. o] 27 sfjopqt
2Rl 9ol Al mstarAppe] =7t AITHZ infer 2 4= S17] wjZolt}.
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-

Check app_nil_r. : forall (X : Type) (1 @ list X), 1+ [ ] =1

M)

3 Lemma MStarl :

4 forall (T: Set) (s: list T) (re: reg_exp T),
5 s =~ re —-» s =~ Star re.

6 Proof.

7 intros T s re H.

8 rewrite <- (app_nil_r T s).

9 apply MStarApp.

10 - apply H.
11 - apply MStar0.
12 Qed.

the-2 Bolgh AHA 27 ] Folct.

1 Lemma empty_is empty : forall T (s : list T),

2 ~ (s =~ EmptySet).

3 Proof.

4 intros T s H. (* H: s =~ EmptySet, Goal: False *)
inversion H. Qed.

s =~rel \/ s =~ re2 -
s =~ Union rel re2.
10 Proof.
11 intros T s rel re2 H.
12 (* H: s =~ rel \/ s =~ re2, Goal: s =~ Union rel re2 *)
I
]

6
7 Lemma MUnion' : forall T (s : list T) (rel re2 : reg_exp T),
8
9

13 destruct H as [H1 | H2].
14 - (x ... %)

15 - apply MUnionR. exact H2.
16 Qed.

T2 re®] 9459 A4 concatenation+> Star re®] Yagh= AP L] SOt Ao oA
714 ARESh= fold® Ino] AHE o & E AT

v Compute (fold app [[1;2];[3];[4;51] [1). (* = [1,2:3;4,5] *)
2 Compute (In 1 [1;2]). (* =1 =1\/2=1\/ False %)

3

4+ Lemma MStar' : forall T (ss : list (list T)) (re : reg_exp T),
5 (forall s, Ins ss > s =~re) -

6 fold app ss [] =~ Star re.

7 Proof.

s intros T ss re H.

9 induction ss as [} s ss' IH].

10 - (x ss =[] case. Show [] =~ Star re *)

11 simpl. apply MStar0.

12 - (*ss=s ::ss' case. Show s :: ss' =~ Star re x)

13 simpl.

14 apply MStarApp.

15 + apply H. (¥ ... *)

16 + apply IH. intros s' H'.

17 apply H. (» ... *)

18 Qed .
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Exercises 4
O o9 A& ol HAt

T 5 =~ re}H O] LE ZF7}O] Y4+ ref] o] 71 character literal 2 LHE}
wt,

HZA] reof] HER = BE char literal 59 (55) 2|AES A& ok

Fixpoint re_chars {T} (re : reg_exp T) : list T :=
match re with
! EmptySet =) []
| EmptyStr =) []
I Char x =) [x]
| App rel re2 =) re_chars rel ++ re_chars re2
I
|
I

|

A9

rO]I

o

Union rel re2 =) re_chars rel ++ re_chars re2
Star re =) re_chars re

2= 71Ol Hn: s =~ regex FERSI AJF-of o]of] A8 AFO 2 A inversion He
gt o2 9] A= inversion Hn THAl induction HmE AFESH= A oo|tt Y&
ot olgldl P2 HgolBR S E FEO=R o] A5 digstilct

=)
o ol

B

1 Theorem in_re match : forall T (s : list T) (re : reg exp T) (x : T),
2 s=~re > In x s - In x (re_chars re).

3 Proof.

4 intros T s re x Hm Hin.

5 induction Hm (* Hm: s =~ re, Hin @ In x s, Goal: In x (re chars re) *)
6 as [(* 1.MEmpty *)

7 (* 2.MChar *) I x'

s (* 3.MApp *) | s1 rel s2 re2 Hm1 IH1 Hm2 IH2

9 (* 4 MUnionL *) | s1 rel re2 Hm IH

10 (* 5.MUnionR *) | rel s2 re2 Hm IH

11 (* 6.MStar0 *) | re

12 (* 7.MStarApp *) | s1 s2 re Hm1 IH1 Hm2 IH2].

13 - (* MEmpty, Hin: In x [ ], Goal: In x (re_chars EmptyStr) *)

14 unfold In in Hin. destruct Hin.

15 - (* MChar, Hin: In x [x'], Goal: In x (re_chars (Char x')) *)

16 simpl. simpl in Hin.

17 exact Hin.

exp_matchEh= &ol= 7702 AARE A A Inductively FE RO E R QIE R mjjglo] AFd3]
At o] IjH as [L17FEFR1 6 ~ 1249 H2 Ho2 HE {7 Eldrt,
2l 13 ~ 172 Aottt A F A4 A ojg B ohaat At
! MEmpty : [] =~ EmptyStr
! MChar x : [x] =~ (Char x)
FEO QEXR B HO| g =~ 1@t X HoJoF sl E 1 MEmptyOlAl=s := [], re := EmptyStrO]

ojof sttt IHER AHEAES Hin2 In x [Jo]o]ofF Sttt o] A2 H o5 HH False= At
Hr} oA 2 2kl 14742] AP = ST}, (unfold . .= Aol Hh)
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2.Mcharol A& i x] Z270] s := [x'], re := Char x' & T}, matA & Zgt
In x (re_chars (Char x'))7} Eth. o] ZAFS| 3L AolE
HE Y 4k mEbA 18 T2 1n x [x']o] A wjuby] o] A2 Hindt Y A]qtt, o] A
24 23l 17742 A = Tt

O o3 A= 25 o B3 242 Q3 o] S oA = o]l S FAd A
In_app_iff& AFESITE o] Fel= & ol H-gotal Tt HInoll e H-&ofjoF stz 22l
219014 rewrite In_app_iff in & ARS8 H Hino] =2 3H=0] H| B2 destruct Hiner

ALE] 9= Lol Aadt,

18— (% MApp *)

19 simpl.

20 (* In_app_iff : Ina (Il ++ m) <> Inal\/ Inamr=)
21 rewrite In_app_iff in *.

22 destruct Hin as [Hin | Hin].

23 + (* Hin : In x s1 *)

24 left. apply (IH1 Hin).

25 + (* Hin : In x s2 %)

26 right. apply (IH2 Hin).

2}l 299} 2441 3204 apply (H1 H2)E AFERI=H] o] 22 H1: P -) Q H2: P, Goal: Q¥ ™
Ha ot AFEE 4= 9lo™ T 7HQ] . apply H1 in H2. apply H2. & THAISHT
I ohe2 EES| 22 AL gtk o, ustarapp A-5-0ll= THA] uapp@} HIS=5H] =27

7Hd-& destructdioF st

27 - (* MUnionL *)

28 simpl. rewrite In_app_iff.
20 (* ... %)

30 - (* MUnionR *)

31 simpl. rewrite In_app_iff.
32 (* ... %)

33 - (* MStar0 *)

34 destruct Hin.

35 - (* MStarApp *)

36 simpl.

37 rewrite In_app_iff in Hin.
38 destruct Hin as [Hin | Hin].
39 + (% .. 0*)

40 + (*x ... *)

41 Qed.

@ o3 EAI= g 2o i A E= BArE o] 2Rtttk A& ote B4 S AAd e
A oI5l o] &4=2] ZEo| truetE A 0] exists s, s =~ re?} 35S ZHsl= Aol

Fixpoint re_not_empty {T: Type} (re: reg_exp T) : bool :=
match re with
| EmptySet =) false
| EmptyStr => true
| Char _ =) true
| App rel re2 => andb (re_not_empty rel) (re_not_empty re2)
! Union rel re2 => orb (re_not_empty rel) (re_not_empty re2)
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| Star re =) true

end.

Star reZ} @/ Fotd o] Bli= o= 1A 0] re7t o|BE Tl FEAE ofl Wi x| =] 7] of
=oltt.

ofefl ARt A2l ST Aol7t AW A9t Folsttt, thet inductiono] - ‘EH_ A5
=, A 9 A2 exp
2 ek 4 =70

1 Lemma re_not_empty_correct : forall T (re : reg_exp T),
2 (exists s, s =~ re) {-> re_not_empty re = true.

3 Proof.

4 intros T re. split.

5 - intros [s H].

6 induction H (* 7 cases *)

7 as [ (* 1. MEmpty *)

s | (> 2. MChar *) x'

9 1(* 3. MApp *) s1 rel s2 re2 Hm1 IH1 Hm2 IH2
10 1 (* 4. MUnionL *) s1 rel re2 Hm IH

11 | (* 5. MUnionR *) rel s2 re2 Hm IH

12 |(* 6. MStar® *) re

13 (% 7. MStarApp *) s1 s2 re Hm1 IH1 Hm2 IH2].
14 + (* MEmpty *)

15 simpl. reflexivity.

16 + (* MChar *)

17 simpl. reflexivity.

18 + (% MApp *)

19 simpl. rewrite IH1. rewrite IH2. simpl. reflexivity.
20 + (* MUnionL *)

21 simpl. rewrite IH. simpl. reflexivity.

22 + (* MUnionR *)

23 simpl. rewrite IH. destruct (re_not_empty rel).
24 * (% %)

25 * (x %)

26 + (* MStar® *)

(* ... %)

(% MStarApp *)

( *)

30 - 1ntros H induction re. (* 6 cases *)

(* EmptySet *) simpl in H. discriminate H.
(* EmptyStr *) exists []. apply MEmpty.
(*
(*

(

(

(
(*

27
28 +

*

29

31
32
Char t *) exists [t]. apply MChar.

App rel re2 *) simpl in H. apply andb_true_iff in H.

. %)

33

+ + + +

34

*

*

Union rel re2 *) simpl in H. apply orb_true_iff in H.
* %)

36 +
37

38 +
39 Qed .

Star re *) exists []. apply MStar®.
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The remember Tactic
induction A2 EFoFT G-goteh ShAT e} 7 H9S A2 Aol £k,

1 Lemma star_app: forall T (s1 s2 : list T) (re : reg_exp T),
2 s1 =~ Star re -

3 s2 =~ Star re -

4 s1 ++ s2 =~ Star re.

5 Proof.

6 intros T s1 s2 re H1.

7 (* H1 : s1 =~ Star re *)

8 (* Goal : s2 =~ Star re -) s1 ++ s2 =~ Star re *)

9 induction H1

10 as [(* MEmpty *)

11 | (* MChar *) x'

12 (* 5 remaining cases *)].
13 - (* MEmpty *)

14 simpl. intros H. apply H.

15 - (* MChar *)

16 intros H. simpl. (* Stuck... *)
17 Abort.

MEmpty 78-F-O= s1 =~ Star reZ} [] =~ EmptyStroll ujx] = ofof é}hﬁﬂ ]Zi% (FHA) &

7Fsotet. ofA| gt o] A FFop2] Fotal 1 := (|2 55 o] MaPdnt. 1 =

s2 = EmptyStr =) [ 1+ s2 = EmptyStrZt EHol A= SH o] 57| = et
Mchar 73--olli= =l 150014 11-& Zefo] oh33} At

s2 =~ Char x' - [x'] ++ s2 =~ Char x'

o|ZAL o] opB g thols| =1 = .
[x'] =~ Char x'@F WA= 2] ghe= & ot A Zaljal o= 213430 7] wfzoltt.
o EA)e] thste] thet 2L Aol 917 5 :
K7t o] s FHdlof & Ze2 W&ol =
Zwske Aol

—

1 Lemma star_app': forall T (s1 s2 : list T) (re re' : reg_exp T),
2 re' = Star re -»

3 sl =~ re' =

4 s2 =~ Star re -

5 s1 ++ s2 =~ Star re.

6 Proof.

7 intros T s1 s2 re re' HO H1.
s induction H1

9 as [(* MEmpty *)

10 (* MChar *) x'

1 (* 5 remaining cases *)].
12 - (* MEmpty *)

13 discriminate HO.

14 - (* MChar. *)

15 discriminate HO.

16 - (* MApp. *)
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17 discriminate HO.

18 - (* MUnionL. *)

19 discriminate HO.

20 - (* MUnionR. *)

21 discriminate HO.

22 - (* MStar®. *)

23 simpl. intros H. exact H.

24 - (* MStarApp. *)

25 rewrite <- app_assoc. (* ++ is right associative *)
26 intros H.

27 apply MStarApp.

28 + injection HO as HO. rewrite {- HO. exact Hm1,.
29 + apply IH2.

30 * exact HO.

31 * exact H.

32 Qed

kel 7& AdSE 3 (oq Goals 3HH-L2 o2t Zrt.

HO : re' = Star re
H1 @ s1 =~ re
(1/71)
s2 =~ Star re =) s1 ++ s2 =~ Star re

H1: s1 =~ re' o] W2 Hpo|Bg AP T A& 50 [x'] =~ Char x' 2F MiAA[ZE
Aok obF A7 glot. 181 S oA e A i %
7FA Al Het.

oAE 5o 2l 129 A9 & U o33} 27| =1 o] o7t HI= 1 Fa3H
ojtt.

HO : EmptyStr = Star re

(1/71)
s2 =~ Star re ) [ ] ++ s2 =~ Star re

HI

7] A discriminate HOEA] ZFstA o] AE IS npFe] & 4= Qlrt. o] Al o2 A i 2
2] = 9= TS| nstaro2t ustarAppe] F 7o W, & tF ol HA] 9o ATHECA
HZo] 47 sfZa =t

St s Aol Q7] shARE & ZAFoHA] Fotth=awkward TR O] QT

ol2fgt ZAoll 5] remember H=F-2 ofF EF Tt A F o] Hrt. o] HF2 S=of A
o] 2= "Bt 3o A2l o] 52 Fo] ARSI 9 YuiAd-E et thaofl Hl remember
0|83t o2 ot AAA LB A AT §lo] I ZEE YT Sk o 4= U=
Yol A= AYAE] At A= D] gq : re' = Star red= &5 FHI}
AL 2] At tiste] ReEl= FA 02 gHbE Flo] 929 Sy

I

1 Lemma star_app: forall T (s1 s2 : list T) (re : reg_exp T),
2 s1 =~ Star re -

3 s2 =~ Star re -

4 s1 ++ s2 =~ Star re.
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5 Proof.

6 intros T s1 s2 re H1.

7 remember (Star re) as re' eqgn:Eq.
s (* Coq Goals is as follows. *)

9 Eq : re' = Star re

10 H1 : s1 =~ re'

1 (1/71)
12 s2 =~ re' => s1 ++ s2 =~ re'
13 induction H1

14 as [Ix'ls1 rel s2' re2 Hm1 IH1 Hm2 IH2
15 is1 rel re2 Hm IH{rel s2' re2 Hm IH
16 lre''Is1 s2' re'' Hm1 IH1 Hm2 IH2].
17 - (* MEmpty *) discriminate Eq.

18 - (* MChar *) discriminate Eq.

19 - (* MApp *) discriminate Eq.

20 - (* MUnionL *) discriminate Eq.

21 - (* MUnionR *) discriminate Eq.

22 - (* MStarQ *)

23 intros H. simpl. apply H.

24 - (* MStarApp *)

25 intros H1. rewrite <- app_assoc.

26 apply MStarApp.

27 + apply Hm1.

28 + apply IH2.

29 { exact Eq. }

30 { exact H1. }

31 Qed.

o o) RO £AS 7] 519] remember .. as .. eqgn:.
AekS AHgsh= Aol tiste] A=, o] A= induction 5 oF g} destruct®] 73
Fol F83 JH O &4-& utof ot

SA HOYH 9 ShHE A= 50 At

Z)E7HA induction HFHS AL
q

1 Example reg exp_ex3 : ~ ([1; 2] =~ Char 1).
2 Proof.

3 intros H.

4 inversion H.

5 Qed .

u

o] T2 2t 49 inversion ?F o ® R E e HHYS & 5 glolA " Hol AN
=t o]A inversion HAIl T 7]%;%‘11 E‘FJ destructE AHg-to] Sl B7| =2 gF el
4-4 inversione destruct® A} Y5tH 1-& spHo] thut o] "t
Goal 1

(1/77)
False

Goal 2
X : nat
2/7)
False
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5 Ago|A] 5, HAEAE offJ 7Hdo] gloy gloy TS XPT 4= §ict. HEAE
E07toF & &5 JEE destructolA] fojH e Zolt}, o] A-E ®2|517] 2]t destruct
o)A 9| remembers AH-8-5HH Hct,

Example reg exp_ex3' : ~ ([1; 2] =~ Char 1).
2 Proof.

3 intros Hm.

4 remember (Char 1) as re eqn:Eq_re.

5 remember [1; 2] as s eqn:Eq_s.

6 destruct Hm.

-

7 - (* MEmpty *) discriminate Eq_re.

8 - injection Eq_s as Eqg_s. discriminate H.
9 - (* MApp *) discriminate Eq_re.

10 - (* MUnionL *) discriminate Eq_re.

1 - (* MUnionR *) discriminate Eq_re.

12 - (* NStar® *) discriminate Eq_re.

13 - (* MStarApp *) discriminate Eq_re.

14 Qed.

=2 inversions 2= AXRTH Bdsiot, oyt 0] BAH-E o ZA|5] & 5= ks HolA=
o] o] o Echw 2 4 ek,

ch oI F o 0|2l e slelck S 3EE 39T
=] o] AE destructe} remember 2 A

1 Example not le 1.0 : ~ (1 <= 0).

2 Proof.

3 Proof.

4 intros H.

5 remember 1 as n eqn:E. remember O as m eqgn:F.

6 destruct H.

7 - (* H=1len *) rewrite F in E. discriminate E.
le S %) discriminate F. Qed.

& EA= A Ut wstar', & re] YAES olo] Bo|H star red] YAVt H} 9
ogog 2 4 Qltt o] ZH-L remenbers Ao Stohe HoflA A1 2o
1 Lemma MStar'' : forall T (s : list T) (re : reg_exp T),

2 s =~ Star re -
3 exists ss : list (list T),

m&"

?2

Suf
N
fu
-
=)
<
)
[}
(%)
=
o
=)
o
L
e
ol
-
X
d
=
2o

3
|
—
*
X
1

4 s = fold app ss [] /\
5 forall s', Ins' ss —> s' =~ re.
6 Proof.

7 intros T s re Hm.
s remember (Star re) as re' eqn:Eq.
9 induction Hm

10 as [Ix'Is1 rel s2 re2 Hm1 IH1 Hm2 IH2
11 is1 rel re2 Hm IH{rel s2 re2 Hm IH
12 ire''!s1 s2 re'' Hm1 IH1 Hm2 IH2].
13 - discriminate Eq.
14 - discriminate Eq.
15 - discriminate Eq.

16 - discriminate Eq.
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17 - discriminate Eq.

18 - (* MStar0 *)

19 injection Eq as Eq. exists []. split.

20 + (* ... %)

21 + (x ... %)

22 - (% MStarApp *)

23 specialize (IH2 Eq). destruct IH2 as [ss [H1 H2]].
24 exists (s1 :: ss). split.

25 + (* .. 0*)

26 + intros s' H. destruct H as [H_hd | H_tl].
27 { (% ... %) }

28 { (= ... %)}

29 Qed.

22 Fobd BFAE s7F star redll WA =W oJH Fobd sa =~ re®} sb =~ Star re®]
tfote] s = sa ++ shA= Hol= Aoltt. o] THONA L remember s AHE-2HTE.

o] 2ol A2 nstarApp A B s = 51+ 22 FUE W, O s1 =1L 0
AG7HEE AHEstal, @ s1 O Y W= sa := s1, sb 1= s22 F= ZAolt}, ofF st &
o|x|gt dol= & Hrt.

1 Check Gt.gt_Sn_0. (* forall n : nat, S n > 0 %)

3 Lemma MStarAppl : forall T (s : list T) (re : reg_exp T),

4 length s > 0 => s =~ Star re -

5 exists (sa sb: list T),

6 length sa > 0 /\ sa =~ re /\ sb =~ Star re /\ s = sa ++ sb.
7 Proof.

s intros T s re H1 H2.

9 remember (Star re) as re' eqn:Eq.

10 induction H2

11 as [1x'1s1 rel s2 re2 Hm1 IH1 Hm2 IH2

12 is1 rel re2 Hm IH{rel s2 re2 Hm IH
13 ire''!s1 s2 re'' Hm1 IH1 Hm2 IH2].
14 - (* MEmpty *) discriminate Eq.

15 - (* MChar *) discriminate Eq.

16 - (* MApp *) discriminate Eq.

17 - (* MUnionL *) discriminate Eq.

18 - (* MUnionR *) discriminate Eq.

(* MStar® *) inversion H1.
(* MStarApp *)

H
©
I

N
=)
|

21 destruct s1 as [} x1 s1'] egn:Eq_s1.

22 + (x s1 =[] case *) simpl in H1.

23 specialize (IH2 H1).

24 specialize (IH2 Eq).

25 simpl. exact IH2.

26 + (* s1 =x1 :: s1' case *)

27 injection Eq as Eq. rewrite -)> Eq in *.
28 exists s1, s2.

29 repeat split.

30 { rewrite Eq_s1. simpl. apply Gt.gt Sn 0. }
31 { rewrite Eq_s1. exact Hm1. }

32 { exact Hm2. }
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33 { rewrite Eq_s1. reflexivity. }
34 Qed.

2}el 299 repeat split MAZF-S AFEF=c

|
o BEY ) o o) AHTEE WEe] Fi Aeolr,

Pumping Lemma for Regular Languages

7|14 293 AEl= pumping lemmastal E2]=, © EdlE automata ©] 2] A] H|-7] ==
209 el2A ol Bro) fokd A=} otk A2 o] AelA 2} hE Ao
£ elEe Aniao 2 gasel, ot ol Q5P 2ok 41 1 trivialstehn
07|11 ol vket Aol ARt o] flofl= T2
W7 A ofe] Aol 2U4E 2171 Ut Hio] lom], o] BaelE Foldl glojr}
T o] FEjro] &Eo61A] & U w T2 ARRHH 97 A=
languageoﬂ EHO]' I:HZ'} = q’ 7/\O] T;]-
Artdolgt B4 shube el A Ao miz B = BE FAE S0 A Kotk g #nke
e g 2.
Lol HIAA ree] ool 5= Adolold ol Zp4= N o] EAfjste] o7t N
ORI BEse Lol thallAl s = sy +s9+53012L 52 # [JO]H VEk = 0,5, +s5+s3 €
L?J 51,52, 837]_ —E—ZH—(:S}E]—

0] Z1-2 weak version 2] A 0] ™ strong version= 7] 51+ s, 2] Ao]7} N o]s}2t= 2 710]

Z7bgl Zolet.
o4 A2 reol e 241D Qo] o] A N AR T4S theat o] HofstAt,

1 Fixpoint pumping_constant {T} (re : reg_exp T) : nat :=
2 match re with

3 ! EmptySet =) 1

4 | EmptyStr =) 1

| Char _ =) 2
|
|

6 App rel re2 =)

7 pumping_constant rel + pumping_constant re2
s | Union rel re2 =>

9 pumping_constant rel + pumping_constant re2
10 | Star re =) pumping_constant re

11 end.

3 &t weak_pumping®] Sl T 22 HEAeS0] =5E & At

Lemma pumping_constant ge 1 :
forall T (re : reg_exp T),
pumping_constant re >= 1.
Proof.
intros T re. induction re.
- (* EmptySet *)
simpl. apply le_n.
- (* EmptyStr *)
simpl. apply le_n.

O ORI

© ® N o «
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- (* Char *)

simpl. apply le_S. apply le_n.
= (% App *)

simpl.

apply le trans with (n:=pumping_constant rel).

{ apply IHre1. } { apply le plus_l. }
- (* Union *)
simpl.

apply le_trans with (n:=pumping_constant rel).

{ apply IHre1. } { apply le plus_l. }
- (* Star *)
simpl. apply IHre.
Qed.

183

kel 1490 4] le_trans with (n:= pumping_constant rel)<= AF85}7] 2149 stHL of3 &

4t

1

BAFGL of ] ¥l Y= ste] 7

1 B2Rge gt g

o

IHre1 : pumping_constant rel >= 1
IHre2 : pumping_constant re2 >= 1
171

pumping_constant rel + pumping_constant re2 >= 1
o] /JEiell A 2t<l 145 APSHH o] BA A E v &

the o) AL ofF 4t

Lemma pumping_constant_0_false :
forall T (re : reg exp T),
pumping_constant re = @ -)> False.
Proof.
intros T re H.

assert (Hp1 : pumping_constant re >= 1).

{ apply pumping_constant_ge 1. }
{ rewrite H in Hp1. inversion Hpl. }
Qed.

=1

Fixpoint napp {T} (n : nat) (1 : list T) :

match n with

o =[]
Sn'"=>1+nappn'l
end.

oh-& 7heet Hx e ol

Lemma napp_star :
forall T m s1 s2 (re : reg_exp T),
s1 =~ re -> s2 =~ Star re -
(napp m s1) ++ s2 =~ Star re.
Proof.
intros T m s1 s2 re Hs1 Hs2.
induction m.
- simpl. exact Hs2.

of fA 18 =
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9 - simpl. rewrite <- app_assoc.

10 apply MStarApp.

11 + exact Hs1.

12 + exact IHm.

13 Qed.

14

15 Lemma le 0 is 0 : foralln, n<=0->n=20
16 Proof.

17 intros n H. destruct n as [} n'].
18 - reflexivity.

19 - inversion H.

20 Qed.

21

22 Lemma app_assoc® : forall T (s1 s2 s3 s4: list T),
23 ST ++ (s2 ++ s3) ++ s4 = s1 ++ s2 ++ s3 ++ s4.
24 Proof.

25 intros T s1 s2 s3 s4.

26 rewrite <- app_assoc.

27 reflexivity.

28 Qed.

29

30 Lemma app_assocl : forall T (s1 s2 s3 s4: list T),
31 (s1 ++ s2 ++ s3) ++ s4 = s1 ++ 52 ++ 3 ++ 54,
32 Proof.

33 intros T s1 s2 s3 s4.
34 rewrite <- app_assoc.
35 apply app_assoc0.

36 Qed.

The Pumping Lemma, Weak version

7‘41_—(-_%_03“)01] & E]‘“ Flnlte State Automaton-J state-/] NEeE No2 T3 AYste) 1L

22 = FSAE AHgolA] o rg Ael=9 7H4 A pumping constants AHS-SHct.
ol sl 1H 11 o]lfe =~2] A= Uit FE I Lol st thF7] mi&ol
ap21a; 7991 ustarApp 735 AlL]otiles B FolsHA S

SHol Ade] 4u=E 9 /o] 40 g ol BN 5512t Sh= weak pumping
lemma 2] YAE WPLE YefH7]| 2 612}, o] HAl= 27 E55) E%‘ o Q=) o]AHo] &
A& ou|st=2& Ags] olsistal 1719k 54, o] T2 A 7%t x| o] BA| A-55t=AE
o7l oluA et
1 Lemma weak_pumping : forall (T: Type) (re: reg_exp T) (s: list T),

2 S =~ re —>
3 pumping_constant re <= length s ->

4 exists s1 s2 s3,
5 s = sl ++ s2 + s3 /\

oy

n7ol7t N ol4el 4

i g2 wrolEolE FSAZE o] EAE-E Wotsole ALY AHstate TS E
{qo0,q14, 924 - - s aNi ) °N

=
FEH A7 ST OB R g5 = g Y j < kS ATS o L. (skip).
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6 s2 <>[] /\

7 forall (m: nat), s1 ++ napp m s2 ++ s3 =~ re.
s Proof.

9 intros T re s Hm.

10 induction Hm as [

11 I x | s1 rel s2 re2 Hm1 IH1 Hm2 IH2

12 i s1 rel re2 Hm IH | rel s2 re2 Hm IH

13 | re | s1 s2 re Hm1 IH1 Hm2 IH2 ].

14 - (* MEmpty *)

15 simpl. intros contra. inversion contra.

16 - (* MChar *)

17 simpl. intros contra. inversion contra. inversion HO.

MEmpty 2t MChar 78-F-ll= length s7F ZFZF 03 19]3L pumping_constant re”F ZY7} 13 20|22
2hel 39] o] AHstA] ¢rof 7hs] A2 et
o]0 A mapp®] 7375 HAT.

18 = (% MApp *)

19 simpl. intros H.

20 replace (length (s1 ++ s2)) with (length s1 + length s2) in H.
21 {

22 assert(Ha: pumping_constant rel <= length s1 \/

23 pumping_constant re2 <= length s2).

24 { apply add_le cases. exact H. }

25 destruct Ha as [Ha_left | Ha_right].

26 { (* Ha_left : pumping_constant rel <= length s1 *)
27 specialize (IH1 Ha_left).

28 destruct IH1 as [s2' [s3' [s4' [IH1a [IH1b IH1c]]]]].
29 exists s2', s3', (s4' ++ s2).

30 split.

31 - rewrite IH1a. apply app_assoc?.

32 - split.

33 + exact IH1b.

34 + intros m.

35 replace (s2' ++ napp m s3' ++ s4' ++ s2) with
36 ((s2' ++ napp m s3' ++ s4') ++ s2).

37 { apply MApp. apply IH1c. exact Hm2. }

38 { apply app_assoc1. }

39 }

40 { (* Ha_right : pumping_constant re2 <= length s2 *)
41 (% ... %)

42 }

43 }

44 { rewrite app_length. reflexivity. }

ol

21l 102 AR T shwie ka7t 2k,

Hm1 @ s1 =~ rel

Hm2 @ s2 =~ re2

IH1 @ pumping_constant rel <= length s1 -> exists s2 s3 s4 : list T,
s1 =852+ s3+ 54 /\s3O [ ]/\
(forall m : nat, s2 ++ napp m s3 ++ s4 =~ rel)

IH2 : pumping_constant re2 <= length s2 -> exists s1 s3 s4 : list T,
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s2=sT+H s3+s4/\s3O [ ] /N

(forall m : nat, s1 ++ napp m s3 ++ s4 =~ re2)
H : pumping_constant rel + pumping_constant re2 <= length (s1 ++ s2)
(1/71)
exists sO s3 s4 : list T,

ST ++ 52 =50+ s3+ 54 /\s3 [ ] /\

(forall m : nat, s@ ++ napp m s3 ++ s4 =~ App rel re2)

s1 =~ re1d} s2 =~ re27t ZVZF WPL, & 1H13} H2E TH5E o s1 ++ s2 =~ App rel re27}
WPL, 3 H -) exists s0 s3 s4 ... & W&eS Hojof gt
HA 42 HE 2121 22 9] assertion= FHSHL. ©] assertionS 7Hd 2 AFES o, o]l 0] =g]
o|lB= 27k Z¢-= Hiro] S Zageth A HA 7= 2hl 2694 Al&Fstal & A
= Q1 400014 Al2FRtet, 2t 790l EAE 2] witness 2HE] A& T O] witnessE 1501
Z0] Z o] A, o] A WPLo| Rl Wat=x]S A&s] o|sist ¢l7]qt 5FH

oo

H

35

LH'If' T A= =2 "0/

ot 4t} RIE). = HA 9o 2kl 299 Pt A2 exists (s1 ++ s1'), s3', s4' 0|t}
O]o] Al munionL} MUnionRe] -5 H AT S xp= x2tet Hl=stn 2 gt Ay st

45 - (* MUnionL =*)

46 simpl. intros H.

a7 assert (Ha: pumping_constant rel <= length s1).

48 { apply le_trans

49 with (n:= pumping_constant rel + pumping_constant re2).
50 - apply le_plus_1.

51 - exact H. }

52 { specialize (IH Ha).

53 destruct IH as [s2' [s3' [s4' [IHa [IHb IHc]]]]].
54 exists s2', s3', s4'.

55 split.

56 - exact IHa.

57 - split.

58 + exact IHb.

59 + intros m. apply MUnionL. apply IHc. }

60 - (* MUnionR *)

61 (* ... %)
29l 46 AT o] e Thewt 2
Hm : s1 =~ rel
IH : pumping_constant rel <= length s1 -> exists s2 s3 s4 : list T,
s1 =2+ s3+s4/\s3O [ ]/
(forall m : nat, s2 ++ napp m s3 ++ s4 =~ rel)
H : pumping_constant rel + pumping_constant re2 <= length s1
(1/71)
exists s@ s2 s3 : list T,

s1 =350+ s2+s3/\s2O ] /\
(forall m : nat, sO@ ++ napp m s2 ++ s3 =~ Union rel re2)

MApp 78-7-2F 1B A ThEA] Soitt K7] Bigtth, 18 mehs 7] 9fsto] 927 Ba = sk
22 24 479] adl el A AE S ol AR 3 1k YO B of BA} ek, T ohg-L
MADD% H] 225t} Witness= AE7H 22 E Zoh= 212 058 o 4t}

22 NSstar0} MStarApp B-01H] ARt= 4922 o A sHAlct

ot
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62 - (* MStarQ *)
63 intros H. simpl in H. exfalso. inversion H.
64 apply pumping_constant_0_false in H1. exact H1.
65  — (* NMStarApp *)
66 simpl in *, intros H.
67 (* to be continued *)
2hel 662 Ay Fo] S-S thg} 2ok,
Hm1 : s1 =~ re

Hm2 : s2 =~ Star re
IH1 : pumping_constant re <= length s1 -
exists s2 s3 s4 : list T,
s1=s2+H s3+s4/\s3O [ ]/
(forall m : nat, s2 ++ napp m s3 ++ s4 =~ re)
IH2 : pumping_constant re <= length s2 ->
exists s1 s3 s4 : list T,
s2=s1T+Hs3++s4/\s3O[]1/N
(forall m : nat, s1 ++ napp m s3 ++ s4 =~ Star re)
H : pumping_constant re <= length (s1 ++ s2)
(1/71)
exists sO s3 s4 : list T,
sT++s2=5s0+ s3+s4/\s3O[]/\
(forall m : nat, sO@ ++ napp m s3 ++ s4 =~ Star re)

WStarApp’} TFHE AAAZL} o2 BE-L 4: pumping_constant re <= length (s1 ++ s2)& 7}4]
I 28] S A7 A rk= Aol
o] EA= 519 Ao]7} pumping_constant re BT 22 99} 18] 2 HAQE sl
E’Vﬂ A & ot 249 A= 2 AFESHH =1, 2pe] A fofl= oA 51 = [19]
ot 387 ¢Fe A2 Yirolof gttt 51 = [JY mi& 1H2E AHESHH Hal, 282 ¢S
”41—1:— (2fel 85 A Hizol) s1 AHAlE dl-& oA el B £4Y 3= £ Hroh.!l?

O

-

Nl

68 (* continued from line 67 *)

69 assert (Ha: length s1 < pumping_constant re
70 length s1 >= pumping_constant re).
71 { apply 1lt_ge_cases. }
72 destruct Ha as [Ha_left | Ha_right].
73 + (* Ha_left : length s1 < pumping_constant re *)
74 destruct s1 as [} x s1tl].
75 { (* s1 = empty string *)
76 simpl in *. specialize (IH2 H).
7 destruct IH2 as [s1' [s3' [s4' [IH2a [IH2b IH2c]]]]].
78 exists s1', s3', s4
79 repeat split.
80 - exact IH2a.
81 - exact IH2b.
82 - exact IH2c.
83 }
84 { (* s1 =x 11 s1tl *)
1242 o|ART 24 o 7hdst A 24 o] 9l o, o] 2 145 strong versionS S 0 25t
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85 exists [], (x :: s1tl), s2

86 simpl. repeat split.

87 - unfold not. intros H'. discriminate H'.

88 - intros m. apply napp_star.

89 + exact Hm1.

90 + exact Hm2.

91 }

92 + (* Ha_right : length s1 >= pumping_constant re *)
093 unfold ge in Ha_right.

04 specialize (IH1 Ha_right).

05 destruct IH1 as [s1' [s3' [s4' [IH1a [IH1b IH1c]]]]].
96 exists s1', s3', (s4' ++ s2).

97 repeat split.

08 { rewrite IH1a. apply app_assocl. }

99 { exact IH1b. }

100 { intros m. specialize IH1c with (m:=m).

101 replace (s1' ++ napp m s3' ++ s4' ++ s2) with
102 ((s1' ++ napp m s3' ++ s4') ++ s2).
103 - apply MStarApp. exact IH1c. exact Hm2.

104 - apply app_assoc?.

105 }

106 Qed .

ooz B ut] weak version 2] 5> BT

The Pumping Lemma, Strong version

Strong version= weak version2] X731 length (s1 ++ s2) (= N& F7}5t] A=t} Strong
Pumping Lemma 2] FAE SPLZ YERY 7|2 5}A},
SPLE] Z72 o] 1 W RO A} Hl5at ol B AT exp natche] AAAE F
4g F ASE APl T g,
0] MApp‘)ﬂk] s1 =~ rel, s2 =~ re2} FOIRE o, WP EHE LDl s1o] £ = £A417F

O 520 £ wl= 27 ZIER ZAI7F AR o] & s 25t flste] A= 9
E%iﬂ

PvQo (Pv(~PAQ)

9] constructive versione HZA 8] 2 JH=0] A&}

@ wmstarApp®llAl s1 =~ re, s2 =~ Star reZt FOIRES o, HP &= EAFEo] s10] £ wfj=
EA7Y gl 2o £ = 2F 7 RS EA7F HAYTct o] & sty $l5te
B XA uStarAppl= AHEStct.

A7 AW ASS TER §71W thea Pt

Lemmas for MApp case

1 Check or_commut. (* forall P Q : Prop, P\/ Q ->Q \/ P *)
2 Check 1t_ge cases. (* forall nm : nat, n <m\/ n >=m*)
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4+ Lemma le_nat_or_iff : forall n1 n2 m1 m2: nat,
5 (n1 <= n2\/ ml <=m2) <>

6 (n1 <= n2 \/ (n1 > n2 /\ m <=m2)).

7 Proof.

s intros n1 n2 m1 m2. split.

9 - intros H.

10 destruct H as [H | H].

11 + left. exact H.

12 + assert (Ha: n1 <=n2 \/ n1 > n2).

13 { apply or_commut. apply lt_ge cases. }
14 destruct Ha as [Ha_left | Ha_right].
15 { left. exact Ha_left. }

16 { right. split.

17 - exact Ha_right.

18 - exact H. }

19 - intros H.

20 destruct H as [H | H].

21 + left. exact H.

22 + destruct H as [H_left H_right].

23 right. exact H_right.

24 Qed.

26 Lemma plus_le compat : forall n1 n2 m1 m2: nat
27 nt<&=n2->m<Em2 ->nl +ml <&=n2 + m2.
28 Proof.

29 intros n1 n2 m1 m2 H1 H2.

30 assert (Ha: n1 +ml <&=n2 + ml).

31 { apply plus_le compat_r. exact H1. }

32 assert (Hb: n2 + m1 <= n2 + m2).

33 { apply plus_le_compat 1. exact H2. }

34 apply le_trans with (n:=n2 + m1).

’

35 - exact Ha.
36 - exact Hb.
37 Qed .

SPLY| Z3L the ATFPEL] 22l 178 A&ste] £ HEOR thiro] AN 3 HEL
Star re O] A7 o] T AT HEE 28l 26714 = o] o] WPLYF H . 2h<l 319
clear® A We& Mo}, o] Aol ohi= Y- ofF Jtdsitt — HEAE O] 71d Fof o
ol Hart glojxl A& A A= © A<t
o|Z & thE4ol5t} 2Hl 540 A A2 Z=7HE Ha right19] tialAlE 28 = g 7} gict,

SPLOA 71 27 length s1 + length s2 <= pumping_constant App rel re2+= ©| 3}of A
length s1 + (length s1' + length s3') <= pumping_constant rel + pumping_constant re27} &
B, o] F5A2

@ length s1 <= pumping_constant re13}

@ length s1' + length s3'<= pumping_constant re2

2 hiro] ZHaT olf) O AR EH 47 oA 1, D

Ha_right1 : pumping_constant rel » length s1
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25E Qi
MUnionl-S ©]A WPL FE9] ¢l 45 ~ 58714]+= & Zth, o] A A& 9] gl 590 Q=

intros m. apply MUnionL. apply IHc. }& A ZE=2] 2}l 85 ~ 882 tA|o}H Hrt,
MUnionR< AJ=Fstct,

1 (* Strong Pumping Lemma, Part 1 of 2 *)

2 Lemma pumping : forall T (re : reg exp T) s,

3 s =~ re -»

4 pumping_constant re <= length s ->

5 exists s1 s2 s3,

6 s =s1 ++ 52 ++ s3 /\

7 s2 <> [] /\

s length s1 + length s2 <= pumping_constant re /\
9 forall m, s1 ++ napp m s2 ++ s3 =~ re.

10 Proof.

11 intros T re s Hm.
12 induction Hm

13 as [ | x | s1 rel s2 re2 Hml IH1 Hm2 IH2

14 | s1 rel re2 Hm IH | rel s2 re2 Hm IH

15 | re | s1 s2 re Hm1 IH1 Hm2 IH2 ].

16 - (* MEmpty *)

17 simpl. intros contra. inversion contra.

18 - (* MChar *)

19 simpl. intros contra. inversion contra. inversion HO.
20— (* MApp *)

21 simpl. intros H.

22 replace (length (s1 ++ s2)) with (length s1 + length s2) in H.
23 {

24 assert(Ha: pumping_constant rel <= length s1 \/

25 pumping_constant re2 <= length s2).

26 { apply add_le_cases. exact H. }

27 assert(Ha': pumping_constant rel <= length s1 \/

28 (pumping_constant rel > length s1 /\

29 pumping_constant re2 <= length s2)).

30 { apply le nat or iff. exact Ha. }

31 clear Ha. (* remove unnecessary hypothesis *)

32 destruct Ha' as [Ha_left | Ha_right].

33 (* Ha_right case is the harder one. *)

34 { (* Ha_left : pumping_constant rel <= length s1 *)
35 specialize (IH1 Ha_left).

36 destruct IH1 as [s2' [s3' [s4' [IH1a [IH1b [IH1c IH1d]]]]]].
a7 exists s2', s3', (s4' ++ s2).

38 split.

39 - rewrite IH1a. apply app_assocl.

40 - Split.

41 + exact IH1b.

42 + split.

43 * apply le_trans with (n:= pumping_constant re1).
44 { exact IH1c. }

45 { apply le_plus_1. }

46 * intros m.

a7 replace (s2' ++ napp m s3' ++ s4' ++ s2) with
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48 ((s2' ++ napp m s3' ++ s4') ++ s2).
19 { apply MApp. apply IH1d. exact Hm2. }

50 { apply app_assoc1. }

51 }

52 { (* Ha_right : pumping_constant rel > length s1 and
53 pumping_constant re2 <= length s2 *)
54 destruct Ha_right as [Ha_right1 Ha_right2].

55 specialize (IH2 Ha_right2).

56 destruct IH2 as [s1' [s3' [s4' [IH2a [IH2b [IH2c IH2d]]]1]]1].
57 exists (s1 ++ s1'), s3', s4'.

58 split.

59 - rewrite IH2a. apply app_assoc.

60 - split.

61 + exact IH2b.

62 + split.

63 * replace (length(s1 ++ s1')) with

64 (length(s1) + length s1').

65 { rewrite <- add_assoc.

66 unfold gt in Ha_right1.

67 apply n_lt_m_n_le m in Ha_right1.

68 apply plus_le_compat.

69 { exact Ha_right1. }

70 { exact IH2c. }

e }

72 { rewrite app_length. reflexivity. }

73 * intros m.

74 replace ((s1 ++ s1') ++ napp m s3' ++ s4') with
75 (s1 ++ (s1' ++ napp m s3' ++ s4')).
76 { apply MApp. exact Hm1. apply IH2d. }

77 { rewrite app_assoc. reflexivity. }

78 }

79 }

80 {

81 rewrite app_length. reflexivity.

82 }

83 - (* MUnionL *)

84 (% ... %)

85 + destruct IHc as [IHc_1 IHc_r]. split.

86 { apply le_plus_trans. exact IHc_ 1. }

87 { intros m. apply MUnionL. apply IHc r. }

88 }

89 - (* MUnionR *)

90 (* to be continued *)

MStarApp case

MStar02t MStarApp? 2F21 76, simpl in *. specialize (IH2 H)7}A]= ©]H 2] weak version ol 4]
oF Fdotet. 2}l 762 th o] A HE A 2l 999 tf-g-H T, o] Fofli= repeat splitoll Al
AG-0] 7} 304 42 Fold AL Al elstal= 5T A o] gltt,

o1 (* Strong Pumping Lemma, Part 2 of 2, continued from line 90 *)
92 - (* MStarQ *)
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%)

- (* MStarApp *)

Qed.

. *)

(* Ha_left : length s1 < pumping_constant re *)
destruct s1 as [ x s1tl].
{ (* s1 = empty string*)

simpl in *. specialize (IH2 H).

destruct IH2 as [s1' [s3' [s4' [IH2a [IH2b [IH2c IH2d]]1]111].

exists s1', s3', s4'.

repeat split.

- exact IH2a.

- exact IH2b.

- exact IH2c.

- exact IH2d.

{ (* s1 =x :: s1tl *)
exists [], (x :: s1tl), s2.
simpl. repeat split.
- unfold not. intros H'. discriminate H'.
- simpl in Ha_left. unfold 1t in Ha_left.
apply le trans with (n:=S (S (length s1tl)))
+ apply n_le_Sn.
+ exact Ha_left.
- intros m. apply napp_star.
+ exact Hm1.
+ exact Hm2.
}
(* Ha_right : length s1 >= pumping_constant re *)
unfold ge in Ha_right.
specialize (IH1 Ha_right).
destruct IH1 as [s2' [s3' [s4' [IH1a [IH1b [IH1c IH1d]]1]]1]].
exists s2', s3', (s4' ++ s2).
repeat split.
{ rewrite IH1a. apply app_assocl. }
{ exact IH1b. }
{ exact IH1c. }
{ intros m. specialize IH1d with (m:=m).
replace (s2' ++ napp m s3' ++ s4' ++ s2) with
((s2" ++ napp m s3' ++ s4') ++ s2).
- apply MStarApp.
+ exact IH1d.
+ exact Hm2.
- apply app_assoc1.
}

8.5 Case Study: Improving Reflection

Reflection2 boolXt Prop= B@U=™ S o= 7S X8t} o
eqb_eq2S AFE5EA] boolOl Al Prop O & o] Edlo] M-S 135ty

o o Bet 2ol 120]4

o
=
o}, o] AL LE9] reflection
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olt,

1 Theorem filter_not_empty_In : forall (n: nat) (1: list nat),
2 filter (fun x => n =2 x) 1 &[] =

3 Innl.

4 Proof.

5 intros n 1. induction 1 as [im 1' IH1'].

e - (x1=1[]%)

7 simpl. intros H. unfold not in H. apply H. reflexivity.
8 - (*1=m::1" %)

9 simpl. destruct (n =? m) eqgn:H.

10 + (* n =?m= true *)

11 intros _

12 rewrite egb_eq in H. rewrite H.

13 left. reflexivity.

14 + (* n =2 m = false %)

15 intros H'. right. apply IH1'. exact H'.
16 Qed.

Za2 2l 1194 EX0] intros _2F Z0] intros®] 145 2 5HH, Q15of _ T4l o] 5
Folrkd A AER Satsholo} & A (o] Aol 7Hd)o] Leter] g

Reflection& AHE-St= 582 1 U-80] §le Aol ATHET & 25614 Zoj7]7]
HAth ZES Sol= WS 47sHlH
1 Inductive reflect (P : Prop) : bool -)> Prop :=

| (H: P): reflect P true
I (H: ~P) : reflect P false.

M

Check ReflectT. (* forall P : Prop, P =) reflect P true *)
Check ReflectF. (* forall P : Prop, ~ P -» reflect P false *)

Theorem iff_reflect : forall P b, (P <-> b = true) -> reflect P b.
Proof.
10 intros P b H. destruct b egn:Eq.

© ® N o o o~ W

11 - apply ReflectT. rewrite H. reflexivity.
12 - apply ReflectF. unfold not. rewrite H.
13 intros H'. discriminate H'.
14 Qed.
2kel 102 AdYstH ohat 22 237 Y2t
Goal 1
P : Prop
b : bool
Eq : b = true
H : P <> true = true
(172
reflect P true
Goal 2
P : Prop
b : bool

Eq : b = false
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H : P <> false = true
(2/2)
reflect P false

o2 iff_reflect®] GRF Aot

1 Theorem reflect_iff : forall P b, reflect P b -> (P <-> b = true).

2 Proof.

3 intros P b H. destruct H as [H | H].

4 - split.

5 + intros _. reflexivity.

6 + intros _. exact H.

7 - split.

8 + intros H'. unfold not in H. apply H in H'. destruct H'.

9 + intros H'. discriminate.

10 Qed

o] ZofA Eo]gt M2 destruct HOIT} W7} =] Fo|u =2]gto] oYzt reflect P b3l 7

S0l o] A2k 2 2 gt ojuf oW o], Te]x 9] WolX=AS Hets| Lolof et
UUEA 0 2 destruct term, 22 destruct HE AY5HH term, S HO| EFY Q) A9

Agarzo] Aumgol ARIch HO) B9 (5 Zah)o] reflect p b A-9oli BAA} 27

olBn g 27§e] AEI-Eo] A7/ FH, o] T2 reflect P true, == reflect P false®|th.

2] 7 Byl met 9] Yelo] Hi 7H, F p B - p7h AEAES] Solsb Bk,

BE 8.1 iff_reflect?reflect_iffoll &5t p <) b = trueE & A&l ol= &4 reflect P bE
th4l & 4 a1, o] A 9] Ik 7Hsott —

eqb_eq®] THE B eqbPE EH A}

Check egb_eq.
(* forall n1 n2 : nat, (n1 =? n2) = true <-> n1 = n2 *)

1

2

3

4+ Lemma egbP : forall n m, reflect (n =m) (n =? m).
5 Proof.

6 intros n m. apply iff_reflect.

7 rewrite egb_eq. reflexivity.

8 Qed.

O)A| reflectE ©]-85}e] &tA BIH filter not empty InES (OFF &) ¢ 7HHESHA $HT

% glek.

simpl. intros H. unfold not in H. apply H. reflexivity.
- (*1=m::1" %)

simpl. destruct (egbP n m) as [H | H].

+ (*n=mx*)

1 Theorem filter not_empty_In' : forall n 1,
2 filter (funx=>n=2x) 1O []

3 Innl.

4+ Proof.

5 intros n 1. induction 1 as [{m 1' IHL'].

6 = (x1=1[]*)

7

8

9

o
[S)
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11 intros _

12 rewrite H.

13 left. reflexivity.

14 + (*n<mx*)

15 intros H'. right. apply IH1'. apply H'.
16 Qed .

o219 A2 YES} M@ AVE 1717 Fo 5SS & 4 9rk.
AHEAE Fo| 1A,

1 Fixpoint count n 1 :=
2 match 1 with

3 Pl =>0
4 fm:: 1" => (if n =2 m then 1 else 0) + count n 1'
5 end.

7 Theorem eqbP_practice : forall n 1,
8 count n1=0->~ (Inn 1).

o Proof.

10 intros n 1 Hcount. induction 1 as [} m 1' IH1'].

n = (x1=1[]%)

12 simpl. unfold not. intros H. exact H.

13 —(*l:miil'*)

14 simpl. unfold not. intros H.

15 destruct (egbP n'm) as [H' | H'].

16 + (¥ n=mx*)

17 rewrite H' in Hcount. simpl in Hcount.

18 rewrite egb_refl in Hcount.

19 discriminate Hcount.

20 + (*n<Omox*)

21 simpl in Hcount.

22 destruct H as [H | H].

23 * rewrite H in H'. unfold not in H'. apply H'. reflexivity.
24 * destruct (n =? m).

25 { simpl in Hcount. discriminate Hcount. }

26 { simpl in Hcount. apply IH1' in Hcount.

27 unfold not in Hcount. apply Hcount in H. destruct H. }
28 Qed.

8.6 More Exercises

@ nostuttere= B AEof Aojo] FUAFH A7t e =25 dASHE o sojolth

Inductive nostutter {X: Type} : list X -> Prop :=
| : nostutter []
! : forall x, nostutter [x]
I . forall x1 x2 1,
x1 & x2 -> nostutter (x2 :: 1) -> nostutter (x1 :: x2 :: 1).
A HAES A gl

1
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Example test_nostutter_1: nostutter [3;1;4;1;5;6].
Proof.
apply nostutter_cons.
- unfold not. intros H. inversion H.
- apply nostutter_cons.
+ unfold not. intros H. inversion H.
+ apply nostutter_cons.
* unfold not. intros H. inversion H.
* apply nostutter_cons.
{ unfold not. intros H. inversion H. }
{ apply nostutter_cons.
- unfold not. intros H. inversion H.
- apply nostutter_one. }

Qed.
o)L E U ZekshA FH T 4 Gl o] Qick. obA Hl9] eke eSS A1 sfof S,

1 Example test nostutter 1' : nostutter [3;1;4;1,5;6].
2 Proof. repeat constructor; apply egb_neq; auto. Qed.

1+ Example test nostutter 2 : nostutter (@nil nat).
5 Proof. apply nostutter_nil. Qed.

7 Example test nostutter 3 : nostutter [5].
s Proof. apply nostutter_one. Qed.

10 Example test nostutter 4 : not (nostutter [3;1;1;4
11 Proof.

12 intro.

13 repeat match goal with

14 h: nostutter _ |- _ =) inversion h; clear h; subst
15 end.

16 contradiction; auto.

17 Qed.

.

@ FoId B2ETL 7 YAEE HLE oA £AE FAISHH gAA &

oJu|st= thed &©] nergeE W&ol HAL

1 Inductive merge {X : Type} : list X -> list X -> list X -> Prop :=
E : merge [] [] []

3 ! (x: X) (11 12 13: list X) (H: merge 11 12 13):

4 merge (x :: 11) 12 (x :: 13)

5 I (x: X) (11 12 13: list X) (H: merge 11 12 13):

6 merge 11 (x :: 12) (x :: 13).

s Example test merge 1 : merge [1;6;2] [4;3] [1;4:6;2;3].
9 Proof.

10 apply merge_left. apply merge_right. apply merge_left.

11 apply merge_left. apply merge_right. apply merge_nil.
12 Qed.

ot EAOlE= Logic.vollAl Ao E alle]et= &olE AHES

Fed] ol o)A

oA 1 =
=5 JEAE

[¢)

= At =
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2pgsta] btk A AL ShAlste] AHEE Ml A olstet. ol B4 k2w ddel
golel T2k 093 7R H BEYe 24 FYA.

1 Fixpoint A11" T : Type (P : T => Prop) (1 : list T) : Prop :=

2 match 1 with

3 P[] = True

4 P x 01" =Px /\ALl' P1'

5 end.

6

7 Fact All_hd : forall (X: Type) (P: X -> Prop) (x: X) (1: list X),
8 All' P (x :: 1) => P x.

9 Proof.

10 intros X P x 1 H.
11 simpl in H. destruct H as [H1 H2]. exact H1.
12 Qed.

14 Fact Al1_tl : forall (X: Type) (P: X => Prop) (x: X) (1: list X),
15 ALl' P (x :: 1) => All' P 1.

16 Proof.

17 intros X P x 1 H.

18 simpl in H. destruct H as [H1 H2]. exact H2.

19 Qed.
discrimnates 2wt OO A ARSI VXS ST 5 ¢l U= HHAEY B0l Qe
2|5 A of 5t= 7S 2] Holof it}

1 Theorem merge_filter : forall (X: Set) (test: X -> bool) (1 11 12 : list X),
2 merge 11 121 ->

3 All" (fun n => test n = true) 11 -

4 ALl" (fun n => test n = false) 12 ->

5 filter test 1 = 11.

¢ Proof.

7 intros X test 1 11 12 Hm.

s induction Hm as [ | x 11" 12" 1' Hm' IHm'

9 'x 11" 12" 1" Hm' IHm'].

10 - (* merge_nil *)

11 intros H1 H2. simpl. reflexivity.

12 - (* merge_left *)

13 intros H1 H2. simpl.

14 destruct (test x) egn:Hx.

15 + f_equal. apply IHm'.

16 { apply A1l t1 with (x := x). exact H1. }

17 { exact H2. }

18 + apply All_hd in H1. rewrite H1 in Hx. discriminate Hx.
19 - (* merge_right *)

20 intros H1 H2. simpl.

21 destruct (test x) egn:Hx.

22 + apply All_hd in H2. rewrite H2 in Hx. discriminate Hx.
23 + apply IHm'.

24 { exact H1. }

25 { apply All t1 with (x := x). exact H2. }

26 Qed .
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® Among all subsequences of 1 with the property that test evaluates to true on all their
members, filter test 1 is the longest. Formalize this claim and prove it.

HA 270 S FHI P longest oflA =AM BAE F24dR oot Hwt dolo] fja=m
Aol wHolch WA BESAR Aol WAL BA
1 Example filter challenge_2' : forall (test: nat -> bool) (1 11: list nat),
2 (subseqg 11 1) -> (forallb test 11) = true -> subseq 11 (filter test 1).

3 Proof.
4 intros test 1 11 Hsub Htest.

5 induction Hsub as [1 | 11' 1' x Hsub' IHsub' | 11' 1' x Hsub' IHsub'].
6 - (* sbsql *)

7 apply sbsq1.

8 - (* sbsg2 *)

9 simpl. destruct (test x) egn:Hx.

10 + apply sbsg2. apply IHsub'. exact Htest.

11 + apply IHsub'. exact Htest.

12 - (* sbsqg3 *)

13 simpl. destruct (test x) egn:Hx.

14 + apply sbsq3. apply IHsub'.

15 simpl in Htest. rewrite Hx in Htest. simpl in Htest.
16 exact Htest.

17 + simpl in Htest. rewrite Hx in Htest. simpl in Htest.
18 discriminate Htest.

19 Qed.
I g2 dojo] 4R A oJgt v o|t}, o] M2 subseq_length2he XA 2E AFE-SHTE,

1 Example subseq_length : forall (11 12: list nat),
2 subseq 11 12 -> length 11 <{= length 12.

3 Proof.

4 intros 11 12 Hsub. induction Hsub

5 as [1 ] 11" 12' x Hsub' IHsub' | 11' 12" x Hsub' IHsub'].
6 - (% sbsql *) apply le 0_n.

7 - (* sbsg2 *) simpl. apply le_S. exact IHsub'.

8 - (* sbsg3 *) simpl. apply n_le_m__Sn_le_Sm. exact IHsub'.
9 Qed .

11 Example filter_challenge_2 : forall (test: nat -> bool) (1 11: list nat),
12 (subseq 11 1) -> (forallb test 11) = true -

13 length 11 <= length (filter test 1).

12 Proof.

15 intros. apply subseq_length.

16 apply filter_challenge_2'.

17 { exact H. } { exact HO. }

18 Qed .

@ Palindrome& ¢fo 2 ¢lo}p 2 ¢lot 7+
YA 02 Aojgitt,
Inductive pal {X: Type} : list X -> Prop :=
! : pal []

1
| : forall x, pal [x]
| : forall x 1, pal 1 -> pal (x :: 1 ++ [x]).

\_.01

Mo
i

Tk, o] 2E Cogoll Al That ol



8.6. More Exercises 199

4 e BA) 24 RE FolnA

Theorem pal_app_rev : forall (X: Type) (1: list X),
2 pal (1 ++ (rev 1)).

-

3 Proof.

4 intros X 1. induction 1 as [} x 1' IH1'].

5 - (x1=1[1]=*) simpl. apply pal_nil.

6 - (x1=xz::1"%)

7 simpl. rewrite app_assoc. apply pal_cons. exact IH1'.
8 Qed .

9

10 Theorem pal_rev : forall (X: Type) (1: list X),
1 pal 1 -> 1 =rev 1.

12 Proof.

13 intros X 1 H. induction H as [} x | x 1 H1 IH1].
14 - (* pal_nil *) simpl. reflexivity.

15 - (* pal_one *) simpl. reflexivity.

16 - (% pal_cons *) simpl. rewrite rev_app_distr.
17 simpl. rewrite <- IHl. reflexivity.

18 Qed .

pal_revi= palindrome®f thet 2] 9] A oJ7t o] Ao & Fofdttt= A& HojErt oA
oJAL] d& FTHT AL, o] WEF2 ¢ oYt 2709 HxA e E WA FHsHh
1 Lemma pal lemm1 : forall (X: Type) (11 12: list X) (a b: X)

> ac::11=12+ [b] >
3 (a=b/\11=1[])\/ exists 13, 11 = 13 + [b].

7

1 Proof.

5 induction 12 as [} x 12' IH12'].

6 - (x12=1[]%)

7 intros a b H. inversion H.

8 left. split.

9 { reflexivity. } { reflexivity. }
10 - (*12=x :: 12" *%)

11 intros a b H. inversion H.

12 right. exists 12'. reflexivity.
13 Qed.

15 Lemma pal_lemm2 : forall (X: Type) (11 12 : list X) (a b: X),
16 1M+ [a] =12+ [b]l >a=Db/ 11 =12,

17 Proof.

18 intros X 11 12 a b H.

19 assert (Ha: rev (11 ++ [a]) = rev (12 ++ [b])).

20 { rewrite H. reflexivity. }

21 rewrite rev_app_distr in Ha. rewrite rev_app_distr in Ha.
22 simpl in Ha. injection Ha as Hal Ha2.

23 split.

24 - rewrite <{- Hal. reflexivity.

25 - assert (Ha: rev (rev 11) = rev (rev 12)).

26 { rewrite Ha2. reflexivity. }

27 repeat rewrite rev_involutive in Ha. exact Ha.

28 Qed .
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Q1 A 2] palindrome_converse= Tt AT} o] FoA Fa3%t AL g AE thgh A
o2 Fo] & ot "Aok= Aoltt, A g AEQ] Holof thel AHE-E ARgote] B
palindrome_converse_lengthS H# £t tr2o 2 A& S5t Tt

1 Theorem palindrome_converse : forall X: Type (l: list X),
l=revl1-)>pall.

3 Proof.

4 intros X 1 H. apply palindrome_converse_length with (n:= length 1).
5 { apply le_n. } { exact H. }

6 Qed.
7

8

9

o N

Lemma palindrome converse length: forall (X: Type) (n: nat) (1: list X),
length 1 <{=n->1=rev 1 ->pal 1.

10 Proof.

11 intros X n.

12 induction n as [} n' IHn'].

13 - (*n=0%) destruct 1 as [} x 1'] egn:Eq.

14 + intros. apply

15 + intros Hlen H. simpl in Hlen. inversion Hlen.

16 - (*n=5n"%*) destruct 1 as [} x 1'] egn:Eq.

17 + (+ 1 =[] *) intros. apply

18 + (1 =x:: 1" *) intros Hlen Hrev.

19 simpl in Hrev.

20 (* Hrev @ x :: 1' = rev 1' ++ [x] *)

21 pose proof Hrev as Hrev_orig.

22 apply pal_lemm1 in Hrev.

23 destruct Hrev as [Hrev_l | Hrev_r].

24 { destruct Hrev_l as [Hrev_11 Hrev_12].

25 clear Hrev_11. rewrite Hrev_12. apply )
26 { destruct Hrev_r as [13 Hrev_r].

27 rewrite Hrev_r. apply

28 apply IHn' with (1 :=13).

29 - simpl in Hlen. apply le_S_n in Hlen.

30 apply le_trans with (n:= length 1').

31 + rewrite Hrev_r.

32 replace (length (13 ++ [x])) with (S (length 13)).
33 { apply le_S. apply le_n. }

34 { rewrite app_length. simpl.

35 rewrite add_comm. simpl. reflexivity. }

36 + exact Hlen.

37 - rewrite Hrev_r in Hrev_orig.

38 replace (rev (13 + [x])) with (x :: rev 13) in Hrev_orig.
39 { apply pal_lemm2 with (11:= x :: 13) in Hrev_orig.
40 destruct Hrev_orig as [_ Hrev_orig].

a1 injection Hrev_orig as Hrev_orig.

42 exact Hrev_orig. }

43 { rewrite rev_app_distr. simpl. reflexivity. }
44 }

45 Qed.

2Rl 209 Hrev= Wl 2181 37 olstoflA] ThA] RKlof ot= a3 FEE Tl ot 19
2+Q1 229] apply pal_lemm1 in Hrevel QJ5fiA o] HRE A Hrt. Z12fA] 2kl 2194 HrevE
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Hrev_orig2he= o] 522 A5l &= Ao|t}. ojuf A-got= = o] pose proof .. as .. ©|th

® F B2E 3F 927t flas YEWE €°] disjointE 9= A B olstaL, o] A%

Nobup¥} ++o]l thet TAE Yetl= A =E S5t

1 Inductive disjoint {X: Type} : list X -> list X -> Prop :=
: disjoint [] []

N

3 . forall x 11 12,

4 ~ In x 12 -> disjoint 11 12 -> disjoint (x :: 11) 12
5 ! : forall x 11 12,

6 ~ In x 11 => disjoint 11 12 => disjoint 11 (x :: 12).
7

s Inductive NoDup X: Type : list X -> Prop :=

9 ! : NoDup []

10 ! : forall x 1,

11 ~Inx1->NoDup 1 -> NoDup (x :: 1).

13 Theorem NoDup_disjoint : forall (X: Type) (11 12: list X),
14 NoDup (11 ++ 12) -> disjoint 11 12.

15 Proof.

16 intros X 11 12 H. induction 11 as [} x 11' IH11'].
17 - (x 11 =1] *)

18 induction 12.

19 - apply disjoint_nil.

20 - simpl in *. apply disjoint_cons2.

21 + unfold not. intros H'. inversion H'.
22 + apply IH12. inversion H. exact H3.
23 - (* 11 =x :: 11" %)

24 inversion H as [} x' 1' H1 H2 H3].

25 apply disjoint_cons1.

26 + unfold not. intros H'. apply H1.

27 apply In_app_iff. right. exact H'.

28 + apply IH11'. exact H2.

29 Qed.

O o= ExA=e ver|d 9o Sy Absdn

Lemma in_split : forall (X: Type) (x: X) (1: list X),

Inx1->

exists 11 12, 1 = 11 ++ x :: 12,
Proof.
intros X x 1 H. induction 1 as [} x' 1' IH1'].
- (x1=1[] *) inversion H.

- (*1=x"::1"*) simpl in H.
destruct H as [H | H].

+ (% x = x' %) exists [], 1'. simpl. rewrite H. reflexivity.
+ (* In x 1' *) apply IH1' in H. destruct H as [11 [12 H']].

exists (x' :: 11), 12. simpl. rewrite H'. reflexivity.

HlE71% 92E HE7] flste] 2lAE ol S5 Y94t A=
T

ol gttt

o

u]-;}.

= O

rr

S
=

o]

|

ille
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Inductive repeats {X: Type} : list X -> Prop :=
! : forall x 1, In x 1 -> repeats (x :: 1)
| . forall x 1, repeats 1 -> repeats (x :: 1).

olAl Hl=714 A& TE5HL o] Tl BiEES A8 (See line 21.)

1 From Cog Require Import Classical_Prop.

2

3 Theorem pigeonhole_principle: forall (X: Type) (11 12: list X),
4 (forall x, In x 11 => In x 12) =

5 length 12 < length 11 ->

6 repeats 11.

7 Proof.

8 intros X 11. induction 11 as [ix 11' IH11'].

9 - (* 11 =[] *) intros 12 H1 H2. inversion H2.

10 - (* 11 =x 2 11" *) intros 12 H1 H2.

11 pose proof H1 as H1_orig.

12 specialize (H1 x). simpl in H1.

13 assert (Ha: x = x \/ In x 11").

14 { left. reflexivity. }

15 apply H1 in Ha. clear H1.

16 assert (Ha2: exists la 1lb, 12 = la ++ x :: 1b).

17 { apply in_split. exact Ha. }

18 destruct Ha2 as [la [1b Ha2]].

19 remember (la ++ 1b) as 12' ean:Eq2.

20 specialize (IH11' 12').

21 destruct (classic (In x 11')) as [H3 | H3].

22 + (% In x 11" *) apply . exact H3.

23 + (¥ ~ In x 11" *) apply . apply IH11'.

24 { intros x' H4.

25 specialize (H1_orig x'). simpl in H1_orig. unfold not in H3.
26 assert (Haxx' : x = x' -> False).

27 { intros Heq. rewrite Heq in H3. apply H3. exact H4. }
28 assert (Hax'l2 : In x' 12 ).

20 { apply H1_orig. right. exact H4. }

30 rewrite Ha2 in Hax'l2.

31 apply In_app_iff in Hax'l2. simpl in Hax'l2.

32 assert (H_goal1: In x' la \/ In x' 1b).

33 { destruct Hax'l2 as [Hax1 | [ Hax2 | Hax3]].

34 - left. exact Hax1.

35 - exfalso. apply Haxx'. exact Hax2.

36 - right. exact Hax3. }

37 apply In_app_iff in H_goall. rewrite <- Eg2 in H_goall.
38 exact H_goall.

39 }

40 { rewrite Eq2.

41 assert (Hlen2 : length 12 = length la + S (length 1b) ).
42 { rewrite Ha2. rewrite app_length. simpl. reflexivity. }
43 rewrite <- plus_n_Sm in Hlen2.

44 rewrite <- app_length in Hlen2.

45 assert (Hlen3 : length (x :: 11') =S (length 11')).

16 { simpl. reflexivity. }

a7 rewrite Hlen3 in H2. rewrite Hlen2 in H2.
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48 unfold 1t in *. apply le_S_n in H2. exact H2.

19 }
50 Qed .
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The Curry-Howard Correspondence

oh2-0] M| A2 2l SFof A= recommended chapter for a semester course®l] EgHE o] Q1A
LA U= o] S5 o] Ao A4 A ¢l FFol2tal AZhetrt. Tt SFof|A= ©]4 2] Chapter
8. Inductively Defined Propositions &] HIZ Fof Total and Partial MapsZ} L2 2] gt L= o] 7
= F&2 n|f1 o] 37 A& WA thF11at i

9.1 Proof Scripts and Proof Terms

Evidence for Atomic Propositions

Proposition< 23] AL H Q5h=H] o] -2l 0| A& Zprop©lFFaL F-E0. 118|350
predicatet= 17} O]/9] Q4= Betote] Lifo] =& BAS 5ol A L= A ofsA}. SFolA+=
O] A& TR ¥ property 2kl SH=T] O] Hof| A= o] §o & AHESHA] b2 el

&olofl= 71 &) atomic predicate 2} B & 0] compound predicate 7} ATt FAHE AZHE) S
= =2 ddAtet PR olA TE Aol 71 o] dlE sht Bt o] &0
evolal oI oJu= gl ot of &ol oF 9| pl43oll A A ofsto]l HESA

I
o

9 9o

3Q rlo
()

t ol

)

uctive ev : nat -> Prop :=
tev 0
(n:nat) (H:evn) tev (S(Sn)).

N

H
—
)

_——-—a

3

Cog® = 712 o= olFA InductiveE AHESH Ao HAo] T8k (0q9] EE

gtojE.2j2|of th53} Zol Ao wof Ut

4+ Inductive eq {A: Type} (x : A) : A -> Prop :=

5 L eq x X.
¢ E eq x yE T4 x = yE B7|TH.
eq= OFF 2§ <o, 4 F shibe 249l 49 394 229 d&9f x : AR =it

explicit (;)\J\_l__’., E}% 6_]'1/]'—11—__'— %%9/] Q%goﬂ Aoﬂ %7:] X:] implicit %E} Inductive %]9’]01]/\‘1 ?l'q\—%
A GAE 1, 4359 T2 dF/EX, I AR #HJAE 2, 3,5 5) 9 =&Y
91z 0 24 ojtfo] LpehLb=Aof we} o] Bt Aho]7h 9ol §olskat,
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Inductivedh= 71 EE AAGAE 085t BHl& A olst=t AHg-E ek A= Bl o
A& inhabitant T THE0] Ui G0 (F2 A olth. 12 B2 7] T2 grgjolt}. AA27t
o] = Brd o 947 S oM E LevidenceBhal F-ETE

7 Ae B4 “r has type A2 9111, v e AR ST 9 o] A& a = A9 SAAL
9 o] A7 B w o 2 Fslt,

ev_0= Z&ev 09] T710Itk. 18l ev_SS n Hizev (S (s n) o S71oleh. &, o]t n: nat©]
3, H: ev nolojof Rttt 0o] AaEhe A2 UEll= BAI(S, /) ev 0= A52 oollA=
Y= 2ok BolEol = ev 07F -} AL o]A L] FAE ev ot oS F
ARERITE 0 obd LHEA 1 AFASof iRt “Hr=Ad ofl gt A2 8= Vn, evin — ev (n+2)
ojtt. o] T o] TA Y o FL R ev_SSE ARERIT

Ee5d o BBl Vo, 2 = 20H ] 21| o] 52 eq_reflo|H

HE A, &2 FAFE 72 BES SUES BT Bet o] S i AsS
R m2IgoR B 4 gtk 52 oled 3L oludAER ool HHY, 5L
MHE LSS AR 7HA = B A6 E do. oA S8 F=E4 2dde
= E‘ 7}1% %Hﬁl-proof term, or proof ob]ecto] E]'_T’_ —]?L—E—E]' ?J_’:—‘i, %tg% Eij_a-ﬁ_c_’_i _E— Zﬂ%
58 23YE (proof script) 2Fal F-ETE HoF O] TS TEE YH2 hor A}
AL Zrzte] HisiA st AR Zlolt

} 2tz
g2 ghglo|m meho] Zro] o] Yl 9] YA et= A o] Curry-Howard Correspondence
O] 7V 7124 o] A 9] elujolt}, 27 T Y- oln|=, T12]al /4440 &2 IsiatH A 2-s}
HE 52 SOl 2T et o] =9 thafet tf-5-& oJn|gitt, o & E©] minimal propositional
logic2? simply typed lambda calculus?} t-8% 11, 14+=2]+= dependent type} -85,
2A|+=2]+= polymorphic typed} tf-3-Fc}.

Evidence Constructors and Proof Scripts
M ev_ss n Holl oA ], 1B hH ev_ssi= FIQ17}? A ev_s59] RIS ot A,

Check ev_SS
: forall n, ev n -> ev (S (S n)).

O|ZERIL HH S o 4 ALES 0] e evst Tk thit ev ssol BYS 27 o] BT P
olth. oA ev 4°f thet T2 MUstA oot KAt

1 Theorem ev_4 : ev 4.

2 Proof.

3 apply ev_SS. apply ev_SS. apply ev_0.

4 Qed.

5

6 Theorem ev_4' : ev 4,

15_0 ‘ZZ]—/\/K-]’_,] ;‘4413._ X ’\E oh;].

2Minimal propositional logic= H]FE-& Wrot5o| 2] gr=ths HojlA] 2139] =29} 7t} Minimal logic2
o17]0]] Elote] ex falso(F-2 falsum, & B2 gJole] WAlE golgths 72) & wolEo] 7] gheths HojlA o]
S1ghe A pre] ool P,

30 £e1919] Aol p2oge] 2,
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7 Proof.
8 apply (ev_SS 2 (ev_SS 0 ev_0)).
9 Qed .

11 Print ev. 4'. (* = ev.SS 2 (ev.SS O ev 0) : ev 4 *)
12 Print ev_4. (* same as above *)

14 Check (ev_SS 2 (ev_SS 0 ev_0)). (*x ev 4 *)

e]o] SAFS He|H SHATHE HollA show Proof &= AHEoHH ==t 24l 11, 12
ol Aot o] S AAHE SR A print my_theoren 'FH-& AMES = Heh. 2kl 112 FA

B2l 2Hel 12 71HsHA] 983t (F2) Z3olnt. Ao a5 H2{H check my_theoren
YRS ALt e @ 4T 98 Aolet,

@ﬂ_o/] PTOO'FTH Qed A]'O]—’] —r‘T': ] '6 i 2E roofbcrlptoh:]f 14 ] EO] :”:Oﬂ]‘i E’r‘ﬂ 3
o] 51 23AYE do]c.
AT T AAHET BEo] W FEE2 EA0H 2l 804 applyd] A=
AR B ev_sS 2 (ev_ss 0 ev_0)°] SHte] oflolrt. 24l 128 B 27} A4S 5
2aYERRH 000l AL TEO WA L 4 ek,

Y 2THE SAFTE s He A2 show Proof

(¢}

P2 5ot} BAs] &
oleh. whel T PGl HF 0 Polx S Palo] ek A AEAME AH Y
Print my_theoreme AF-&-5}H Hct,
Theorem ev_4'' ev 4.
Proof.
Show Proof. (* ?Goal *)
apply ev_SS.
Show Proof. (* ev_SS 2 ?Goal *)
apply ev_SS.
Show Proof. (* ev_SS 2 (ev_SS 0 ?Goal) *)
apply ev_0.
Show Proof. (* ev_SS 2 (ev_SS 0 ev_0) *)
Qed.
21 F7H] Z5F ey 49 T 370E H=Hl obt o 716l BEAt
Definition ev 4''' : ev 4 :=
ev_SS 2 (ev_SS 0 ev 0).
o] 2t Definition A SAZl 277} = -l Cogol BrotEo]A] Gr=th
A Aol =], o] 4708 Sl il Al Print ev_4, Print ev_4' 5% BWH-S HeEH

Ak nE Pt

Quantifiers, Implications, Functions
gfQlof M BTt S5t Aol F 397 Atk st 9ol al ohE Shu= Inductive
A ool A Y= A3 Ad Aol Tk

e n o 20 + 1S o2}k o] 3719 A& thE RO 2 Aol 4 )t
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1 Definition my f (n: nat) : nat :=

2 n*2+1,

3 Check my_f. (* my_f : nat -> nat *)
Compute my_f 2. (* = 5 : nat*)

3
4
5
¢ Definition my_f' : nat -> nat :=
7 funn=>n*2+1,

s Check my_f'. (¥ my f' : nat -> nat *)

o Compute my_f' 2. (¥ =5 : nat *)

11 Definition my f'' : forall (_: nat), nat :=
12 funn=>n=*2+1,

13 Check my_f''. (* my_f'' L nat -> nat *)

14 Compute my_f'' 2. (*x =5 : nat *)

A B5E0] BF ST §49S thew go] T 4 Ak (A fact F shb

15 Fact same fn @ my_f =my_f'.
16 Proof.

17 apply functional_extensionality.
18 intros x.

19 unfold my_f. unfold my_f".

20 reflexivity.

21 Qed .

o] ZoflA el 17 ~ 19 A= =t 2+el 209] reflexivity’} T2 AAESS o X
S sff 7] o]t

2hel 1104 g oot z} ob= ti/de] BFQ)E forall (L: nat), nat= LFERH Zlo] Su|&
SH R A AAJPEAE AFgSkleh. e SHALS] /el WS & BA|SHITh oA
U HFE a,m xS o AS /\}*‘lo}h ALk G2, _E AR OZH ny {1 9] 2
o] Brgdo] 949 %Ioﬂ o] Y& FxTt Zloltt ol ofm]ofA sHdE= AR
Z E] degenerate 78211l & 4= U}, 2hQl 83} 1<l 11-& H|wof Hef

o]fHolli= Inductive ]l M E7}F 5ot ASE AW AL

1 Inductive my_type : Type :=
I my_constr (_ : nat): my_type.

3 Check my_constr. (* nat -> my_type *)

4 Check my_constr 2. (* my_constr 2 : my_type *)

Compute my_constr 2. (* = my_constr 2 : my_type *)

2

k)

1o . rlo

I my_constr' : forall (_ : nat), my_type'.

Check my_constr'. (* nat —> my_type' *)
10 Check my_constr' 2. (* my_constr' 2 : my_type' *)
11 Compute my_constr' 2. (* = my_constr' 2 : my_type' *)

SHIE = AT FEUS 7R & 4= Ut 2l 83 21l 95 Hluws] Kt
= E|7} opd A9 4 04] ev_SSOll A & Hf glrt.
Check ev_SS : forall n, evn = ev (S (Sn)).

5
6
7 Inductive my_type' : Type :=
8
9
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Q142 o] 19| Fhaned HoFS eItk Holtt,

o] oA A L&k, oflE 5] ev 4= SHEITF UERA] Gttt oA MR 5
F9] a2 forall (h: nat), ev n =) ev (4 + n)ofl tigH AlHHA el
Fofl that o dAE YR = b8 ARESllof oh2 BA E Aot
1 Theorem ev_plus4 : forall n, ev n => ev (4 + n).
2 Proof.

3 intros n H.

4 apply ev_SS.

5 apply ev_SS.
6

7

8

9

apply H.
Qed.

Print ev_plus4. (* (fun (n @ nat) (H : evn) =>ev.SS (S (Sn)) (ev.SSnH)) *)
o] THFO| ofH A= 2}l 9ol A Hzo] ghg=oltt. A ev_plusacll A Lot AT ol&
sto] o] A2]E pefinitions A tht Zo] YEd 4= Qlrt.

10 Definition ev plus4' : forall n, evn -> ev (4 + n) :=
1 fun (n ¢ nat) (H : evn)=>evsSS (S (Sn)) (ev_SS n H).

Ul A7} G0l DR e TS Aol thedt Zol Helg ekl 4= glek.

2 Definition ev_plus4'' (n : nat) (H:evn) :ev (4+n) :=

3 ev.SS (S (Sn)) (ev.SS nH).

14

15 Check ev_plus4'. (* : forall n : nat, evn -> ev (4 +n) *)
16 Check ev_plus4''. (* : forall n : nat, evn -> ev (4 +n) *)

o] FEE Uetdl= Wil oz thg Zo] & 7Hx]7 H it

17 Definition ev_plus4''' : forall (n: nat) (_: evn), ev (4 +n) :=
18 fun (n @ nat) (H: evn) =>ev._SS (S (Sn)) (ev.SS nH).

-

o

20 Definition ev_plus4'''' (n: nat) : evn ->ev (4 +n) :=
21 fun (H : ev n) => ev_SS (S (S n)) (ev_SS n H).

23 Check ev_plus4'''. (* @ forall n : nat, ev n > ev (4 + n) *)
24 Check ev_plus4''''. (* : forall n : nat, ev n > ev (4 + n) *)

Theoren T-E-& AH§S1= ek, olufe] 51 2T YEL apply MeFS] A42 FAFLS AHSHA

e

25 Theorem ev_plus4''"'"! ¢ forall (n: nat) (
26 Proof.

27 apply (fun (n : nat) (H : evn) => ev_SS (S (Sn)) (ev.SS nH)).
28 Qed .

29

30 Check ev_plus4'''''. (* : forall n : nat, evn -> ev (4 +n) *)

evn), ev (4+n),
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ev_plusd' "' 2] Aol A 275t EF YT} check ev_plusd' "' 7} HolF= EFQ]-S W wsHH t}-2
Zrt.

31 Definition ev_plus4''' : forall (n: nat), ev (4 +n)
32 Check ev_plus4''". (% forall (n: nat), ev (4 +n) *)

forall (_: ev n), T ev n 02 LS 7|52 ol A2 & 4= Uk ¥ o2 p -) o=

forall (_: P), QY] “E*—r—r(syntactzc sugar) ©] T},

forall n, ev n —> ev (4 + n)J SAGL :9:-‘?:} }/‘1 ev n =) ev (4 + n)J SATE st
Eisasli=g

@ BT =N ZHAE P - QY T %
TAdste] YElste (@ agm)olths o9& 0l n
YAaEev n SHAZHE TotA ev 4 + 08l T
STt Hojop dith A7 A ue I HE L 5 ¢l

O @& A5 forall n, ev n - ev @ + n)9 FAFL o237 222 & 4 Ut
fun (n: nat) => fun (H: ev n) => ev_SS (S (S n)) (ev_SS n H).

o] &= (Currying©f olsko]) 2kl 9, &2 2kl 18¢f Lt gh=ot FAsict o] ApA2
o oz, o E 5o tha 2ol &Rl 4= Ut

Theorem ev_plus4final : forall n, ev n -> ev (4 + n).

Proof.

apply (fun (n: nat) => fun (H: ev n) => ev_SS (S (S n)) (ev_SS n H)).
Qed.

I A=A SHHAE R R Vee A B Jxe ASH 22 FE 2 AHE} 5 relativized AFEH
o, AT} 517 9 AV AL SHE 4 S AHE RE BYOlA F2liogialy vaiia =2 4]
ARt Fo] Fhssit. Ea mulo] AAH Folw (G5 So] N) hrEe] @At Ast
ez A2 H T o] G4 A 45te] ol ZF 7} ohiet eelo] o] ALgH T gk
2 4% gr

DR VI 0] PAL, Vre A, P(a) 7 Vel € A — P(r) S ool A2t
B Zo] olge] Ego] B 4 91& Aotk LR Jre A, P(r) Ju(w € A A P(x) S
ou] gt

rr ogL

—

Programming with Tactics

0= AHEE SulET

4See p227.
5See p227.
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Definition addl : nat -> nat.
Proof.

intro n.

Show Proof.

apply S.

Show Proof.

apply n.
Defined.

© ® N o o« oA W N =

Print add1. (* addl = fun n : nat =» S n : nat -» nat *)
11 Compute addl 2. (* =3 : nat *)

o
S}

ekl 18 BAHY o ool ABSHE - A Oz shFalstaiu, olAe 51 A
2YE BER BolbEg ot Aolt 12T 38 R0l FRE 95k ged. 7} ol
Defined. & AH8-SX Tt

AL o] AFHEA 2l 19] pefinitions Theorenl 2, +21 89] DefinedE QedZE HH*
ok Ht}  AWE AojA = add1-S F L5}
s YT o, o]d A o8 FH ATHEE Aot A2 fui 2, JEEHYS A
= &8 WE o -85ttt 8= g Aol o= o] ZHlE AT A2 A]
Coq®] B4l ofo]tf o] & ofafist= T o] A3t 7|HS &
7]~ 275kt

t

0l

9.2 Logical Connectives as Inductive Types

=2 7125, & AAet S Tl ool EHolz FE A2 WA MG Auniversal
quantifier 2F ¥ implication JF | §lEt. (F A= 7S] S5 MAJ2 P A Hott) vz
71852 BF e AA X*JEW}
of ZollA uj ¢lob & 22 Fofd Lol gigt SALE, T8 HLEE AAA ¢ AF

TEE ol 7] oy Oﬂ et o e 2= AFEE ol o] APAE AFESHE A

7122 (S) o A e} Ol E ARgSte] e Het el HiRt ofHE A8 TEE A2
p2100 4] Hott, oAl v 2] Fekatet bAtel] tiet SAF%E TEE e
.

Conjunction

and= Inductive A 2loll A 2732t conj & AR&-ste] ot Zol 4
F gtolHelgof o]EA| ojE]o] Qltt.) and=

o]l conji= F ZH ZH2Ee] SARS Wot F Zeho] =2
= SAFo|t

Inductive and (P Q : Prop) : Prop :=
} :P->Q->and P Q.

Arguments conj [P] [Q].

o W N e
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Notation "P /\ Q" := (and P Q) : type_scope.

Check and. (* and : Prop -» Prop -> Prop *)

Print and.

10 (* Inductive and (A B : Prop) : Prop :=conj : A->B -> A /\ B. %)
11 Check conj. (* conj : forall A B : Prop, A -> B -> A /\ B *)

12 Print conj.

13 (* Inductive and (A B : Prop) : Prop :=conj : A-> B -> A /\ B. %)

and2} conj o] A= ZHEI A A Cartesian product 1 4 prod2t paire] A} F-AFstet.
Inductive prod (X Y : Type) : Type :=
| EX DY DX kY,
conj7F olFA FejEo] JloeB g =5 7Hdol destructE *%@ T Aok o= 4EY &
AGe AF7HA £ AR ki BskA g A s 3 AR olshate wrEA
o|afjstal ol7fok ghet. thg A HEO] ZF ilof A Il % I 2ol Cog GoalsPHH-S
eS| Lrebd Zojot,

1 Theorem proj1' : forall P Q,

2 P /\ Q _> P.

3 Proof.

4 intros P Q HPQ. (* P, Q : Prop \\ HPQ : P /\ Q \\ Goal: P *)

destruct HPQ as [HP HQ]. (* HP = P \\ HQ : Q \\ Goal: P %)

6 apply HP. (* There are no more subgoals *)

7 Qed.

8

o Print proj1'. (* proj1' = fun (P Q : Prop) (HPQ : P /\ Q) => *)
10 match HPQ with

11 I conj x x0 => (fun (HP : P) (_ : Q) => HP) x x0

12 end

2RI 7 ~ 90f] Bl FA ol et A2 okt At

AT =2 2HEZVP,Q, P A Q — PO T2 P QE = ot
P AQ— PO < F/d5to] gdste golth 2|3t PAQ — PO T2
P A QY FH& A5 Hof po] -5 gdote ol

aHEg o] A2 &2 A, Curryingoll &Jste] o] F71ge] 3719
14 (P Q : Prop) (HPQ : P /\ Q& W= A= & 4 Qo HPQ—:P ANOEIE R
ek A2 conjoll ofsto] A== Zolth o] conjol Q42 AHEH A
= x: PeF xo: qEf obAR 2l 119] W2 Rkl x: p7t EMOF gtoh. oA
= ARt (w,20) > 5 A x x00 H&appiyote] e 4 o822 ¥
(fun (P = P) (_ 1 @ = HP) x x05 QT 119] ol & Ao|rt.

oA T HAEo tigt AH-S SHlTh x&F x0= Cog7t HH-H 02 ALg-oh= W40 H, *}3
2= o] HEE o]F 4l Hpe} HeRh= ol F= 5701 destruct®eh. 129 AE A
HQ: Q7F Xt HpE l& T O] SATY| B R o] & applystH ot

oFogs 7Hd o] =elHEd o o|EA o] & o] &3 AT WE=AE got
Holth o] & mFo] =2 HEsl AE AL o] B F
ARSI} o2 9] ol E HA} split7h Al H ARSE| SATt
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Lemma and_comm : forall P Q : Prop, P /\ Q <-> Q /\ P.

1

2 Proof.

3 intros P Q. split.

4+ - intros [HP HQ]. split.

5 + apply HQ. + apply HP.

6 - intros [HQ HP]. split.

7 + apply HP. + apply HQ.

s Qed.

o] A2le] SAHE2 Show ProofE FallAl Yot th3a} Zrt,

1 (fun P Q : Prop =>

2 Logic.conj

3 (fun H : P /\ Q => match H with

4 I conj x x@ => (fun (HP : P) (HQ : Q) => conj HQ HP) x x0
5 end)

6 (fun H : Q /\ P => match H with

7 i conj x x@ => (fun (HQ : Q) (HP : P) => conj HP HQ) x x0
8 end)

o )

Ads] Botet. o] & tha3t Zol ItastA wE &= Sl 4 2FQ1 29 Logic. conji= conjE
A =t conj”t Logic Brol B33 of &otth= Z-2 Cogo] & Al IO B2 |ogice AEFot=
Zlo|t,

A = ASR 2719 T p Qi PropS BHoFEQITh Q4o AL it 12|11 o]
o] R P AN Q> N\ P SAZTQ NP P /A QY FAFY Logic.conjolTh.

Logic.conj®] A 4= 2l 3 ~ 5ofl Y&} ik, 222 p /\ @ - Q /\ PY SAFIH,
ol geolnh. (F4=9 gEgto] ofHth) o] @=p /\ Q9] SAT HE QISE Wof ofd
o] HEgES FEsk, I s x1 x28 WOt conj x2 x1-& 2ERICE 2]l 4= oh3at
Zro] ThstA yerd 4= Qlct

I conj x x0 => conj x0 x

Logic.conj o] A 19l g ot E0] o5& Fof UEhd & h.°

Definition and_comm'_aux PQ (H : P /\ Q) : Q /\ P :=
match H with
| conj HP HQ => conj HQ HP
end.

Logic.conj®] 5 WA 14-= and_comm'_aux2t -5 A0lott, mhahA] 244l 1 ~ 9= th33} o]
1EOZQ4QETMq
Definition and conm' PQ : P /A Q<> Q /\ P :=
conj (and_comm'_aux P Q) (and_comm'_aux Q P).
and_comn' < =250 WEHZ ZF HEXAT and_comm®] SAFo|Th o] AP thit Zo]
= ) g o 2 sl

all
fio

6AMALL o] 5 g4 ok Theh AAbE P, 02 U4 WA gk A AE gl 2 AMgake] we Tk
ol5E Q142 WolEelThs Aol7} glrt.
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1 Theorem and_comm_thrm1 : forall P Q : Prop, P /\ Q <-> Q /\ P.
2 Proof.

3 apply and_comm' .

4 Qed .
5

6

7

Definition and_comm_thrm2 : forall P Q : Prop, P /\ Q<> Q /\ P :=

and_comm" .
Co°] % ATYERRE A0 To F ZAFL BRoFo = PolH 947] BE B9}
gtk 34 Sh31 glo ™ o] & ARs| 2l T 4 glov] ofefdt Ve A

= ZHol it S8 22 HEE 2H4d5HAL show ProofE ©l-&5t] AT S

re
i[>
o
=
©
==

forall P Q R: Prop, P/\Q->Q /\R->P /\R

o 48 AHgoto] 39 2AYES AAsteler,

1 Definition conj_fact evidence : forall PQR, P /AN Q->Q/\R->P /\ R :=
> (fun (P QR : Prop) (HPQ : P /\ Q) (HQR : Q /\ R) =

3 conj

4 (match HPQ with
5 (match HQR with

conj x y = x end)
conj x y => y end)).

3 2AYEE 5ot A2 SAF] conj_factet T LT T4 APstodet. cog= SN
HEAx Foh 4
Disjunction

o] M4l =] disjunction ©] T}, O} 0] T =S AbA|SHA A 5| Kt
Inductive or (P Q : Prop)
| P ->orpP
| :Q->orP

: Prop :=
Q

Q.
Arguments or_introl [P] [Q

]
Arguments or_intror [P] [Q].

Notation "P \/ Q" := (or P Q) : type_scope.

© ® N o ;A W N =

Check or_introl. (* or_introl : forall P Q : Prop, P -
11 Check or_intror. (* or_intror : forall P Q : Prop, Q -

oro] ool 4] 2kl 1-3 T} o] HHH e,

Inductive or (P Q : Prop) : Prop :=
| (_:P):orPQ
| (_:Q):orPAQ.

o
[S)

Vv
U T

taol B =2 mdatale diel b 295 inj ok TEa ARel Hab
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Definition inj_1 : forall (P Q : Prop), P -> P \/ Q :=
fun P Q HP => or_introl HP.

Theorem inj_1' : forall (P Q : Prop), P -> P \/ Q.
Proof.

intros P Q HP. left. apply HP.

Show Proof. (* (fun (P Q : Prop) (HP : P) => or_introl HP) *)
Qed.

© ® N o o« oA W N =

o
S}

Check inj_ 1. (% inj 1 @ forall (P Q : Prop), P —> P \/ Q *)
Ohg-S wmelgt 47 FAolct A we,

11 Definition or_elim : forall (P Q R : Prop),
1z (P\/Q > ((P->R) ->(Q->R) >R :=

13 fun P Q R HPQ HPR HQR =>
14 match HPQ with

15 | or_introl HP => HPR HP
16 | or_intror HQ => HQR HQ
17 end.

19 Theorem or_elim' : forall (P Q R : Prop),
20 (P\/Q -> (P->R) > (Q->R) >R,
21 Proof.

22 intros P Q R HPQ HPR HQR.

23 destruct HPQ as [HP | HQ].

24 - apply HPR. apply HP.

25 - apply HQR. apply HQ.

26 Qed .

27

28 Theorem or_elim'_thrm1 : forall (P Q R : Prop),

29 (P\/Q -> (P->R) > (Q->R) >R,

30 Proof.

31 apply or_elim'.

32 Qed .

33

34 Definition or_elim' thrm2 : forall (P Q R : Prop),
35 (PN Q > (P->R)->(Q->R) >R :=

36 or_elim',

the-g mejgke] waky Holct

1 Definition or_commut' : forall PQ, P\/ Q->Q\/ P :=
> (fun (P Q : Prop) (HPQ : P \/ Q) => match HPQ with
3 | or_introl x => (fun HP : P =) or_intror HP) x
4 I or_intror x => (fun HQ : Q => or_introl HQ) x
5 end).

6

7 Check or_commut'. (* or _commut' : forall P Q : Prop, P \/ Q -> Q \/ P %)
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Existential Quantification

Coqoﬂj"] —‘“7‘H ]-7(4,\].1— 7_E]@'@"]’universal quantiﬁerg} @'Qimplication%: /\]'%‘6]'0% 1’4——3—1} 7151'01
AgA oz Aolsict.

P: A - pProp7t 1@&0lY o ex P= PE WSS A 9 Y47 EX = A& e
£ IZHOIth ex P {zeA | Pa} # o9 T2 oulo]t}, o] AZ exists x, P ]
o} —existsi= ex®] ARFolTh

HOolg & H7| vigttt, Vaea, (Pz — exP)Olth. (VzeA,Px) — exP7} oFH T},

1 Inductive ex {A : Type} (P : A -> Prop) : Prop :=

2 | : forall x : A, P x -=> ex P.

3

4+ Notation "'exists' x , p" :=

5 (ex (fun x => p))

6 (at level 200, right associativity) : type_scope.

7

s Check ex_intro.

9 (* ex_intro : forall (A : Type) (P : A => Prop) (x : A), P x —> exists y, Py %)

APF] o)A 3z, P(z) 9] $HL P(x) S WEste 94 o9 P(2) 9 59 H O &M%
(@, H)°olt}. (See p227.) Cogoll A= Jz, P(x) E ex PE T olAe] Ui, & STATS A
ex_intros #A THEo] Wt 2kl 29] Ql&= ex_intro2] A o= oM th21} Zro] A= 70|
A olsfst7|o] ExE 4% Tt

I ex_intro (x : A) (_ : P x): exP.

ex_intro= A= 2¥st= 42 & 4= 9o, BFI2 2hel 9o Yepht Qo 47 9] QI
Hol= &l Aoz Hol=d A WA Q14 (A: Type)= FEAQ Ao|B=2 AJeFolH Hrt,
T JHA Q4 (P A - Prop)L kel 20l = ¢l

gLl 2kl 1ol Yeh ik Al |7 Q4= (x: A=
Px7} /Halo}_ 2o, Wl A Q1= (H: P x)&= P x2 SAZ0lth o] x&F v =A%S
ex POl EHog B 4 °‘ﬂ-
d& = v T &A% (0, ev 0)F exists x, P x¥ EHOZ B & =1, cogoll
”é% E}%T—} 22 SAFLZ YePATE 7] A ex_intro®] A HA] 4= (FEH
o2) AHFEAT, F HA QA4 (P: A -) Prop)@] FLLE fun n =) ev nO] AR

s
o\

3Q L
go & rlr
ro

2

ex_intro (fun n => ev n) 0 ev_0
a2 BE ot T2 Fo] 7ottt

Fact ex_intro: exists n, ev n.

Proof.
apply (ex_intro (fun n : nat => ev n) 0 ev_0).
Qed.
Y 9l9] £8E Tt} gol WY Het

Fact ex_intro': exists n, ev n.
Proof.

apply (ex_intro ev 0 ev_0).
Qed.
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O F= o] G E <5 (fun n @ nat =) ev n) 0 = ev 07} AH3}7] Eolatr 1A o H
o}, ot o] E Aol A2 A& Aok m2r b oz Avt]o] AYsA] ¢ir] f2o|ch
SHAAE o] ZF-ofl= Hr}. eve] BFYIO] nat - ProplZA] ex_intro®] A 914=9] B¢ XA
wrsehn £5 A Aol Aat] thgelet

A AR A% 0 B4 25 AFgshe et e,

Fact ex_intro2: exists n, ev n.

Proof.

apply (ex_intro (fun n : nat => ev n) 2 (ev_SS 0 ev_0)).
Qed.

5.2 thgu} o] A ek,

Fact ex_intro2': exists n, ev n.
Proof.

apply (ex_intro ev 2 (ev_SS 0 ev_ 0)).
Qed.

A A R14R 45 N =& Hoh

Definition some_nat_is_even : exists n, ev n :=
ex_intro ev 4 (ev_SS 2 (ev_SS 0 ev_0)).

Definition some_nat_is even' : exists n, ev n :=
ex_intro _ 4 (ev_SS 2 (ev_SS 0 ev_0)).

exists n, ev n: Prop¥t T2 EAZ9] Ff-o= SAFC] A 7l AE F IS BT

Ua2H 9.2 STl 5 I o]AHe] meS ZATHALE ALg A 943 wrEo] Het.

1 Definition ex_ev_Sn : ex (fun n => ev (S n)) :=
2 (ex_intro (fun n : nat => ev (S n)) 1 (ev_SS 0 ev_0)).

3

s
B
rf
=
1o
%
R

ex (fun n = ev (S n)E EFY LR 7}A]= inhabitant & 2|5t Qict. &
n: natdeS d 4 Atk ex AP - A =) Propl® (fun n = ev S NEAMEFOBEZ p n2
ev (s n)olth, 87} 2= AL ox P, = exists x, ev (S x)o EAFo|t}. 1 oh 71 #4221
Zlo] AT SToloF stE R SR 2 15 F[otH H AT

ex (fun n = ev (s nN)2] YAE TrE0] Y A ex_intro= A B4 A2 ex9] <1
—/r\“(\)_] ﬁ PE ‘7}4@'1—’}' a1 E]'% (\)_]"/r\“i% %’ﬂwitnesso] Q% ﬂi% 24l U]'Z]E}- (\)_]"/l\‘i P x,
Zev 5 0 FATS 20 AF x 1= 12 ARESIL 2B =Z oy (5 1), Zev 22 FAFS

npz]al o142 of gtk o] AL ey SS 0 ev 0°]T} 4
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True and False
Trueﬂ' False™ ]' %O']nullary predicate, = E%‘O]r/]- ;](jx]_oﬂ_l‘:_ %‘—7{63—0] %Xﬂﬁ]ﬁj—’_ ——,%—X]-Oﬂ%
ZASHA Y=t

True®] HAEA AHol= ot 7iedsit.

Inductive True : Prop :=

! : True.

Definition p_implies_true : forall P, P => True :=
fun (P: Prop) (H: P) => I.

Check p_implies_true. (* p_implies true : forall P : Prop, P —> True *)

False®] 4o o Zhetstet. o] 512 FATo] ZA5HA e Ferelolnz A4} gk,
Inductive False : Prop :=.

7Hd el FalseZt RO H 1A L] oHHAAE destructSHH S o] Sha )

1 Fact contra® : False => 0 = 1,
2 Proof.

3 intros contra.

4 destruct contra.

5 Qed .

contrat= False®] SAFCIZ PO 2 TS destructorE] =, oHZ construct® A o]
ROEZ destructd & ok A7 27} Zrotof ohi= A2 Falsed] THER o] Fo]X
A Aog9goz olal g = 19 FHER o|FolX HAEE TH O = 5= & Ueo] e

E

Aoltt. 19H] A2 A ojolo] Tl (Folx TAUNACE Holiw] o2 AH &
27} o el F7ako] £Af oot ATho] gltt) TURS Hojelo: st Ak (Folo]
BATOIE oM E G4 ZATTE B8 empty function 7 TACITE. O] A 0.2 Fo] izl

o =
AoIEk7 hA] WokA 4t BE 3t poll A False - p] SAFo] B,
oh2 ool Al AF-8-3F & ex_falso_quodlibet= BFEIO] 2 ‘from falsehood, (you get) any-
thing ol 2H: Fol2b g, 24l 2= cogoll 4 Be4E Leh ol

1 Definition false implies_zero_eq one : False -> 0 = 1 :=
2 fun contra =) match contra with end.

Xe)
=]
i

ar

1+ Check false_implies_zero_eq_one.
5 (x false_implies_zero_eg_one : False -> 0 = 1 *)

7 Fact ex_falso_quodlibet® : forall (P: Prop), False -> P.
s Proof.

9 intros P contra.

10 destruct contra.

11 Show Proof.

12 Qed.

Tolegt :Zri%ﬂl% fﬂlsoa}ﬂ 5t ol= ZElo|® A ;q—o—i—‘ﬁrﬂ"ﬂ'% Zeolth. Ex falsor= IV+s] falsumol@tal
L 3t} Cog O] FETAE destruct HFO R LAY kT
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14 Definition ex_falso_quodlibet' : forall P, False -> P :=
15 (fun (P : Prop) (contra : False) => match contra with
16 end) .

18 Check ex_falso_quodlibet'. (* ex_falso_quodlibet' : forall P : Prop, False -> P *)

False®] 82 EASHA] =t T12juy A AE| B4-o] QlOH Falsed] 82 W
H & Qlt}. A& 5] False -) False : Prop< ex_falso_quodlibet@®| 4] P := False®l
o] ZA gt} o] F-2 2F2l 9= intros contra’t 2 AojH ool &

T2 HEAE] BE0] QlO B destruct HEhS HA SHY 4= Qlrh.

1=

Negation
B A A= (o Coq oA ~ 7|5 & AFESIY] JEFALE ~ pEP -) Falses =92 7] abbreviate TF
ZAog 2oy B AdAE AMgot= TF O] A2 ~ (P /\ ~ P& E°] °|A 9] TAFZ 2o}

&
Rzt o] mgre AdF9 viFELemO|tt

Definition LEM' : forall P, ~ (P /\ ~ P) :=
fun (P : Prop) (H : P/ (P => False)) =>
match H with
| conj HP NHP => NHP HP
end.

HP @ POIILNHP : P -) FalseS 7F35HA BHK si4o] 95kl nup WP @ False©|th.

9.3 Equality

CogE 2 AgH o= A J5to] ARgett. Notation ==2 A& Al AFHgohs 28 A3
o ARt AR T

Module EqualityPlayground.

Inductive eq {X: Type} : X => X -> Prop :=

| : forall x, eq X X.

Notation "x == y" := (eq x y)
(at level 70, no associativity)
. type_scope.

Lemma four : 2 + 2 ==1 + 3,
Proof.

apply eq_refl. (* [simpl] can be omitted *)
Qed.

Definition four' : 2 +2 ==1+ 3 :=
eq_refl 4.
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Q2] 7} Wol AR AH reflexivity L apply eq_refld Zokolﬁ} 9 reflexivity= ¥
2 =of] tisfiA] HolH AHolB R 7] 4 9] ==of thef| A= ZE5HA] =T, rewriteo] AL
npz7k2 2 3 4= oot oy AT HE O] 21l 159} 2l 1704 o] & & 4 QL

Definition singleton : forall (X: Type) (x: X), []+[x] == x::[] :=
fun (X:Type) (x:X) => eq_refl [x].

Definition eq_add :
forall (n1 n2 : nat), n1 == n2 -=> (S n1) == (S n2) :=
fun n1 n2 Heq =)
match Heq with
| eq_refl n => eq_refl (S n)
end.

© ®w N o ‘oA W N =

11 Theorem eq_add' :

12 forall (n1 n2 : nat), n1 == n2 -> (S n1) == (S n2).
13 Proof.

14 intros n1 n2 Heq.

15 Fail rewrite Heq.

16 destruct Heq.

17 Fail reflexivity.

18 apply eq_refl.

19 Qed.

T e|l2EL d=ot ddo] 242k QAehE FATeRE AP Sk,

1 Definition eq cons : forall (X : Type) (h1 h2 : X) (t1 t2 : list X),
2 h1 ==h2 > t1 == 12 > h1 :: t1 == h2 :: 12 :=
3 fun (X: Type) (h1 h2: X) (1 t2: list X)
4 (Hh: h1 == h2) (Ht: t1 == t2) =>
match Hh with

6 I eq_refl h => match Ht with

7 | eq_refl t =) eq_refl (hoho)
8 end

9 end.

11 Check eg_cons.

13 Fact eq_cons® : forall (X : Type) (h1 h2 : X) (t1 t2 : list X),

14 h1 ==h2 -> t1 == 12 -> h1 :: t1 == h2 :: t2.
15 Proof.

16 intros X h1 h2 t1 t2 Hh Ht.

17 destruct Hh as [h] egn:Egh. (* can omit [as ..] *)
15 destruct Ht as [t] egn:Eqt. (* can omit [as ..]| *)

19 apply eq_refl.
20 Show Proof. (* longer than the hand-written version *)
21 Qed

ehel 17, 18914 as o]5hE Arsla stel WekE Pastolal
‘E%’f‘q Aol Fof 7 58T 7 E H O W Leibniz equality £} Definitional equality
AT 27} G oot S0t Axpet TS S BAL



9.3. Equality 221

Lemma equality_ leibniz_equality : forall (X : Type) (x y: X),

1
2 x ==y -» forall (P : X => Prop), P x => P y.
3 Proof.
4 intros X x y Hxy P Hx.
5 destruct Hxy as [z] ean:Eq.
6 apply Hx.
7 Show Proof. (* longer than necessary, and ugly *)
s Qed.
2l 45 ATt 39 1. -2 of2 3t Ert
. snip
Hxy @ x ==y
P : X -> Prop
Hx @ P x
(1 /1) ===
Py
o714 ol 52 A5t ket 2e Shelo] Lrehith
. snip
Hxy : z == z
P : X -> Prop
Hx : P z

Eq : Hxy = eq_refl y
(1 /1) ===
Pz

of o]FA = =x] AHKEAL,

A Hxy : x == y= AR} eq_refl : forall x, x = x°l &5l WE] A& Aoltt. o]
AAAFS] BOIHASE = 22 20 ;7 = 27} x = yof] WA E|ojof IR E x&} y&= BEF ;&
BRI A =ik ixeF 12 T 242 p o2 HHATH 2H2 59 as [2]E as [x], as [yl, as [zz1]
5 of@ W4z ol Apklnt,
olf= SAHFE A wEIA SHH Bt
Definition equality leibniz_equality_ term :

forall (X : Type) (x y: X),
x ==y -» forall P : (X => Prop), Px -> Py :=
fun (X @ Type) (x y: X) (Hxy : x ==y) (P : X => Prop) (Hx : P x) =
match Hxy with
I eq_refl x0 => fun (Hx : P x0) => Hx
end Hx.

~ o o - w M =

Hxy @ x == y7} eq_refl x0 : eq x0 x0° WA EoJof 52 E x yi= x0= HHH A A}
T8 BRE Hx @ P xio Hx @ P x0% HHAL, £27F SAFE 7|5 dote T p yE HA|
P x0= HHATE o] A9 FAFO R = ixE IHE ARESHH 2 Aolty, 180 2l 5~ 7&
T Hx= 2 A2 oF Foh, ket HxZF TR A = match Hxy with .. endE &olA &
71 o)tk TatA match .. endd] A= A2 4B Hxoll 83 A-E 2Hst= 8
FAFYORE 4T oW Hr
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1 Lemma leibniz_equality__equality : forall (X : Type) (x y: X),
2 (forall P: X => Prop, Px > Py) > x ==y,
Proof.
intros X x y H.
apply H.
apply eq_refl.
Show Proof. (* (fun (X : Type) (x y : X) (H : forall P : X => Prop, P x > P y) =>
H (fun yO : X => x == y0) (eq_refl x)) *)

© ® N o o o~ W

Qed.

1 End EqualityPlayground.

-

24}l 7 ~ 8o et SAE 585 ¢ 249 o] gloey & ARgstd 2 Aot ne
49l &o] P & X =) PropE FHU-Z HT ANA|7} ot}

F2|7F dolk= A2 x == yO] SAFOIH. o] A2 eq_refl®E FrEL= FHe] gltt, 12|11l o]
FATO B x = y= v HAS T 5 p y7} E|ojof & Zlojtt,

PE T TFA x= olu] =) E ] = Aot PE fun y0: X =) x == yoE FH

P xt=x == x| B2 ZAT eq_refl x& 712 7‘101‘:‘1 Py x == yQIHl], o]A 9] SAFC=Z =
HEZ H (fun y0 @ X =) x == y0) (eq_refl x)7} =43t

Inversion, Again
inversion HeF2 FESHA T Sh= o] S| B2 WA mrefshr| 7t & ol ¥ SFol A=
cheat 2ol At

We've seen inversion used with both equality hypotheses and hypotheses about induc-
tively defined propositions. Now that we've seen that these are actually the same thing,

we're in a position to take a closer look at how inversion behaves.
In general, the inversion tactic...

« takes a hypothesis H whose type P is inductively defined, and
. for each constructor C in P’s definition,

* generates a subgoal in which we assume H was built with ,

* adds the arguments (premises) of C to the context of the subgoal as extra hy-
potheses,

* matches the conclusion (result type) of C against the current goal and calculates
a set of equalities that must hold in order for C to be applicable,

* adds these equalities to the context (and, for convenience, rewrites them in the
goal), and

* if the equalities are not satisfiable (e.g., they involve things like S n = 0], imme-
diately solves the subgoal.
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9.4 More Stuff

Coq’s Trusted Computing Base
9) 92 coq& Wolof sH71? A] W17} gickd of a7

o] A&l tiste] ¢ 5] AR G5 HE7]= ol FAAT A5k = -8l st
o Cog®] AF2 BFY Q1 BT Ftype-checking algorithm O & SHAF T, BFIA| 7= H| W A
Zeret Lz Jsgolebs 057k AYE o127} 6] Aok,

More Exercies

Il

o

44

o
rr

ta 719 dEEAle BE AT

R

ot

Definition and_assoc : forall P Q R : Prop,
P/AN(/\R) > (P/\Q) /\R :=
fun (P QR : Prop) (H: P /\ (Q/\R)) =
match H with
| conj HP (conj HQ HR) => conj (conj HP HQ) HR
end.

Zelet.

Check and_assoc.
(x forall PQR : Prop, P /N Q/\R-> (P /\ Q) /\R %)

Definition or_distributes over_and : forall P Q R : Prop,
P\ (Q/\R)> (P\/Q /\ (P\/R) :=
fun (P Q R : Prop) =
conj
(fun (H : P \/ (Q /\ R)) => match H with

| or_introl HP => conj (or_introl HP) (or_introl HP)

| or_intror (conj HQ HR) => conj (or_intror HQ) (or_intror HR)
end)
(fun (H: (P \/ Q) /\ (P \/ R)) => match H with
| conj (or_introl HP) (or_introl HP') =) or_introl HP
conj (or_introl HP) (or_intror HR) =) or_introl HP
conj (or_intror HQ) (or_introl HP) =) or introl HP
conj (or_intror HQ) (or_intror HR) =) or_intror (conj HQ HR)

).

o
>
Q —— —— — -

Check or_distributes_over_and.
(* forall PQR : Prop, P\/ Q/\ R<> (P\/ Q) /\ (P \/R) %)

Definition double neg : forall P : Prop,
P> ~P =
fun (P : Prop) (H : P) => fun (H' : P => False) => H' H.

Check double_neg.
(* forall P : Prop, P -> ~ ~ Px)

Definition contradiction_implies anything : forall P Q : Prop,
(P/\ ~P) > Q:=
(fun (P Q : Prop) (H: P /\ ~P) =
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match H with
I conj x x0 => (fun (HP : P) (HNP : ~ P) =
match (HNP HP) with end) x x0
end).

Check contradiction_implies_anything.
(* forall P Q : Prop, P /\ ~P => Q *)

Definition de_morgan_not_or : forall P Q : Prop,
~((P\Q ->~P/\~Q:

fun (P Q : Prop) (H: ~ (P \/ Q) =
conj (fun (HP : P) => H (or_introl HP))
(fun (HQ : Q) => H (or_intror HQ)).

Check de_morgan_not_or.
(* forall P Q : Prop, ~ (P \/ Q) > ~P /\ ~Q¥*)

Definition curry : forall P Q R : Prop,
((P/ANQ ->R) > (P->(Q->R)) :=
fun (P QR : Prop) (H: (P/\ Q) ->R) (HP : P) (HQ : Q) =>
H (conj HP HQ).

Check curry.
(x forall PQR : Prop, (P /\Q->R) > P ->Q->R %)

Definition uncurry : forall P Q R : Prop,
(P->(@Q->R) > ((P/\NQ ->R) :=
fun (P QR : Prop) (H: P ->(Q->R)) (HPQ : P /\ Q) =
match HPQ with

I conj HP HQ => (fun (HP : P) (HQ : Q) => H HP HQ) HP HQ
end.

Check uncurry.
(* forall PQR : Prop, (P->Q->R) > P /\Q->R¥*)

Proof Irrelevance (Advanced)

Functional extensionality @} H|5=$F propositional extensionality= Th-23} Zo] A o] =T},

Definition propositional_extensionality : Prop :=
forall (P Q : Prop), (P<-> Q) -> P =AQ.

A5wA 27

1 Theorem pe_implies or eq :

2 propositional_extensionality -

s forall (P Q : Prop), (P\/ Q) =(Q\/ P).
4 Proof.

5 intros PE P Q.

6 apply PE.

7 split.

8 - intros [HP | HQ].

9 + right. apply HP.
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10 + left. apply HQ.

11 - intros [HQ | HP].

12 + right. apply HQ.
13 + left. apply HP.

14 Qed.

16 Lemma pe_implies_true eq :
17 propositional_extensionality ->
18 forall (P : Prop), P -> True = P.

19 Proof.

20 intros PE P HP.

21 apply PE.

22 split.

23 - intros _. apply HP.
24 - intros _. apply I.
25 Qed .

Proof_irrelevancet= &L o] tfgh S AFS B5F Zrh= FH ot o] A2 th-&3 Zol
B 4 e,
Definition proof_irrelevance : Prop :=
forall (P : Prop) (pf1 pf2 : P), pf1 = pf2.

2o AERAL ob ) w9 e 71WS AFgt.
1 Theorem pe_implies_pi :

2 propositional_extensionality —-)> proof_irrelevance.
3 Proof.

4 intros PE P pf1 pf2.

5 assert (H : P <-> True).

6 { split.

7 - intros. apply I.

8 - intros _. apply pf1.
o}

10 apply PE in H. (* Hypothesis [H : P = True] appears in the context. *)
11 revert pfl. revert pf2.

12 rewrite H.

13 intros pf1 pf2.

14 destruct pf1. destruct pf2.

15 reflexivity.

16 Qed .

2hol 102 AP Tof coq Goals SHHL T2} Ztt.
17 PE : propositional_extensionality

18 P Prop

19 pfl, pf2 : P

20 H : P = True

o (1/1)
22 pf1 = pf2

kel 119] revert= 20| AAE forall x: T, ... A9 intros?] G2Fdoltt 8 urahA
2}91 11 A3 5o Coq Goals SFH-2 Th-2} L},

8intros= E4S}particularization, revertt YHtSlgeneralization 2 HH 2 Zojt},
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23 PE : propositional_extensionality
24 P : Prop

25 H ! P = True

26 (1/1)
27 forall pf2 pf1 : P, pf1 = pf2

2kQl 13 A3 #of Coq Goals 2FH-> th} et

28 PE : propositional_extensionality
20 P Prop

30 H : P = True

31 pf1, pf2 : True

32 (1/1)
33 pf2 = pf1

A= FE oA 2kl 11-130] g €2 2191 19 pf1, pf2 : PE B9 31 pf1, pf2 : TrueZ HFE
Zo|t}. o]A 2+l 149 destruct’F Al I et
1
=1

Tl Zefo] Folg EISHAL = volle 1 2R e S0l 5

1k
it

ezt gl

Intutitionistic Logic

_/'\_’81-01]/\-]9,] :IU‘—] z—’]conbtructlvmm g 01 7—]14/;"”7]' %ZH@'% %%16]—2:] Eﬂ 17/‘1% :ILH EHO]:U]' 3]'
E]—L ‘?:] g —1—1_ }\]-/\]'O]\:]- ]7_1—’] 7]'1]- L= EE]X] 'E‘X]Q‘ Bﬁ%glawofexcluded middle, ,1_1_ 0]9]-
EEO]":}J—L =2 /\ O]L 2 —‘?—X{)‘i}" double negatlonehmlnatlona tﬂ'o]”— ] ] Ol—]E —L— 7 Olﬂ-

2] “’]"—r'—/] mtultlonlsmt‘ 20/‘1] 7] _L.Oﬂ L E J Brower Oﬂ —’] OH/\-] XPE] | —Q—E /\01—1—] ‘:1)_]. 7—H|
Aok AL Qzke] nheat EyAoz £ 4 gl AAA Tl Weolth oA
olo] s S, S8 HRAToR B 4 olek

e Al S o] FAFoet APl THslH orn B84 A8TTt o] A Tajsirt

9*1171“*011*1 20417] Zoll 8} 7] 2&olli= 37}A] Shubrt QL giTh.

o FAF Y formalism: T Ao F2of| 2 7|5 E o] ZZo|t}, David Hilbert (1862-
1943), Paul Bernays (1888-1977), Wilhelm Ackermann (1896-1962)

. ‘?’ “l——/]constructlwsm __'_0]_0 ‘;L/E]E,?l 6(])4-?401 1:]' Henri Poincaré (1854-1912), Her—
mann Weyl (1885-1955), L.E.J. Brower (1881-1966)

o FEFlogicism: T2 =] 8k Y H ot} Gottlob Frege (1848-1925), Bertrand Rus-
sell (1872-1970), Alfred North Whitehead (1861-1947)
o] stafe] 2 theF olelad), o] Aol o] R SJusheAlt, 1 FHEe] 4
dol= 7|&EA] geten=z o 4 gith

2
lo

Bakeo]o] 20 70] A2} Arend Heyting (1898-1980) 0] &]3to] o] A& 45135} &
Act.? 17} 9HE Heyting Algebrat= Tha} 2ol A oj=|m| gl dxjHato] gtz &

% 9k,

9T 7 o5 % YEHEclo|tt Heyting®] A&} Fol= Anne Troelstra (1939-2019) 7} Dirk van Dalen
(1932 ~) o] it
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A9 9.4 A Heyting algebra H is a bounded lattice such that for all @ and b in H there is a
greatest element x of H such that a A x < b.

This element is the relative pseudo-complement of a with respect to b, and is denoted
a — b. We write 1 and 0 for the largest and the smallest element of H, respectively.

In any Heyting algebra, one defines the pseudo-complement —a of any element a by
setting —a = (@ — 0). By definition, a A —a = 0, and —a is the largest element having
this property. However, it is not in general true that a v —a = 1, thus — is only a pseudo-
complement, not a true complement, as would be the case in a Boolean algebra. =

stol® iz Hetet 2| h=0] =] oho] P = Faefdd Az Hetel A-52] =] eho] TA e}
2oy B Hrt,

A0 =2 o] AlME e HRES o] &5k =t ol EAsh= BAIE Holzt
1! Hr £ 9] 9Ju]= BHK interpretation (Brower-Heyting-Kolmogorov interpretation) |
jeto] el 0

« A proof of P A @ is a pair {a,b) where a is a proof of P and b is a proof of Q.

+ A proof of P v @ is either {0,a) where a is a proof of P or (1,b) where b is a proof
of Q.
« A proof of P — @ is a function f that converts a proof of P into a proof of Q.

+ A proof of 3z€ S, P(z) is a pair {x,a)y where x is an element of S and a is a proof of
Px.

« A proof of Vxe S, P(x) is a function f that converts an element x of S into a proof
of Px.

« The formula —P is defined as P — 1, so a proof of it is a function f that converts a

proof of P into a proof of L.

+ There is no proof of L.

=

BHK & o1& Zetzre} et 719 ZHzbe] tislA] Z12& F A4t = ARg-she] Tk A of o
= = A —P) =

(PA(P—1)— LY T80 2= & 5 A (a,b) — b(a)

W SH —~(PA—-P)= A
Qo] ol A Py -PE ZHekeH PE SHSHAY S P ZHalof Ft. ujt
A Poll tigh ol FHIT gle Aol ol 501 P7F BAIE Uetdl= M0l Aol
Pv—-P=359T 4+ ¢l

2370 1=2]0] et BolHE A2 %2 oHE T aromic propositiondl] T2 Z-L A7
o12] = A7 ETh cogoll M= 712 EolEel e S8 1L &olo] Add Ao uhebA
AgAon FYet

10Browert= o17]9] o2 Solql A stolgo] i Yol Aolv], A2} Hetgo] £al
B =]
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< :

ol A7HA] o] - AeHA, ApAH Q) Aojn] AA| fte] FHl 1% S-8H7 grert
St Ao tmelo] 4ot FHolo] 8- AR Tste] SlalA AHglc

Alonzo Church, Haskell Curry+ Lambda Calculus ] %7 A4AHE©|th. Henk P. Baren-
dregt= Lambda Calculus®] E}Y] o]2-& 37 ¥H A Zt}. £5] Lambda Cube”’} 525} t}.
Dana Scott, Tony Hoare 5= programming language semantics®l 7] 1tt. Thierry Co-
quand, Benjamin C. Piercet= 1960 d o]l &5t o} 71| &ds] S5l Aot

Per Martin-Lof (1942, Swedish) is indeed a pivotal figure in the intersection of logic and
computer science, particularly known for his contributions to type theory and constructive
mathematics.

Per Martin-Lof s work bridges foundational aspects of mathematical logic with practical
applications in computer science, especially in the domains of programming language design

and automated proof verification.

Intuitionistic Type Theory

O}l 2] I pe; Martin-Lot7F 1970 A Tl A S Intuitionistic Type Theory [1]+ ZTF9] =1
O] AHEILAE EfQJo]Z 0 2 oAt Aot

2\ P{F0] =] of gt =544 o] 221 Sto] " WA H 2 Heyting Algebra, ZLH A AlME A Kripke
Semantics 6+ X WF0] =] 9] LA g} FEL EA-E AlFotA] ot =T e E I
AT ehelol g0 @A 1 Bt 7S ekt i

o] o] 29| HHZ o] F+= 7N'E-2 proposition?} judgement |t} O] 52 FotH o=
SHA| A ] Elo] Q1] okobA (QlEstAd o2 HolE Qe =) eatE0] ©
At gk L closed formulalsentence) ©]1l A RAHEL 1 A SEjo] EAlo|gtal AY
2 A4 8% A2 FHUFIE Zgo] ofyet ARMER glo| & th= Aot
[1]efl A &gt Aol

o
ol
o,
N,
N o
_01,13 il o2
Mo rd 4> It

]
mlo

>

Here the distinction between proposition and assertion or judgement is essential.

.. snip ...

Contrary to formulas, propositions are not defined inductively. So to speak,
they form an open concept. In standard textbook presentations of first order
logic, ... snip ...

ol 2} THAF 8-S ploo] 4] ok 5 ik,

11272 Saul Kripke (1940-2022)&= #Z5t2 o] Harvard University -8t} B.S. 0|t} 9FAH=2] o] AJWE] Ao
972 U700 CUNY S| AR 14E Qs mel2ue] Holnaset A4E ) got 279] Ph.D. 2
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Induction Principles

27} A 22 Inductive HIOTE BFY 15 A S winttt cog> AHE .= 71 BFQl o]l tieh i 2|
(induction principle) & THE0] Wk, o] Hel= Aejolm, 2+ 11 g tiet Zhe Ad
Hog UL Ul A Felet sd FH o g o] A& AT & Ut

e B foooll ti-&5h= A" ¥el9] °l 52 foo_ind®ITt.

Basics

nat: Typell et g dele o3t 2ot

Check nat_ind :
forall P : nat -> Prop,
PO ->
(forall n : nat, Pn =>P (Sn)) -
forall n : nat, P n.

(induction #/=f thAlol) e Y=E AHE-She 82 A€ ofefl EAt.

1 Theorem plus _one r' : forall n: nat,
2 n+1=5Sn.

3 Proof.

4 apply nat_ind.

5 — simpl. reflexivity.
6 — intros n IHn.

7 simpl. rewrite -> IHn. reflexivity.
s Qed.

nat_ind®] 7 forall n: nat, P ne forall n: nat, n + 1 = S nof| Bjx] S}, ufabA 2kl 4
9] apply nat_indS A W5HH 2719 A EIT-E P 02} forall n: nat, P n - P (S n)o] FAH

9 Goal 1
w (1/2)
1n 0+ 1=1

13 Goal 2
1w (2/2)
15 foralln:nat, n+1=Sn->Sn+1=S5(Sn)
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16 n . nat
17 IHh :n+1=Sn
s (1/1)
19 Sn+1=5(Sn)

O o2 Al 2avt gle Aotk
plus_one_r'< induction HFF-S AHEoto] S0t H, = 2Ql 45 induction n &2 HEALO]
A3YsHE Goal 12 2Hel 9-113} FLSFL, Goal 291 ZﬂEﬂ*EOH 2l 16-179] W&ol F7F
Hot oebA o 7HEsH S-S A 4= Aok 24 172 A" 7F induction hypothesis 2F1L
2™ induction HFE AHESHA 74 o] 5ol THE A&t
wHebA] induction HE2 foo_indE A 2= 50+ apply foo_indE 4~ ot= wrapper
2t K Frf,

A EA}

Inductive natlist : Type :=
I nnil

| ncons (n : nat) (1 : natlist).

O ORI

Check natlist_ind :
forall P : natlist -> Prop,
P nnil -
(forall (n : nat) (1 : natlist), P 1 -> P (ncons n 1)) -
forall 1 : natlist, P 1.

© o N o o

Hog AgHoR HoH e foo: Typed AR 1, .., cn¥ W foo_ind= TF
S0 22 Y E 7ok
foo_ind :
forall (P : foo -> Prop),
case for c1 -
case for .. =

case for cn ->
forall (x : foo), P x

71 A case for cie AR} cioll thgh AE7Hd ol th33t 22 FEfE 71T cig Q14
S x1: al, .., xk: akFal P& o,

forall (x1:a1) ... (xk:ak),
Pxjl => ... => P xjm->P (cx1 ... xk)

7t ciofl it Ag7Hdolt. (Bshs] Webd AE7HI-Z P xi1 /\ ... /\ P xjme]2l o] 7}HA
o]- g5kl MEIZ P (c x1 ... xk= THSHH HE) o714 xj1, .., ximZ il ¢l
ofl A EFQo] foodl A&l = aj1 = foo, ..., ajm = foo©|Tt.
Aot T2 7le2 AL oversimplification ©| ™ SF= "4'294 natlist': Typesr ©] F&<
olafict7] 917t shite] o= AAIRtet, ofufj o] AP7HIES natlist®] 7-FollAet =28 o=

1
TEOAT FHH o rE tath: e F5

09.4 F_,_4



Inductive natlist' @ Type :=
| nnil'

! nsnoc (1 : natlist') (n : nat).

Check natlist'_ind :
forall P : natlist' -> Prop,
P nnil' ->
(forall 1 : natlist', P 1 -> forall n : nat, P (nsnoc 1 n)) =>
forall n : natlist', P n.

2kel 33} 29l 129] Aol& <lsted A4 ahel 83} akel 172) Aol 7} WAslgct.

ALEEA 270.

© ® N o o« A W N =

Inductive booltree : Type :=
| bt_empty
! bt_leaf (b : bool)
I bt_branch (b : bool) (t1 t2 : booltree).

Definition booltree property_type : Type := booltree -> Prop.

Definition base_case (P : booltree_property_type) : Prop :
P bt_empty.

Definition leaf_case (P : booltree_property_type) : Prop :
forall b: bool, P (bt_leaf b).

Definition branch_case (P : booltree property_type) : Prop :=
forall (b: bool) (t1: booltree), P t1 ->
forall t2: booltree, P t2 ->
P (bt_branch b t1 t2).

Definition booltree_ind_type :=
forall (P : booltree_property_type),
base_case P -
leaf_case P ->
branch_case P -
forall (b : booltree), P b.

Theorem booltree_ind_type_correct : booltree_ind_type.
Proof. exact booltree_ind. Qed.

Check booltree ind.

o714 Zo18 AL 2l 15178 Te7} o] 27 ¢ flrk Zolt},

forall (b: bool) (t1 t2: booltree),
Pt1 ->P t2 -> P (bt_branch b t1 t2).

b o AGRAL Ad Pelrt FolR u T3] st A HolE Fohpt

A Yel7h bt 2ol Fol ek st

forall P : Toy -> Prop,
(forall b : bool, P (conl b)) ->

231
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(forall (n : nat) (t : Toy), Pt -> P (con2 n t)) -
forall t : Toy, P t

Toy©] g Aol thaat go) s Hek.

Inductive Toy : Type :=
! con1 (b : bool)
| con2 (n : nat) (t : Toy).

2213 ohge] elE Fe

Theorem Toy_correct : exists (f: bool -> Toy) (g: nat -> Toy -> Toy),
forall P : Toy -> Prop,
(forall b : bool, P (f b)) ->
(forall (n : nat) (t : Toy), Pt ->P (gnt)) -
forall t : Toy, P t.
Proof.
exists conl. exists con2. (* doesn't work. *)
exact Toy_ind.
Qed.

Polymorphism

A Y= forall P: foo -) Prop, ... FEHE 7} SHATE foo7} bar X2} 22 THY
B o TFST 2L AeE shAoF g Holrt.

forall (X: Type) (P: bar X -> Prop),

Q.

A5wA 470.

1 Inductive tree (X: Type) : Type :=

2 I leaf (x: X)

3 | node (t1 t2: tree X).

4

5 Fact tree_ind_my :

6 forall (X: Type) (P: tree X -> Prop),
7 (forall x: X, P (leaf X x)) —>

s (forall (t1: tree X), P t1 —>

9 forall (t2: tree X), P t2 -> P (node X t1 t2)) -
10 forall t: tree X, P t.

11 Proof.

12 exact tree_ind.

13 Qed.

olfloflE Folxl Ad Lol H-&ste ¢ HolH ErdE 2= wAlolth

mytype_ind :
forall (X : Type) (P : mytype X —-> Prop),
(forall x : X, P (constr1l X x)) -
(forall n : nat, P (constr2 X n)) ->
(forall m : mytype X, P m ->
6 forall n : nat, P (constr3 X m n)) ->
7 forall m : mytype X, P m

[ N
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okt 2ol shdl ek,

Inductive mytype (X: Type) : Type :=
I constrl (x : X)
I constr2 (n : nat)
! constr3 (m : mytype X) (n : nat).

Check mytype_ind.
3HA FA= 29HA <} vl sttt 27

foo_ind :

forall (X Y : Type) (P : foo X Y -> Prop),
(forall x : X, P (bar X Y x)) =
(forally : Y, P (baz XY y)) =
(forall f1 : nat -> foo XV,

(forall n : nat, P (f1 n)) > P (quux X Y f1)) ->
forall f2 : foo XY, P f2

fn)

w3

st
HE

olct.

© ® N o w A W N =

Inductive foo (X Y: Type) : Type :=
| bar (x : X)

11 | baz (y 1Y)
| quux (f1 : nat -> foo X Y).

12 Check foo_ind.
npz]ek 24

Inductive foo' (X:Type) : Type :=
I C1 (1 : list X) (f : foo' X)
I 2.

foo'_ind :
forall (X : Type) (P : foo' X -> Prop),
(forall (1 : list X) (f : foo' X),
Pf->
P(C11f) >
P (C2 X) >
11 forall f : foo' X, P f.

© ® N o T A W N =

-
[S)

Induction Hypotheses

G Sl A A 7 (induction hypothesis) ©] 3t 2 23]

I Sl @117} o= 2122 forall x: foo, P x

5 Foll EFdol foodl AES i1, .., xjmol2tal S of
P xj1 /A ... /\ P xjm

7+ 237k coll gk Ag7Hdel dot. A SN A= Ag7HE o] o] 2ljt =2 EE sh=E

F0] 2| 2] ol m 9] =el5E IAFE] TH A HEAE| SOl "ok 184l o] A& 7H
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2 ArobA AR cofl St AETZ P (¢ x1 ... xn)= SHIH H}. o] 5 A 12 (induction
goal) ]2t H=27]2 5}t
xil, .., xim=c x1 .. xnEBr} o] AAH Aot IHER p= xj1, .., xjm 22

oA stk Ak Aolct,

More on the induction Tactic

induction ng AFESF T 0 intros Ho] Yok T, oF o] gloj Hr} (AATHAA )
Q1 |57E o 7iQl 7 folli= ol wRIste] Fojgd Fio] St

intros ¢ inductions Sh= ol BE W7 SRS = Ao A Ha4TE ohA
regeneralize FT}.

intros §1°] 214 induction n& Stz A-Foll= THA = A2 Lol ABZsof ghet. nol
WA M4l Aolls YAl Haps2 ofF] Fof ok Z12u a9 el "4’2 Tl ¥
=0 = Agolle ol HaE2 AAs o2 EAHT. T80 o] F o] YEu= Fel HEE

2induction n &= F AEfR Hot oA H

O_l

.—1

Induction Principles for Propositions

)

U= Inductives KA G oJstd As o= ol ti-gsh= Y He7F whsoldnal sHalnt.
IS Inductives WA ot -0l ek ¥elGnduction principle) 7} RHE©] ZITh,

P: X - Prop7]' zojd o o] ot FTHO 12 forall x: X, P x7t O}‘/]ﬂ' Aol
oJ5te] HolH &o]E q: X -) Prop®l2tal -2 W, forall x: X, Q x - P x°|t}.

a3 AR digh AgrhE e Aot Zhast Ao disiA e WekAA, AR

¢ forall x: X, Q x - Q (f & o o7} At

forall x: X, Q x > P x => P (f x)

off o] A =] At Het (A8 ek er Ss Het)
ev: nat - Prop= 9|2 50°] A}

1 Print ev.

2 (* Inductive ev : nat -> Prop :=

3 lev 0 :ev0

4 I ev.SS : forall n : nat, evn - ev (S (Sn))) *)

6 Check ev_ind :

7 forall P : nat -> Prop,
8

9

PO -
(forall n : nat, evn ->Pn->P (S (Sn))) -
10 forall n : nat, ev n -> P n.

H 2 v Ao A= 2l 47F ev SS (n: nat) (H: ev n)iev (S (s n)olAtt. printe] &3

ok o QU BAEYE F oMt
o= UrE} = &0 ev'S o2} Zo] HoFS uff o]A o] v F5 TS inductions
WA Fe Aol =], o7 A= apply ev_indE A A] S HFeFgE S5 Bt

0:
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1 Inductive ev' : nat =) Prop :=
2 Lev' 0 :ev' 0
3 lev' 2 1 ev' 2
4 bev'_sumnm (Hn: ev' n) (Hm: ev' m) @ ev' (n +m).
5
6 Theorem ev_ev' : forall n : nat, ev n -> ev' n.
7 Proof.
8 apply ev_ind.
9 - (% ev_0 x)
10 apply ev'_0.
11 - (% ev_SS *)
12 intros m Hm IH.
13 apply (ev'_sum 2 m).
14 + apply ev'_2.
15 + apply IH.
16 Qed.
2}l 82 APt T Coq Goals SFHS Tht AT
Goal 1
(17 2)
ev' 0
Goal 2
(2/2)

forall n : nat, evn > ev' n->ev' (S (Sn))

Goal 1°] tisfr= Aol DQ Q1S ZAolt}. Goal 2& £9H5H7| $45te] 2l 125 A3
S of Coq Goals 2HH-2 th33F Zrt

O
r°“

m : nat

Hm : evm

IH : ev' m

(1/71)

ev' (S (Sm))
A7) A 2l 138 Aot & ev' (s (5 m)2 ev' o] RS} 2712 o2 ujz]=d
% 9le}. ShiHe 2hel 3] At ev 2] Aolel wets (s mel s (s 0)9 WA= o)1,

WE—HP‘QM44mHﬂwVSWJXLPﬂ@ﬂn+W+WﬂQLﬂMQ‘5WJ 8%
n := 22 x| = Aot} whatA gl 404 EXo] 2702 AE IS yn} Hno| E st A=
ev' ZO]EE 247k ev' 2] o5t} AHFom SAH A, FA= ev' molH.

WehA Cog Goals 2FH- tht 27 Hrt,

Goal 1

m : nat

Hm : evm
IH © ev' m
(17/2)
ev' 2

Lcog®] o AFo] Hell 57 gt
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Goal 2

m : nat

Hm : evm

IH © ev' m

(27 2)

ev' ' m
7 the-e Akt

Sofo] g4 el B AR BEAE AHCE e dgshe Y AslE U
Zch. o]A o] A& 915te] SFollA AlASH= = 27 o], = TAolth. 1A o] Y82
o 7|7} o2} th& 4, Properties of Relations ]l <A F3iT.

Explicit Proof Objects for Induction (Optional)

Ad Gelt geletn shelek. whebd 229 FAFL print foo_ind. BHOR 9

s
2 T

—

%0
=

: forall P : nat -> Prop,
PO -> (forall n : nat, Pn -> P (Sn)) -> forall n : nat, P n
*)

1 Print nat_ind. (* nat_ind =

> fun (P : nat =) Prop) (f : P 0)

3 (f0 : forall n : nat, Pn > P (Sn)) =>

4 fix F (n : nat) : P n :=match n as nO® return (P n®) with
5 1 0= f

6 I Snd =>f0 nd (F no)

7 end

8

9

o
[S)

ot

baat st 9Ale FAGS Wt A B AL, e 47 GA, ol F7 A
1A -850 29 5 giek. 029 of 2 wet,

Lemma even_ev : forall n: nat, even n = true -) ev n.
Proof.
induction n.
- intros. apply ev_0.
- intros. destruct n.
+ simpl in H. discriminate H.
+ simpl in H.
apply ev_SS.

o[N ofN
ol of

il

© W N o o A W N e

oleolg Fo] & ¥A] o=t} kot induction =P nd P (S n)& olo]FE= ALY 2=
ev nZtev (s (s n))o]7] wZo]rt?
Wolliz g3 22 o] 97l sleh,

Lemma even_ev' : forall n: nat,

(even n = true -> ev n) /\ (even (S n) = true -> ev (S n)).
Proof.

induction n.

- split.

1o
olN

even_ev

2212 ev_even : forall n: nat, ev n -» even n = true= OH[E A0 et Fd-& WA £1A] S}
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+ intros. apply ev_0.
+ intros. discriminate H.
- destruct IHn as [IHn® IHn1].
split.
+ intros. apply IHn1. exact H.
+ intros. simpl in H. apply IHNO in H.
apply ev_SS. exact H.
Qed.

AA7|742] 2t Th-Eoll =, even_evi= apply even_ev'E A A Zhds| ST

1

M)

© ®w N o o o~ W

W

N o o«

Definition nat_ind2 :
forall (P : nat -)> Prop),
PO ->
P1->
(forall n @ nat, P n => P (5(Sn))) ->
forall n : nat , Pn :=
fun P => fun PO => fun P1 => fun PSS =>
fix f (n: nat) := match n with
0 => PO
11 =>P1
' S(Sn")=>PSSn'" (fn")
end.

Lemma even_ev : forall n, even n = true -> ev n.

Proof.
intros.
induction n as [ | |n'] using nat_ind2.
- apply ev_0.
- simpl in H.
discriminate H.
- simpl in H.
apply ev_SS.
apply IHn'.
apply H.
Qed.
Q1 179] induction ... using= °]#3t H|EE gl AHESt= =2l nat_ind29] 54
B AL Aol AT ol AAW 23 l5alA A 22 A e 55kt 9512 nat_ind29]
B 23YES Ze AL o ojele 2 Pk
SR Aol oot A Yelo] FAFLS thet o] Zow

Fixpoint build proof
(P : nat -> Prop)
(evPO : P 0)
(evPS : forall n : nat, Pn -> P (S n))
(n :nat) : Pn :=
match n with
® => evP0

2 At nat_ind2% 49t oty et nat_indo] 9 AT HYELT 2Hx] Bt
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8 'S k => evPS k (build_proof P evPO evPS k)
9 end.

11 Definition nat_ind_tidy := build_proof.

13 Check build_proof.

14 Check nat_ind_tidy. (* forall P : nat -» Prop,

15 PO -> (forall n : nat, Pn -> P (Sn)) -> forall n : nat, P n *)
16 Print build_proof.

17 Print nat_ind_tidy.



Properties of Relations

Relations
=0 predicate 7} 1719 Q145 Whol Zeh-5 g|glsh= otpetal ftthH, A (relation) > 27 2]
Q152 ol Xe Sglot A4ekn 4 ek B QA AZel Ak, BAE n>07]9)

Q4E ol TS ek @0l n =09 T ZF, n = 19 th Fol, n = 29 T
PA|, I o2 33A, 43 TA o2 FEC

71 LREAEQl oJujo| M= TA = 2t lgE0] A= ofE BS 7HE & Qo cogoll A=
A9 A5 EL 14T B A Fo APt

Definition relation (X: Type) := X -> X -> Prop

d& 5° nat 919 ¥ lex T2t At}

1 Print le.

2 (* Inductive le (n : nat) : nat -> Prop :=

3 len:n<=n

4 l'le S : forallm:nat, n<=m->n<=Sm*)
5 Check le : nat -> nat -> Prop.

6 Check le : relation nat.

22l 59} 22l 6.2 FulETh 2l 40]4 BE| Ao A4E 747
HelslA AL857] S1gtolch. 3 o ofoh Tleh Aol U Zeltt,

Partial Functions

_T'L—]_-Zﬂ 9,] /\‘1 ;(] == o]-@'i —,———11_— X —rpartial function 7}' (})J\E}

Definition partial function {X: Type} (R: relation X) : Prop :=
forall x y1 y2 : X, Rxyl > Rx y2 -> yl = y2.

oA (n,n+1) £ Fetrol ™ (A2 A E 4 total function ) ThaF Zro] Aol 4= Qi

Inductive next_nat : nat -> nat - Prop :=

' nnn : next_nat n (S n).

Check next_nat. (* nat —> nat —» Prop *)
Check next_nat : relation nat.
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OJA| next_nat’} FE+US

1
2
3
4
5
6

7

a}

H2 : next_nat x y2
(1 /1)
yl =y2
2}¢1 6] inversion H1-& A3eh 9] 3t th33+ &

=1
o

oH Ei_;(]—

Theorem next_nat_partial_function :
partial_function next_nat.

Proof.

unfold partial_function.

intros x y1 y2 H1 H2.

inversion H1.
reflexivity.

X, y1, y2 ¢ nat
H1 : next_nat x y1

inversion H2.
Qed.

ol 55 A3t 5] coq Goals SHH tF-2-1} 2t

n : nat
H:n-=x

HO : S x = y1
(171

S x =y2

Theorem le_not_a_partial_function :

~ (partial_function le).

Proof.
unfold not.
assert (0 =

- apply le_n.

unfold partial_function.
1) as Nonsense. {
(* assert (Nonsense: 0 =

apply Hc with (x := 0).

n.{*

- apply le_S. apply le_n. }
discriminate Nonsense.

Qed.

=0 <= 0,0 =12 E

intros Hc.

2~
T

Al 117 Properties of Relations

le}. o] wrel & Akgate] 1e7} %

2ol 51 kel 63 B5ohch. 2ol 58 AW T cog Goals TS T Lk,

Goal 1

Hc : forall x y1 y2 :

nat,

x <=yl > x <= y2 > y1

(17 2)
0 =1

Goal 2

Hc @ forall x y1 y2 :

Nonsense : 0 =1

nat,

x <=yl =) x = y2 >yl

(2/2)
False

:yz

:y2
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Goal 2= ZFHSH| discriminate NonsenseZ 5§ ¥ Ch.
Goal 1 28l 70] oJsto] thA] 271 €] subgoal & HHE T

Goal 1

Hc @ forall x y1 y2 : nat, x <= y1 -> x {=y2 =yl
(17/2)
0<=0

y2

Goal 2

Hc : forall x y1 y2 : nat, x <=yl > x <=y2 -> yl = y2
(272
0 <=1

2 21A4 919 total relation N x N& A 9|5kl o]Zlo] HEJI4=7} ol d-& F o=
o|t},

Inductive total_relation : nat -)> nat -> Prop :=
tot (n m: nat) : total_relation n m.

Mo Lt

24 go

i}

—

N

4+ Theorem total_relation_not_partial_function :

5 ~ (partial_function total_relation).

¢ Proof.

7 unfold not. unfold partial_function. intros Hc.
8 assert (Nonsense: 0 = 1), {

9 apply Hc with (x :=0).
10 - apply tot.
11 - apply tot. }

12 discriminate Nonsense. Qed.
olfloll= 244 919 FA o& Aolstal o] A o] RS T 5= Aol

1 Inductive empty_relation : nat -) nat -> Prop :=
2 empty (n m: nat) (H: n < n) : empty_relation n m.

4+ Theorem empty_relation_partial_function :

5 partial_function empty_relation.

¢ Proof.

7 unfold partial_function. intros x y1 y2 H1 H2.
8 inversion H1.

9 unfold not in H. exfalso. apply H. reflexivity.
10 Qed.

ekl 82 A

x, yl, y2 : nat
H1 : empty_relation x y1
H2 : empty_relation x y2

9] Coq Goals ShH-2 o231} gt

-{Oll

n, m: nat
H: x <O x
HO : n = x
H3 : m =yl
(1/71)
yl =y2

Hx O xE HW 29l 9 0|32 ZEE 7 olsfiE 4 3l Zolrh
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Reflexive Relations, Transitive Relations

Definition reflexive {X: Type} (R: relation X) : Prop :=
forall a : X, R a a.

Theorem le reflexive :
reflexive le.
Proof.
unfold reflexive. intros n. apply le_n. Qed.

the Aelo] FBe Fasteh 219l 89 inductiono] A5 oW AL SH=A] 7
sofof g},

1 Definition transitive {X: Type} (R: relation X) : Prop :=
2 forallabc:X, (Rab)->Rbc) > (Rac).
3

1+ Theorem le_trans :

5 transitive le.

6 Proof.

7 unfold transitive. intros n m o Hnm Hmo.

8 induction Hmo as [{m' Hmo'].

9 - (*len, o=mx)

10 exact Hnm,

11 - (*leS, m=m", 0o=Sm" *)

12 apply le_S. exact IHHmo'. Qed.

induction 274 2] s} oltt,

n, m, o : nat
Hhm @ n <=m
Hmo : m <= o
171
n<=o

7] A induction HmoS A3YSIH Hno: m <= 02 AH|EAE TFS & 5 o] shifoltt

D len :n <=nln (= o WA HLE wtA] o = po]o]of 51 -&9f YEIH o= nl 2
HF A 11-& n {= o7} n (= nO.Z H}HAT}

@ 1e.S : forall (n: nat),n <em—>n &SmO poll thshA n <= s m'ol m <= ol
WX HT}E, A2 o = s po]BR I YEPT o= 5 n' &2 B A A & n (= o7}
n (=5 no=z 8Lt

induction 2] StHolt},

Goal 1

n, m: nat
Hom @ n <=m
(17 2)
n<=mn

Goal 2
n, m : nat
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Hom @ n <=m

m' : nat

Hmo' : m <= m'
IHHmo' : n <= nm'
(2/2)
n<=Sm'

Hnl' €} IHHmo & A8 5HA] ZSHAT. o
induction H=Fo] ot} A Y2 & Argshe 82 HolAlth o] o sk AT

% 9k,

1 Check le_ind :
2 forall (n : nat) (P : nat -) Prop),
3 Pn->
4 (forallm : nat, n<=m->Pm->P (Sm) ->
5 forall n® : nat, n <= n® -> P nod.
6
7 Fact le_trans_le_ind :
8 transitive le.
9 Proof.
10 unfold transitive. intros a b c¢ Hab.
11 generalize dependent c.
12 apply le_ind with (n :=b) (P := fun x => a <= x).
13 - exact Hab.
14 - intros ¢ Hbc Hac.
15 apply le_S. exact Hac.
16 Qed.
2+l 112 Adlst 39| (oq Goals SHH-2 o1} Zry,
a, b : nat
Hab : a<=b
(1 /1)

forall ¢ : nat, b<=c > a<l=c

olg7A HrEo] &2 o|fF% apply le_indE AH&SH7] flaiAlolth, 24¢l 122 AT
Cog Goals 2H-> that e},

Goal 1

a, b : nat
Hab : a <= b
(172
al=b

o
=
-{Oll
lo

Goal 2

a, b : nat
Hab : a <= D
(2/2)
forallm : nat, b<=m->ad=m->a<=Sn

Goal 1-2 29l 30|H o} 47| s 2 Ht.
Goal 2= 22l 40| 2121 149] intros ¢ Hbc Hacs A 3BT T 9] Coq Goals SHH-S th21
2t} 1 ee H9ne e,
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a, b : nat
Hab : a <= b
c : nat

Hbc @ b <= ¢

Hac @ a {= ¢
(1/1)
a<l=Sc

471K AL, BAL] A Hele e40 2 F5an UL 02 2w gt Ay
Aol gtk Fe AT oA ol HolFi o2, Adielde] AAY TS
LR Sole] g A Al ol bt Zo] o WY sk,

1 Inductive lel : nat -) nat - Prop :=

2 I lel_n : forall n, lel nn

3 Il 1e1_S : forall nm, (lel nm) => (lel n (Sm).
4

5 Notation "m <=1 n" := (lel m n) (at level 70).

6

7 Inductive le2 (n:nat) : nat -> Prop :=

8 I le2n:le2nn

9 I 1e2Sm (H:1le2nm) : le2 n (Sm.

Notation "m <=2 n" := (le2 m n) (at level 70).

7} olol Bt A Yl chet 2ot

[
.

1 Check lel_ind :

2 forall P : nat -> nat -> Prop,

3 (forall n : nat, Pnn) -

4 (forallnm :nat, n<&=ITm->Pnm->Pn(Sm) -
5 forall n n® : nat, n <=1 n®@ -=> P n no.

6

7 Check le2_ind :

8 forall (n : nat) (P : nat -> Prop),

9 Pn->

10 (forallm : nat, n<=2m->Pm->P (Sm)) -
11 forall n@ : nat, n <=2 n®@ -> P no.

5 A7 9] 1e2+= A7 F27F AHEoh= 1ot 27 thE22]9E A Y= F FoolA 5
ot =, 291 103 2l 112 A7 YEhd= <_2—é‘ =2 "ol AJ |t}

A Wi Geluct ol 2ol o Wik, 1ol A Nele] A2l 19 Fal W
7VA)+=, B e Ejo] 7] dizolth Age® %—‘:501'—1—7\} St= g2 1719] /2l A
7FA= Ao] tiFgolal, Tt o] A o] HigA5ty] wZof Ad ¢ A&k of7]of 2
Zlo] Ztf.

1t9] FolA2 A e le_transE AHgsto] 7] S HTt.

Oll
L

N R
fr e e

1 Theorem 1t trans:

2 transitive 1t.

3 Proof.

4 unfold transitive. unfold 1t.
5 intros n m o Hnm Hmo.
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6 apply le_S in Hnm.

7 apply le_trans with (a := (S n)) (b := (Sm)) (c :=0).
s apply Hnm.

9 apply Hmo. Qed.

B 0 le_transE AHESHA] Al m (o] SRl 2o gt A= AH8-5H

T
ek 4y
[
ox
o
olN

1 Theorem 1t_trans_hard_way :

2 transitive 1t.

3 Proof.

4 (* Prove this by induction on evidence that m is less than o. *)
5 unfold 1t. unfold transitive.

6 intros n m o Hnm Hmo.

7 induction Hmo as [} m' Hmo'].

8 - (*len, Sm=o0 %)

9 apply le_S. exact Hnm.

10 - (x le S, *)

1 apply le_S. exact IHHmo'.
12 Qed.

o: natoll gt PEF-S A4 AT 4% gt

Theorem 1t_trans''
transitive 1t.

Proof.
unfold 1t. unfold transitive.
intros n m o Hnm Hmo.
induction o.

- (* 0 =0 *) inversion Hmo.

- (* 0=S0"*) inversion Hmo.
+ (*m =0 *) rewrite <~ HO. apply le_S. exact Hnm.
+ (x Sm<=o0*) apply le_S. apply IHo. exact HO.

Qed.
ek -89 Felet

Theorem le Sn_le : forall nm, Sn<=m->n <=nm.
Proof.

intros n m H. apply le_trans with (b := S n).

- apply le_S. apply le_n.

- exact H.
Qed.

AEwAlL

Theorem le_S_n : forall n m,
(Sn<=sSm > (n<=m.
Proof.
intros. inversion H.
- (x le_n *) apply le_n.
- (* le_S *) apply le_Sn_le. exact H1.
Qed.
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ASEA.
Theorem le_Sn_n : forall n,
~ (S n<=n).
Proof.
intros n. unfold not. intros H.
induction n.
- (*xn=0%)
inversion H.
- (*n=Sn'"%*)
apply IHn. apply le_S_n. exact H.
Qed.

Symmetric and Antisymmetric Relations

Definition symmetric {X: Type} (R: relation X) :=
forall ab : X, (Rab)->(Rba).

A5 2A

1 Theorem le not_symmetric :

2~ (symmetric le).

3 Proof.

4 unfold not. unfold symmetric. intros H.
5 assert (1 <= 0) as Nonsense. {

6 apply H with (a :=0) (b :=1).
7 apply le_S. apply le_n.

s}

9 inversion Nonsense.

10 Qed .

Definition antisymmetric {X: Type} (R: relation X) :=
forallab : X, (Rab)-> (Rba)->a=h.

A5EA

1 Theorem le antisymmetric :
2 antisymmetric le.

3 Proof.

4 unfold antisymmetric. induction a as [} a'].
5 - (*a=0%)

6 intros. inversion HO. reflexivity.
7 -(xa=5Sa"*)

8 intros. destruct b.

9 + (*xb=0 %)

10 inversion H.

11 + (*xb=Sb"*)

12 apply f_equal. apply IHa'.

13 apply le_S_n. exact H.

14 apply le_S_n. exact HO.

15 Qed.

17 Theorem le_step : forall nm p,



n<m->
m<=Sp->
n <= p.
Proof.
intros. unfold 1t in H.
apply le_S_n.
apply le_trans with (b :=m).
- exact H.
- exact HO.
Qed.

Equivalence relation, partial order, preorder.

Definition equivalence {X:Type} (R: relation X) :=
(reflexive R) /\ (symmetric R) /\ (transitive R).

Definition order {X:Type} (R: relation X) :=
(reflexive R) /\ (antisymmetric R) /\ (transitive R).

Definition preorder {X:Type} (R: relation X) :=
(reflexive R) /\ (transitive R).

Reflexive Transitive Closure

Inductive clos_refl trans {A: Type} (R: relation A) : relation A :

 rt.step xy (H: R xy) : clos_refl trans R x y
I rt_refl x : clos_refl trans R x x
| rt_trans x y z
(Hxy : clos_refl_trans R x y)
(Hyz : clos_refl trans Ry z) :
clos_refl_trans R x z.

next_nat A 2] BHALSO] H 27} led& S

1

2

3

I

Theorem next_nat_closure_is_le : forall n m,
(n &= m) <~> ((clos_refl_trans next_nat) n m).

Proof.
intros n m. split.
- (x> %)

intro H. induction H as [} m' H'].
+ (¥ H=1en *) apply rt_refl with (x:=n).
+ (* H=1e.S *)
apply rt_trans with m'. apply IHH'. apply rt_step.
apply nn.
- (% L= %)
intro H. induction H.
+ (* rt_step *) inversion H. apply le_S. apply le n.
+ (* rt_refl *) apply le_n.
+ (* rt_trans *)
apply le_trans with y.
apply IHclos_refl _transt.
apply IHclos_refl trans2. Qed.
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o] £-& 535} 1e9] oflu]d 20 gt
induction H 2] 9] 3tH2 TS} A},
n, m: nat
H:n<=n
(1/71)
clos_refl trans next_nat n m
induction HE A3YolH T2} Zro] Hrt
Goal 1
n : nat
(17 2)
clos_refl_trans next_nat n n
Goal 2
n, m: nat
H" :n<=n'
¢ clos_refl_trans next_nat n m'
clos_refl_trans next_nat n (S m')
0 G noll Ofste] Q1ojzl Hgolct whebA n = nojojok Gt o]
n nZ HHATH of 7| A FoJ3t A2 118 Z ko] 6(n,m) o]
ZQ1Z HH = AR & &
22 6m,nl=E
o"?‘ ] no=
s
3%

2 6(n,n) o2 vt 3L, 7] H(m,n)©]
=
7]iﬂ' 7H A 1o A AF

ot ol ks AT RE PAS] tents
2 7150 BEEE Ho] 9l

S 2 uje]

THH'
(2 / 2)
Goal 12 H: n (= m°] le n
of w2t Goal THO] clos_refl ..
170] 27 n = moll &5t 6(n,n) 02 B = A RJIA] oFY ™ 6(n,m) =2 Bt

slof gt Zolth
W e
o § A 0] flon2 i At 22 2

7ol H(h,m) ol
Blgal=g
HHE 7|8 pe 1S X
" Seofof g}, o] ¢
A7 A Folgt A o] St /g Aol A AHE-Sh=
W 7128 E55HA] gotof gttt &+ 15l WE]"%
E50] 32 & AUtk tho] 92 syt 4H TS ﬁ]%f T ATt
A2 AN A AFGoheE Wg= R Mgrolth I8 BR o= thE 7|
Yol g}, o AE e o)A 9] -t Zrpal B H Aol
Goal 2= H: n {=m°] le_S : forall x, x <=y - x <= S yo &Joto] dojxl H-g-olt},
x <=5 y7Fn <& mel Uﬂi]ﬂ‘:'?-x i=n,y :=m', Sn' = mo] Fojof gt} A{FHF yvE &
& 7185 n'2 A5t induction H as [} m H1E A 8PSt Ao FFolet.
n (s m)ol H Zo] A=t
m'©] E]11 o] o] HEIAEof 7pd = Fof7tof girt. o] 744
2 HEAEo] Y= Zolt})
S Yok Aol $8 9] Hxdd], o]A 9]
JHeE 7Hget Aol vi= A 7Hdolth
o] & o 1‘31% IHH'2h= o152
i Zro] oz & & ST

Zakaid uﬂ A}ilﬁ?]&
O|A 11-& Zgo] clos_ ..
ARG A x (= y=n (=
9] H' O 2 =T (A2 o] 71 9] oH|E A
npzete 2 A 7Hdoltt Hin,mE o 6(h,m)-<
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induction H as [} m' H' IHmy].

o|sho] = Ayaraict

A 9] clos_refl trans= FSHA o 2 220 ZHo|| AFRSH| o= o2 E 5|t o]
AT e, oo £E8 4o thea o] wEel uA, o el PAS U
‘@*ﬂ%ﬂgﬁEtﬁqohﬁ$4ﬂ A14=0]] 171 9] QIFE F72 HhobA] 13} &o]& THET
(A= A Q1] Hote] 2709 145 Bh2 Alo] Htt)

Inductive clos refl trans 1n {A : Type}
(R : relation A) (x : A)
: A -> Prop :=
rtin_refl : clos_refl trans_1n R x x
rtin_trans (y z : A)
(Hxy @ R x y) (Hrest : clos_refl trans_1In Ry z) :
clos_refl_trans_1n R x z.

o] 1494‘:_ /\H/H;q.é 37H /\]-_Q_’ESUE] o];ﬁsq @QJQ-T‘:— %Fa A /l ].E 27HU]— /\]-_EOL
£ Qort S5HE S0 94 AT WEL 29 Zolt elel PAE ZHST
(%%om%mwwma$WHQQhﬂg ﬁﬁi@ﬂ%%ﬂﬂ%ﬁﬂﬁ

Lemma rsc_R : forall (X:Type) (R:relation X) (x y : X)
R xy —-> clos_refl trans_1n R x y.
Proof.
intros X R x y H.
apply rtin_trans with (y :=y).
- apply H.
- apply rtin_refl. Qed.

2hol 45 AP 3 of coq Goals AL th27}F 2t

7

~ o = - w N =

X @ Type

R : relation X

X,y X

H:Rxy

(1/1) ===

clos_refl trans In R x y
71 o apply rtin_transE AYSH=H, i oA tha-& 2Qlstal Hol7br| = gt

Check @rtin_trans.
(%% forall (A : Type) (R : relation A) (x y z : A),
R x y => clos_refl trans_1n Ry z => clos_refl trans_1n R x z *)

g Tty gko] HH x = x, 7 = y7} Fojof &2 & & itk E shte] Fel W4 v =
O2y = y2 FH 2709 AEIE

1 Rxy
2 clos_refl trans_In Ry vy

7t A E o AEAEE v o] {7t glo] Idi=rh 24Ql 12 apply H= SiIEE I 2491 2+
apply rtin_refl& 2%},
olfor A 2T, oA Foldoltt.
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3 Lemma rsc_trans :
4 forall (X: Type) (R: relation X) (x y z : X),

5 clos_refl_trans_In R xy -
6 clos_refl_trans_In Ry z =
7 clos_refl_trans_1n R x z.

s Proof.

9 intros X R x y z H1 H2.
10 induction H1.

11 - (* rtin_refl *)
12 exact H2.
13 - (* rtin_trans *)
14 apply rtin_trans with (y :=y).
15 + exact Hxy.
16 + apply IHclos_refl_trans_1n. exact H2.
17 Qed.
F 397t 554 th A olA SR

1 Theorem rtc_rsc_coincide :
2 forall (X:Type) (R: relation X) (x y : X),

3 clos_refl_trans R x y <-> clos_refl_trans_1n R x y.
4+ Proof.

5 intros X R x y. split.

6 - (* = %)

7 intro H. induction H.

s + (* rt_step *) apply rsc_R. exact H.

9 + (* rt_refl *) apply rtin_refl.

10 + (* rt_trans *) apply rsc_trans with y.
11 { exact IHclos_refl_transi. }

12 { exact IHclos_refl_trans2. }

13 - (x (= %)

14 intros H. induction H.

15 + (* rtin_refl *) apply rt_refl.

16 + (* rtin_trans *) apply rt_trans with y.
17 { apply rt_step. exact Hxy. }

18 { exact IHclos_refl_trans_1in. }

19 Qed.



Total and Partial Maps

Aol thg3t 2ol BHEA T4 nap HABA.

Fixpoint map {X Y: Type} (f: X —> Y) (1: list X) : list Y :=
match 1 with
P => 1]
h:itt=>(fh):: (map ft)
end.

o] Zof| A Lot map2 o1HA HH nap T2t oky e, B dojollA &£9] dictionary,
associative array, hash 522 28& AR TR E, |key 2t Fvale 2] S ThFE= Aa 20|
t}. o] EXof tisA] §4.30l14] Zts] oh&E A o] Qlct.

The Coq Standard Library

B $ele the TolA Aold e Holet A5 85 giste] ol Ag
S} AFE3) Skt o] AHEIE o] @A 817 GEAL cog®] EF SholHaf2jo] A Bal e Ao]

From Cog Require Import Arith.Arith.

From Cog Require Import Bool.Bool.

Require Export Cog.Strings.String.

From Cog Require Import Logic.FunctionalExtensionality.
From Cog Require Import Lists.List.

Import ListNotations.

Set Default Goal Selector "!".

2

=3
.

2 AOIEE 1 A https://coq. inria. fr/doc/V8.18.0/stdlib/.
W& AHESH | St = A ey = AR BFY S AfoF ottt $8+= 7= A =4
& AHESH = S
o] Aol A o A7t F-85HA AFEE T HF String. > Aol Hoh

Check String.egb_spec :
forall x y : string, reflect (x = y) (String.egb x y).

7] A reflect: Prop -) bool -» Prop= reflection®]| &3t & ol G851 AFREE 2 &
ojo]m §8.5°014 FHSIA. [HE 8.1]< Hef
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String.egb= EALE 0] 225 H]J—ﬂj} . 0] &%= Coq.Strings 2Fo|E
22l Jolxlo] It} =2= nat 919 & AE Yetf= 7230 &9 Ao =2 vif=T
o] 7|8+ string 919 T4 TAE UrEHH =

Locate "_ =7 _

(%% Notation "x =? y" := (Nat.egb x y) : nat_scope (default interpretation)
Notation "x =7 y" (egb x y) : string_scope *)

o] F715ef €]t egb_spec

forall x y : string, reflect (x = y) (x =2 y).

2 E 40tk
String.eqbE AHESHE 71221 A2l 37HE ofeff Ett. o] A=lE2] Nat HA-2 o] A<
= vt o,
Check String.egb_refl :
forall x : string, (x =? x)%string = true.
Check String.egb_eq :
forall x y : string, (x =? y)%string = true <-) x =y.
Check String.egb_neq :
forall x y @ string, (x =? y)%string = false <-> x  v.

Total Maps

ol §4.391A4] partial map= 2a 3EAA=H Id= 712 AAFE AR, {3 A
#QﬂﬂmﬂﬂwﬂﬂﬂJHﬂoh = < key-value pair 9]
ZAER LA o]Hol= HA total mapS H55FL 1 T2l partial mapS tHE
Zlolt}, 12 2 1-‘@:7\].0:1/] Aol A EAT e o2 7 4R 8T Aot &, 7)=
E2go|al gk ojH EfQlolE =

HA total_map®leh= BFYS @94‘3}‘:]' o] Bt} 9] Yi= HU(total map)o|2tal FE7|=
Elg=g

)
Ju
x2,
St
[
k=
i)

o] B9 94/\% é %ﬂ“ﬂi% e —Zr7\]
Zlo|t}, o]l= A ;

A HA, 7}1} FdL s 7‘4“13?_] empty map= et B o] thoto] HEZE 7S
g est= o)t OEE 32 42 vk},

Definition t empty {A: Type} (v: A) : total_map A :=
(fun _ => v).

o]|
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E
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o
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s
e
l
40 &2
oz
o
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oS 5o t enpty 3= BE EAAS Wol 32 R goltt, 1lH| a3} 2ol st
ez} ek,

Compute t_empty 3 "foo". (* Error *)

NS Coq2 "foo" S OF4 BAGR QIAISHA] Ro7] o]k, thet o] shef shashet.
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Fail Check "foo".

Check "foo". (* = "foo": string *)
Compute t_empty 3 "foo". (* = 3: nat *)
We AUsts G4 thavt ol AHolRith olZe 71E 0] Wit Ao FUste, & st
A= gk xoll thafiAgt gho] v2 AHd7g H <ot
Definition t update {A: Type} (m: total map A) (x: string) (v: A) :=
fun x' => if String.egb x x' then v else m x'.

o] 7hdst & 53 AMESe] AW st ghbEo] Bt 717} "foo" o] A "par" ] Aol
trueS ElRSHAL 1 9ol BLE 7](5, BAD) o] telAlE false® sk Wolch, Fa
o] 7] A= Open Scope string_scopes B Q= SHA] &=t} 11 o]f+= t_updated] F HA 4=
string EFYQ] A& Cogo] &L 7] wj-=oltt,

Definition examplemap :=
t_update (t_update (t_empty false) "foo" true) "bar" true.

o] ML AFgsle] the Tt e AARS B S~ 9t

Compute (examplemap "foo", examplemap "bar", examplemap "baz").
(** = (true, true, false): bool * bool * bool *)

e \SHA AR5 A 271 271E w23 2ol A ofRttht

Notation "' ' '"I->" v" := (t_empty v)
(at level 100, right associativity).

-

M

Example example_empty := (_ !-> false).
Notation "x "!->" v ';' m" :=
(t_update m x v)
(at level 100, v at next level, right
associativity).

© ® N o o o~ W

11 Definition examplemap' :=
12 ( "bar" 1-> true;
13 "foo" 1-> true;
14 _ 1-> false

ok
-
i

olFA W (MG BLETF oty@h dem FASHH, §4.390 4= B RS find
F ot o)Al 18 " QU gks ZFo] o)

A oz b9 7heet 3 7o) ZAIE HA

Lkl 49] Example Definition 2 2 M & HTh k9l 42 FLE-E ExampleZ A 2|5 A 2T wfjo] ;L2 3} o] Z}o|7}

AEA] SR
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Lemma t_apply empty : forall (A : Type) (x : string) (v : A),

(_1->v) x=v.
Proof.

intros. reflexivity. Qed.
thS ool A& unfoldE ARg-afjoFat Alto] Mg 525t}
1 Lemma t_update_eq : forall (A : Type) (m : total_map A) (x: string) (v: A),
2 (xI=>v;m x=v,
3 Proof.
4 intros. .
5 rewrite . reflexivity.
6 Qed.
7
s Theorem t_update_neq :
9 forall (A : Type) (m : total_map A) (x1 x2: string) (v: A),

10 x1 <> X2 _>

11 (x1 1> v m x2=mx2.

12 Proof.

13 intros. unfold t_update.

14 rewrite <- in H. rewrite H.

15 reflexivity. Qed.

& BAL 5 47 5URS FHSHE Aolng ¢4 o A A gt

1 Check @functional_extensionality.

2 (%% forall (A B : Type) (f g : A ->B),

3 (forall x : A, f x=gx) > f=g*)

4

5 Lemma t_update_shadow :

6  forall (A : Type) (m : total map A) (x: string) (v1 v2: A),
7 (x I=>v2 ; x1=>vl;m=(x!1->v2;m.

s Proof.

o intros. unfold t_update.

10 apply

11 intros.

12 destruct (x =? x0).
13 - reflexivity.

14 - reflexivity.

15 Qed.

9 11g Aaist Fo| she oheat 2o

(if (x =? x0) then v2 else if (x =? x0) then v1 else m x0) =
(if (x =? x0) then v2 else m x0)

K

ZF B3] Hol=t o]2gtif-then-else 412 7129 A4 destructE AFESHH 7t B o2
Sl
o2 ool A= 2kl 8 T4l 2fQl 72 ARESHH o B Bl =A== 1 Flol Attt 1
= oo A= B3t FEo] gt
1 Theorem t_update_same : forall (A : Type) (m : total_map A) x
2 (x '=>mx;m =m.



255

3 Proof.
4 intros. unfold t_update.

5 apply functional_extensionality.

6 intros.

7 (* destruct (x =? x0) eqgn:E. Doesn't work this time. *)
8 destruct (egb_spec x x0).

9 - rewrite e. reflexivity.

10 - reflexivity.

11 Qed

1 08 AT Fol & Y T Ueh. DALEE Sel HAVER o]0 510
e glona ofefe] HojFx] ehgiel,

Goal 1

e . x =x0
(17 2)

mXx =mx0
Goal 2
n:x<x0
(27 2)

O ok 2Rl 9 ook A Bart gl& Aol

3 o]A €l 2+ 8, destruct (egb_spec x x0)5 AP5HH o|FA HEXE GotE A}, o]
AL ogh_spec?] Aolof 9J5te] destruct (reflect (x = x0) (x =2 x0))2} &t} o] AL oH|H
220] /47 A ol reflect®] Aoel oJsto], O (x =2 x0) = true?! 73-%-2tH 427}t
reflectTO| A& AoIH x = x02] AHF AT} QlojoF & Zolal, @ (x =? x0) = false! -2t
H 27} reflectrol & ZAol™ x O x02] v A7} Qlojof o Ao}, v

Thd 2hel 8 Al =2l 72 APFctH 112 SFH2 o3t 22 Aol

Goal 1

E : (x =? x0) = true

(17 2)

mx=mx0

Goal 2

E : (x =2 x0)
(2 /7 2)
m x0 = m x0

false

Goal 2= AT Zo] g1, Goal 191X+ eqb_eq in EE A3P5}o] E: x = x0% UL T
deyshd "ot v

1 Theorem t_update_permute : forall (A : Type) (m : total_map A)
2 vl v2 x1 x2,
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3 x2 > x1 ->
4 (X1 1> vl ; x21=>v2;m) =(x2!=->v2; x1 1=->vl;m.
5 Proof.

6 intros. unfold t_update.

7 apply functional_extensionality.

s intros. destruct (egb_spec x1 x).

9 - rewrite e in H. rewrite <{- egb_neq in H.
10 rewrite H. reflexivity.

11 - reflexivity.

12 Qed .

Partial Maps

£ partial map) & AW A T BE 7hE AR 7] ¢ 1 None .2 A}
o} 2heHgt Adolet,

ofo
ot
=L
rr
M
0,
)

1 Definition partial_map (A : Type) := total_map (option A).

s Definition empty {A : Type} : partial_map A :=
4 t_empty None.

6 Definition update {A : Type} (m : partial_map A)
7 (x @ string) (v : A) :=
8 (x 1-> Some v ; m).

10 Notation "x "|->" v ';' m" := (update m x v)

1 (at level 100, v at next level, right associativity).
13 Notation "x '|->' v" := (update empty x v)

14 (at level 100).

16 Definition examplepmap :=
17 ("Church" |-> true ; "Turing" |-> false).

19 Compute (examplepmap "Church", examplepmap "Turing", examplepmap "vonNeumann").
20 (** = (Some true, Some false, None)
21 > option bool * option bool * option bool *)

A Aol HishAd SYIAE Re A2ls] W HAde that 2ol A d& & 3k
159 o] 52 AW M9 o] FollA 5 +_E Wi Abgetet

1 Lemma apply_empty : forall (A : Type) (x : string),
2 @empty A x = None.

3 Proof.

4 intros. unfold empty.

5 rewrite t_apply_empty.

6 reflexivity.

7 Qed.

o Lemma update eq : forall (A : Type) (m : partial_map A) x v,
10 (x 1=> v ; m) x = Some v.
11 Proof.



12 intros. unfold update.

13 rewrite t_update_eq.

14 reflexivity.

15 Qed.

update_eq= S OlAl A AFEERZ © €
olgA gozy gfor FRIF auto A A o]AS FA FS 5 A Hrt

#[global] Hint Resolve update eq : core.

il
i
oo
i)

N

N

o
rol
il

1 Theorem update_neq : forall (A : Type) (m : partial_map A) x1 x2 v,
2 x2 O x1 =

3 (x2 1=> v, m) x1 =mx1.

4 Proof.

5 intros A m x1 x2 v H.

6 unfold update. rewrite t_update_neq.

7 - reflexivity.
8 - apply H.
9 Qed.

11 Lemma update_shadow : forall (A : Type) (m : partial_map A) x v1 v2,
12 (x 1=>v2 . xi=>vl;m=(x1{->v2;m.

13 Proof.

14 intros A m x v1 v2. unfold update.

15 rewrite t_update_shadow.

16 reflexivity.

17 Qed.

19 Theorem update_same : forall (A : Type) (m : partial_map A) x v,
20 m x = Some v -

21 (X I-)v;m)=m,

22 Proof.

23 intros A m x v H. unfold update.

24 rewrite <- H.

25 apply t_update_same.

26 Qed.

27

28 Theorem update permute : forall (A : Type) (m : partial_map A)
29 x1 x2 vl v2,

30 x2 > x1 ->

31 (X1 1> vl ; x21=>v2;m) =(x2{->v2; x1 1->vl;m.
32 Proof.

33 intros A m x1 x2 v1 v2. unfold update.

34 apply t_update_permute.

35 Qed.

257

We ool FALEY] YT FSroleh. FHo] FAW T ol thoke] EFTAnctusion

relation'sr 78 2] ol 4] AR8-Sh= Z o] Hefstrt
Definition includedin A : Type (m m' : partial_map A) :
forall x v, m x = Some v => m' x = Some v,

Updatet ZHUAE FAMHE AHLE =3 20 YT 4 Ut o] T2

et A gulste Ao] FAt
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1 Lemma includedin_update : forall (A : Type) (m m'

2 (x : string) (vx :

3 includedin m m' =

4 includedin (x |-> vx ; m) (x |-> vx ; m").
5 Proof.

6 unfold includedin.

7 intros Amm' x vx H.

s intros y vy.

9 destruct (egb_spec x y) as [Hxy | Hxy].

10 - rewrite Hxy.

11 rewrite update_eq. rewrite update_eq.
12 intro H1. apply H1.

13 - rewrite update_neq.

14 + rewrite update_neq.

15 { apply H. }

16 { apply Hxy. }

17 + apply Hxy.

18 Qed.

A| 127 Total and Partial Maps

: partial_map A)

A),



IMP, Simple Imperative Programs

o] A el Impehs 2ket Hed T2 e ol Holsta o] Qlojx A4 Lz
IE Coq& AHESte] BT Roltt,

13.1 Arithemetic and Boolean Expressions

InductiveE A8t Ata BEE aexplt F2 EA bexp= A oSt

Inductive aexp : Type :=
| (n : nat)
| (a1 a2 : aexp)
I (a1 a2 : aexp)
I (a1 a2 : aexp).

Inductive bexp : Type :=
|

|

|

I (a1 a2 : aexp)

| (a1 a2 : aexp)
| (a1 a2 : aexp)

| (a1l a2 : aexp)

! (b : bexp)

I (b1 b2 : bexp).

1+ 2 % 330 22 AFE A2 O3t 22 aexp= WERE 5 Sl
APlus (ANum 1) (AMult (ANum 2) (ANum 3))
aexpPJ %}:Zﬂ/ﬁlevaluation @-Z'\_ aeval% E]"x%-ﬂ]' ZE]_-O] @9’]61}‘:]'

Fixpoint aeval (a : aexp) : nat :=
match a with
| ANum n => n
| APlus a1l a2 =) (aeval al) + (aeval a2)
| AMinus a1 a2 => (aeval al) - (aeval a2)
| AMult al a2 => (aeval al) * (aeval a2)
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Example test aevall:
aeval (APlus (ANum 2) (ANum 2)) = 4.
Proof. simpl. reflexivity. Qed.

bexp®] FAE that 2ol A oottt

Fixpoint beval (b : bexp) : bool :=

match b with

| BTrue => true

| BFalse => false

| BEq a1 a2 =) (aeval al) =? (aeval a2)

| BNeq a1l a2 =) negb ((aeval al1) =? (aeval a2))

| BLe a1l a2 =) (aeval al) <=? (aeval a2)

| BGt a1l a2 =) negb ((aeval al1) <=? (aeval a2))
|
|
|
I

BNot b1 => negb (beval b1)
BAnd b1 b2 => andb (beval b1) (beval b2)
end

2
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Fixpoint optimize_Oplus (a:aexp) : aexp :=
match a with
! ANum n => ANum n
! APlus (ANum 0) e2 => optimize_Oplus e2
| APlus e1 e2 =) APlus (optimize_Oplus e1) (optimize Oplus e2)
! AMinus e1 e2 => AMinus (optimize_Oplus e1) (optimize Oplus e2)
| AMult el e2 =) AMult (optimize_Oplus e1) (optimize_Oplus e2)
end.

Example test_optimize_Oplus :
optimize Oplus (APlus (ANum 2)
(APlus (ANum 0)
(APlus (ANum 0) (ANum 1))))
= APlus (ANum 2) (ANum 1).
Proof. simpl. reflexivity. Qed.

£ 919 IEL el ofololE HolFE Aol 1, A5 (13.)€ HolaE t33}
T2 el FYoior aet.

Theorem optimize_Oplus_sound: forall (a: aexp),
aeval (optimize_Oplus a) = aeval a.

o Hele] WL 3 HEoR o] AdalArt

1 Proof.
2 intros a. induction a.
3 - (* a = ANum n *) (* aeval (optimize Oplus (ANum n)) = aeval (ANum n) *)
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4 simpl. reflexivity.

5 - (* a = APlus al a2 *)

6 (* IHa1 : aeval (optimize_Oplus al) = aeval a1

7 IHa2 : aeval (optimize_Oplus a2) = aeval a2

s (1/1) ===

9 aeval (optimize Oplus (APlus al a2)) = aeval (APlus al a2) *)

10 destruct al egn:Eal.

11 + (* al = ANum n *) destruct n egn:En.

12 { (*n=0%)

13 (* Eal @ al = Anum 0

14 IHa1 : aeval (optimize Oplus (ANum @)) = aeval (ANum 0)

15 IHa2 : aeval (optimize Oplus a2) = aeval a2

16 1/71) —————-

17 aeval (optimize Oplus (APlus (ANum 0) a2)) = aeval (APlus (ANum 0) a2) *)
18 simpl. exact IHa2. }

19 { (* n=5n0 %)

20 (* Eal : al = Anum (S n0)

21 IHa1 : aeval (optimize Oplus (ANum (S n@))) = aeval (ANum (S n0))
22 IHa2 : aeval (optimize_Oplus a2) = aeval a2

23 1/71) ————-

24 aeval (optimize Oplus (APlus (ANum (S n@)) a2)) =

25 aeval (APlus (ANum (S n@)) a2) *)

26 Sile.

27 (* S (nO + aeval (optimize Oplus a2)) =S (n® + aeval a2) *)
28 rewrite IHa2. reflexivity. }

a: aexp®ll et ALGS SF2E 5 = ANum nQ] H-$, a = APlus a1 a2%l A%, ... o] Ao =2 4

742 792 Uro] Jagslof ettt A WA B-e= 2l 345 9o A olsiE Aol

T 1A 9= 2kl 11014 2F o] a1 destructste] THA] 4742] 92 Lol X1 dggtet.
al = Anum n Zd-olli= A n = 091 A9k n = s el A& HHiro] Xttt

= 0% AollE 29l 6-9+= 2l 13-172 v A "ok, ojaf 2kl 189 simpl-S A Y5t

ol tHa2o] ZF 3} AX|SHA Hrt

n =S nodl Aol 2o o B3ttt ¢4 2l 6-9+= E}"] 20-25 2 HHA A Het, o
2491 26 9] simplell &Jste] a2 mifo] 24l 27 BHA| H=t o] ¥4 ] HE L= olsist=
Zo] T oottt Al TH O] W, = 2l 24 thait 7E‘S TAE AA 2l 279] o]
Hrt.

aeval (optimize_Oplus (APlus (ANum (S n@)) a2)) =>

aeval (APlus (optimize_Oplus (ANum (S n0))) (optimize_Oplus a2)) =)

aeval (optimize_Oplus (ANum (S n@))) + aeval (optimize Oplus a2) =)

aeval (ANum (S nO)) + aeval (optimize_Oplus a2) =)

S nO + aeval (optimize_Oplus a2) =)
S (n®@ + aeval (optimize Oplus a2))

i

H:l

5_’%

[El

1% mRre] 9, 2 ehel 257} ehel 279] S¥lo] B Aol el S s,
I ok 291 289 rewrite IHa2 reflexivity.+= |7 olsfe 4= & Aolrt,

OJAC 2 A a = APlus a1 a2%] 74--2] 47}H4] o19] H% 5 A HA A
3714 5}9] 299 THE T8 2eh o159 FHE BT fAhD
al = APlus a3 a4°ll tHol ATt A g o7l

d

LN
o
[
3
_O|L
S
o
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29 + (* al = APlus a3 a4 *)

30 (* Eal : al = APlus a3 a4

31 IHa1 : aeval (optimize_Oplus (APlus a3 a4)) = aeval (APlus a3 a4)
32 IHa2 : aeval (optimize_Oplus a2) = aeval a2

33 /1) —--

34 aeval (optimize Oplus (APlus (APlus a3 a4) a2)) =

35 aeval (APlus (APlus a3 a4) a2) *)

36 simpl. simpl in IHa1.

37 (* IHa1 : aeval match a3 with

38 ! ANum O => optimize_Oplus a4

39 I => APlus (optimize Oplus a3) (optimize Oplus a4)
40 end = aeval a3 + aeval a4

41 IHa2 : aeval (optimize_Oplus a2) = aeval a2

42 /1) —--

43 aeval match a3 with

44 ! ANum O => optimize_Oplus a4

45 I => APlus (optimize Oplus a3) (optimize_ Oplus a4)
46 end + aeval (optimize Oplus a2) = aeval a3 + aeval a4 + aeval a2 *)
a7 rewrite IHal.

48 rewrite IHa2. reflexivity.

49 + (* al = AMinus a3 a4 *)

50 simpl. simpl in IHa1. rewrite IHal.

51 rewrite IHa2. reflexivity.

52 + (* al = AMult a3 a4 *)

53 simpl. simpl in IHa1. rewrite IHal.

54 rewrite IHa2. reflexivity.

2190 365] 2 WA simpl & 20 DY B3] ek 0] sl ol g2 Ao
Ak, AL 23 2L BAE A A AL
aeval (optimize Oplus (APlus (APlus a3 a4) a2)) =

aeval (APlus (optimize_Oplus (APlus a3 a4)) (optimize_Oplus a2)) =)
aeval (optimize_Oplus (APlus a3 a4)) + aeval (optimize_Oplus a2)

A7) HETH rewrite IHal= AFHEE 4 A& AolY Stk 17 simpl HFA] %411
aeval (optlmlze Oplus (APlus a3 a4))E O &3} Qb

aeval (optimize_Oplus (APlus a3 a4)) =)
aeval (APlus (optimize_Oplus a3) (optimize_Oplus a4)) =)
aeval (optimize_Oplus a3) + aeval (optimize_Oplus a4)

o714 a3 = Anum 0%) 90} 1D gL A9 o] A3 The T} o] Hrt,

aeval match a3 with

| ANum 0 => optimize_Oplus a4

| _ => APlus (optimize_Oplus a3) (optimize_Oplus a4)
end

o] 22 FA5] simpl IHa12] AX}o] I} ARSHA HT}. T12] 3 simpl IHa19] A¥}e] ¢S

aeval a3 + aeval a4©|B 2, O]A| rewrite IHal= AYSHH 1-& mfo] tp3 3} Zo] Het,

aeval a3 + aeval a4 + aeval (optimize_Oplus a2) = aeval a3 + aeval a4 + aeval a2
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71 Al k<1 389] rewrite IHa2E A doto] o] 519 -9 TS vix|A Hrt
de F AL nuA 49nR 49 At ol 2H S AR gas et
55 - (* AMinus *)
56 simpl. rewrite IHal. rewrite IHa2. reflexivity.
57 - (* AMult *)
58 simpl. rewrite IHal. rewrite IHa2. reflexivity. Qed.

(13.1)2 AP oz YFu Fedet ZAo|AT dAT T2 o|EX 545t th¥35]| & o
A

—
A1 % 7)ol glo] Selel welvt £ 08 4G HE dolZ 4 glnk.

13.2  Coq Automation

Tacticals
EHE|A (Tactical) 2 kS Q42 ALE-5hH= A2 = higher-order tactico]th. IHASH g2
try7} Sk oA e Q14 A2ke Adsio] # W T2 AASHL < HW oFRAE
a4 gk
Theorem silly1 : forall (P : Prop), P -> P.
Proof.
intros P HP.
try reflexivity. (* Plain [reflexivity] would have failed. *)
apply HP. (* We can still finish the proof in some other way. *)
Qed.
Theorem silly2 : forall ae, aeval ae = aeval ae.
Proof.
try reflexivity. (* This just does [reflexivity]. *)
Qed.
try =m0 = ARG E oA = AA| FHoA 8-8o] 22| gt shA|et @Y o oA AHE-
SHE U 83 % 9Aeh. B8 A compound tacc T ; T2 TS AP, A2 112 WE

SFe] A2of 12 ATt
dl & 5o 29 plus_1_neq 02 ZF A destructs AHE5He] 2719] 519 1S HlE=
Zol "dgsict, 9y ZF 519 AZofA Q] S FYstth o] FES o & Ut &

AF8-510] plus_1_neq_0' 2t Zro] FH Hrt,

Theorem plus_1 neq 0 : forall n : nat,
(n+1) =2 0 = false.
Proof.
intros n.
destruct n as [} n'] eqn:E.
- simpl. reflexivity.
- simpl. reflexivity. Qed.

Theorem plus_1_neq_0' : forall n : nat,
(n+ 1) =? 0 = false.
Proof.
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intros n.
destruct n as [} n'] eqn:E; simpl; reflexivity.
Qed.
p260°] = optimize_Oplus_sound®] S HANA a at: aexpoll thHet AAZPH BEA-S AL
oo FAS SO HhEo] QU= ol F trye} s E AFESHY] o 4 Qlth o]E T
[cases; try (..;..) ] THETidiomBHT B2} 7] A casest induction/destruct/inversion &

ofL sitolct

Theorem optimize_Oplus_sound': forall a,
aeval (optimize_Oplus a) = aeval a.
Proof.
intros a.
induction a;
try (simpl; rewrite IHal; rewrite IHa2; reflexivity).
(* without [try] this will get stuck *)
- (* ANum *) reflexivity.
- (* APlus *) destruct a1;
try (simpl; simpl in IHal; rewrite IHal;
rewrite IHa2; reflexivity).
+ (¥ al = ANum n *) destruct n;
simpl; rewrite IHa2; reflexivity. Qed.

okt o] Balg AAL S= 9t

Theorem optimize Oplus_sound'': forall a,
aeval (optimize_Oplus a) = aeval a.
Proof.
intros a.
induction a;
try (simpl; rewrite IHal; rewrite IHa2; reflexivity);
try reflexivity;
(* APlus *) destruct al;
try (simpl; simpl in IHal; rewrite IHa1;
rewrite IHa2; reflexivity);
(* al = ANum n *) destruct n;
simpl; rewrite IHa2; reflexivity. Qed.

A EA A 7ol ‘ﬂrﬁ’r FHol vhE "k ;& AHgote] B8] §le S8 &
UL o2 A2 FES ARSI

T [MiT12) ... 1]
9] F22 7l Sk9] A& ZHztof| diste] M 1iE AdYstetes Zolth B ERE T, T'E
29| 7} 5 st

L2 L T R VU B

[e]
R

AT

o] ohd Aoz Meke wrEslof sh= 497t ek o2
3

In10 : In 10 [1;2;3;4].

= oheat o] 39T 4 9ir.
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unfold In. right. right. right. left. reflexivity.
(* [unfold In] may by omitted. *)

ol -9l repeat BlE|A O] 585ttt 1Y ©@<=5] repeat rightE AHEoHH QF Hrt, v
olg27 A right’t A&t 3 Al sty 2o th32] A3-E 47 2 Ao|th

In 4 []

IHBRZ rights AP Fofl= HIEA] ZA

left; reflexivity”} AA-5st=A5 &ela) Kot
O

of gttt oY WA O 2 In a 1iE THILA T W= AL A D27t
left; reflexivityE rightoll &HA] Addst= Zlo] o Ett.
Theorem In4' : In 10 [1;2;3;4].
Proof.
repeat (try (left; reflexivity), right).
Qed.

repeat T+ T7F failol?] Hol HEA| H| B2 A2 fail5HA] Y=t 224 W 2= repeat 77}
Tt Fxof WA 4= glon g o] o] HrAlshR] L = ol of g},

Theorem repeat_loop : forall (m n : nat),
m+n=n+m,
Proof.
intros m n.
(* repeat rewrite Nat.add _comm. *)
Admitted.

HERH 13.1 optimize_0plust= F01% bexpHloll Y& aexp®] FES IR FASIERE 1
bexpS] &k FAS ZAolt}. o] AFA-E Wot= A optimize_Oplus_b_soundS S8 ol2r WA
= optimize Oplus_b: bexp -) bexpE A oldfoF & Aolct

Fixpoint optimize_Oplus_b (b : bexp) : bexp :=
match b with
| BEQ 1 r => BEq (optimize Oplus 1) (optimize Oplus r)
| BLe 1 r => BlLe (optimize_Oplus 1) (optimize_Oplus r)
! BNot b' => BNot (optimize Oplus_b b")
! BAnd 1 r => BAnd (optimize Oplus_b 1) (optimize_Oplus_b r)
I _=>b

end.

Theorem optimize Oplus_b_sound : forall b,
beval (optimize_Oplus_b b) = beval b.
Proof.
intros.
induction b;
try (simpl; reflexivity);
try (simpl; repeat rewrite optimize_Oplus_sound; reflexivity).
- simpl. rewrite IHb. reflexivity.
- simpl. rewrite IHb1, IHb2. reflexivity.
Qed.
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Defining New Tactics

Ltac idiom= A4 2 79| Ak Fof shfo] 22 A ol 4= qlrt, offjof st
s Bt

Ltac invert H :=
inversion H; subst; clear H.

Lemma invert_examplel : forall a b c: nat,
[a ;b] = [a;c] > b =
Proof.
intros.
invert H.
reflexivity.
Qed.

Ltac AFEHS F5517] Y5t £2 A3 = Certified Programming with Dependent Types (CPDT)©]

o},

The lia Tactic
liat Linear Integer Arithmetic®] FAt2, ‘Ao st A AhaA S obF+= ¢ 583
Bepol o}

Example silly_presburger_example : forall m n o p,
m+ni=n+o/No+3=p+3-

m <= p.

Proof. lia. Qed.

Example add comm_lia : forall m n,
m+n=n+m.
Proof. lia. Qed.

Example add_assoc__lia : forall m n p,
m+ (n+p)=m+n+p.
Proof. lia. Qed.
lia S AF§3}7] 915keli o) do] the-g Aas) Fofof Gk,

From Cog Require Import Lia.

A Few More Handy Tactics

kel -8 @ 7)o Mere 4t

o

« clear H: Delete hypothesis H from the context. (IE|AE O o4 HolglS HQ 7t

glo1zl 7Hd & Al 7Rt

+ subst x: Given a variable x, find an assumption x = e or e = x in the context, replace

x with e throughout the context and current goal, and clear the assumption.

A a

T

Lo o

<

o&

At A]o] 27 SFel Lo} glet.


http://adam.chlipala.net/cpdt/
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subst: Substitute away all assumptions of the form x = e or e = x(where x is a vari-
able). (-8&5}tt.)

rename .. into .. Change the name of a hypothesis in the proof context. For exam-
ple, if the context includes a variable named x, then rename x into y will change all

occurrences of x to y. (F<& A2HZ]?)

assumption: Try to find a hypothesis H in the context that exactly matches the goal;
if one is found, solve the goal. (HZt}.)

contradiction: Try to find a hypothesis H in the context that is logically equivalent
to False; if one is found, solve the goal. (H=ZTt}.)

constructor: Try to find a constructor ¢ (from some Inductive definition in the current
environment) that can be applied to solve the current goal. If one is found, behave
like apply c. (-&35}t})

o] AeF5 o] A4 dli o FHatTA 1A B Aoltt

Multiple Arguments and Targets of Tactics

o] Aol = A2ke] 149} EFAlolebi G012 AHERITE o] G059 ojnji Th o] PR A
A olshg % glrt.

tactic_name [arg], . lin targetl, L

rewrite =S |2 S0 Aot

1

From Cog Require Import Arith.

Fact silly multiple : forall a b x y z: nat,

a=x+y—>b=y+z-Dat+tb= (y+x)+ (z+y).

Proof.
intros a b x y z H1 H2.
rewrite Nat.add_comm in H1, H2.
rewrite H1, H2.
reflexivity.

Qed.

2Rl 72 multiple targets 9] dflo]™ 2] F S stz ¢ ZlolH.

rewrite Nat.add_comm in H1.
rewrite Nat.add_comm in H2.

2}¢] 8- multiple arguments 9] oo™ th-3-9] F &2 stz bzl Aol

rewrite H1.
rewrite H2.
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13.3 Evaluation as a Relation

aeval} beval 2 Fixpoints ©]-&35te] A oJH gholtt. Evaluation< §H=71 obd A relation
2L Ao & Qltt (TA= 2709 JAFE 7}7\1% g 9it})

Reserved Notation "e '==>' n" (at level 90, left associativity).

Inductive aevalR : aexp -> nat - Prop :=

! (n : nat) :
(ANum n) ==> n

I (e1 e2 : aexp) (n1 n2 : nat) :
(e1 ==> n1) -
(€2 ==> n2) ->
(APlus el e2) ==> (n1 + n2)

I (e1 e2 : aexp) (n1 n2 : nat) :
(e1 ==>n1) -
(€2 ==> n2) ->
(AMinus e1 e2) ==> (n1 - n2)

| (e1 e2 : aexp) (n1 n2 : nat) :
(e1 ==>n1) ->
(2 ==> n2) -

(AMult e1 e2) ==> (n1 * n2)
where "e '==>' n" := (aevalR e n) : type_scope.

2} 2737 ol Hiet ==> 0] oM 28 LEZC] R A 1 AA(E)
o7 A S EARAA S 4 A

flo
(|
rh
o
I

! E_APlus (e1 €2 : aexp) (n1 n2 : nat)
(H1 : el ==> n1)
(H2 : e2 ==> n2) :
(APlus e1 €2) ==> (n1 + n2)

Al

=8 2e A

ly
fijo

ZE LEZR & 7k AUtk

| E_APlus : forall (el e2 : aexp) (n1 n2 : nat),
(e1 ==> n1) -
(e2 ==> n2) -
(APlus el e2) ==> (n1 + n2)

Inference Rule Notation

7—1’ /K(l)l/léx]- ] Eﬂé—_} ‘== A(HJZ—)]"I_'ILZ][% Coq —?—57]' O]’ﬂ OEUZ)PE: ?_]informal P],_-/K—](ﬂ]/ﬂ% "ir%‘ﬂ';q
inference rule—gq Oé/llgi 1,].]:/].1%1 —/|\— 9\;1\‘:]'

- (E_ANum)
ANumn = n
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€1 =N €2 = N2
(E_AP1us)

APlus €1 €2 = ny + na

e1 = nq ey = Nog
X (E_AMinus)

AMinus €1 ea = N1 — Ny

e =Ny €2 = N2
(E_AMult)

AMult e; e2 = ny * Ng

2g BAX ) A E FEFEL cheut 2ol vekd & 9]

- (E_BTrue)
Btrue = true
(E_BFalse)
BFalse = false
a; = ny as = nNo
(E_BEq)
BEg a1 as = n1 = ng
a] = Ny ag = N2
(E_BNeq)
BNeq a1 ag = n1 # ng
a; = ny as = no
(E_Le)
BLe a1 ag = nq < no
a1 = Ny a2 = N2
(E_6t)
BGt a1 ag = —(ny < ng)
b=wv
I —— (E_BNOt)
BNot b = —w
by = 11 by = Uy
(E_BAnd)

BAnd b1 ba = v1 A U2

Equivalence of the Definitions

aexp®ll et ZHAAEL T aeval R Aot AT} A gevalrz A 23t A Q] T 71A]7} 1=,
olFo] A 5 ottt= AS o539 A& Foto] S0 = T

Theorem aeval iff aevalR : forall (a: aexp) (n: nat),
(a ==> n) <> aeval a = n.

A ->E FHs = g

1 intros. split.

2 - (*a==>n->aeval a =n *)
3 intros H.

4 induction H.

5 + (* E_ANum *)

6 simpl.

7 reflexivity.
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8 + (* E_APlus *)

9 simpl.

10 rewrite IHaevalR1. rewrite IHaevalR2. reflexivity.
11 + (* E_AMinus *)

12 (* same as E_APlus case *)

13 + (* E_AMult *)

14 (* same as E_APlus case *)

15 = (% (= %)

19 (1 /4) ——————————
20 aeval (ANum n) =n

22 Goal 2

23 e1, e2 ! aexp

24 n1, n2 ! nat

25 H : el ==>nl

26 HO : e2 ==)> n2

27 IHaevalR1 : aeval el = n1

28 IHaevalR2 : aeval e2 = n2

20 (2 / 4) —————————

30 aeval (APlus el e2) =nl1 + n2

32 Goal 3
a3 (x same as in Goal 2 *)
38 (3 / 4) ————————————————

35 aeval (AMinus el e2) = n1 - n2

37 Goal 4
ss  (* same as in Goal 2 *)
30 (4 / 4)
40 aeval (AMult el e2) =nl1 * n2
2hel 6 AelT & Lol o = o] Heh, v
gtol 95 APSHH 11 O] geval el + aeval €2 = n1 + n27F F}. o714 rewrites
£ 9 Alsgelel opo] EAA, v
F2 F %ol tofjA= o ool Aol 2 g glE Aoltt
oA HE]AS M A FTHE teFolA ThEo] HAt
2}ol 95 At Fo] g mehe (94 Tol]) th2 3 Lt

A71A substE A Y5HH 2l 273} 24}l 28] olste] 11 mefo] that T A Hh

aeval el + aeval e2 = aeval el + aeval e2
=, rewrite’} B8 §lO] reflexivityTt AH8oH Hth2 A2 reflexivity: simplS Z ot
2 2l 99t 219l 102 th33} 22 ofute] giol o2 HhE &= Qi

224 0] oF¥l % s1b7h M5 T renrite thA substE AFESIE o] o ZhHsit.
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subst. reflexivity.

kel 63} 249l 7= v ATk o] Aol subst. reflexivity. oAl subste OFFEH L
sh) e BAL Qick. TelnE Be Ak M4 Bl 3 ~ 14 et g B st
2kl o 2 tiA| g o= Ut

intros H. induction H; subst; reflexivity.

1 thg-& ogHkgF <-o]th O]tHOﬂll induction H7} ©FY 2} induction a& AF&SH= A o]

AsiTh, g ZHol A A W2 old ThE MAEe AXA W UASL Ho] B
o yormg akel 429 generallze dependent& A& T} o] & AJ=FolH ot oA EA|
WA S=2] Selsf Het

Qi o ofl

a1 - (xaeval a=n->a==)n *)

42 generalize dependent n.

43 induction a.

44 + (* ANum *)

45 simpl. intros. subst.

46 apply E_ANum,

a7 + (* APlus *)

48 simpl. intros. subst.

49 apply E_APlus.

50 * apply IHal. reflexivity.

51 * apply IHa2. reflexivity.

52 + (% AMinus *)

53 (* same as APlus case *) apply E_AMinus. (* same as APlus case *)
54 + (* AMult *)

55 (* same as APlus case *) apply E_AMult. (* same as APlus case *)
56 Qed.

el 43S APt 3o 1.8 shH-2 T3t Ert

57 Goal 1

s8 n : nat

so (1 / 4) —————————-——

60 forall nO : nat, aeval (ANum n) = n®@ —-> ANum n ==> n0

61

62 Goal 2

63 al, a2 : aexp

64« IHal : forall n : nat, aeval al = n -> al ==) n

65 IHa2 : forall n : nat, aeval a2 = n -» a2 ==> n

66 (2 /] 4) —————————

67 forall n : nat, aeval (APlus al a2) = n -> APlus al a2 ==) n

68

60 Goal 3
7o (* same as in Goal 2 *)
71 (3/ 4) ———————————————e

72 forall n : nat, aeval (AMinus al a2) = n -> AMinus al a2 ==)> n
73

74 Goal 4
75 (* same as in Goal 2 *)
76 (4 ) 4) ——————————————

77 forall n : nat, aeval (AMult al a2) = n -> AMult al a2 ==> n
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APlus al a2 ==) aeval al + aeval a2

wHetA apply E_Apluse ASHH o=k &2 2719 5h9f Aol A4 Ht.

(1 / 2) ==mmmmmmmmmmmmmm
al ==)> aeval a

(2 / 2) ————————mm——————
a2 ==) aeval a2

o714l 2kl 509 apply IHal= A 3¥otH 112 Zefo| of3a} Zo] Hrt,

aeval al = aeval a1l
APlus 7d-5-¢fl thet A2 o] o2 FHS Ao}, v

U R A9 A9 v|=sith, thit apply E_APlus THA ZH2F apply E_AMinus®}apply E_AMultS
Ab-gefjof stth= Zigk tr 2, o] AFE2 constructor® THAS 4= ST},

OlA| tryet ;& AHEste] WHEH I EE Al ASHH that Zo] 7teket H S 42 &
011;].
IR,

Theorem aeval iff aevalR' : forall (a: aexp) (n: nat),
(a ==> n) <-> aeval a = n.

Proof.
intros. split.
- (x > %)
intros H. induction H; subst; reflexivity.
- (x <= %)

generalize dependent n.
induction a; simpl; intros; subst; constructor;
try apply IHal; try apply IHa2; reflexivity.
Qed.

OJA| aevalrt T2 8 O 2 pevalRS A 2J0FL beval_iff_bevalRS 5 gl EAf

Reserved Notation "e '==Db' b" (at level 90, left associativity).

Inductive bevalR : bexp -> bool -> Prop :=
! : BTrue ==>b true
| . BFalse ==)>b false
! (a1 a2: aexp) (n1 n2: nat) :
(a1 ==> n1) -> (a2 ==> n2) -> (BEq al a2) ==>b (n1 =? n2)
| (a1 a2: aexp) (n1 n2: nat) :
(a1 ==> n1) -> (a2 ==> n2) -> (BNeq al a2) ==>b negb (n1 =? n2)
I (a1 a2: aexp) (n1 n2: nat) :
(a1 ==> n1) -> (a2 ==> n2) -> (BLe al a2) ==>b (n1 <=? n2)
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i (a1 a2: aexp) (n1 n2: nat) :
(al ==> n1) -> (a2 ==> n2) -> (BGt al a2) ==>b negb (n1 <=? n2)
| (b: bexp) (bv: bool) :
(b ==>b bv) -> (BNot b) ==>b (negb bv)
I (b1 b2: bexp) (bvl bv2: bool) :
(b1 ==>b bv1) => (b2 ==>b bv2) -> (BAnd b1 b2) ==>b (andb bv1 bv2)

where "e '==)b' b" := (bevalR e b) : type_scope.
1 Lemma beval iff bevalR : forall (b: bexp) (bv: bool),
2 ==>b bv <-> beval b = bv.
3 Proof.
4 intros. split.
5 - intros.
6 induction H; subst; simpl;
7 try reflexivity;
8 try (rewrite aeval_iff_aevalR in H, HO;
9 rewrite H, HO;
10 reflexivity).
11 - intros. generalize dependent bv.
12 induction b; simpl; intros; subst; constructor;
13 try (apply aeval_iff_aevalR; reflexivity);
14 try (apply IHb; reflexivity);
15 try (apply IHb1, reflexivity);
16 try (apply IHb2; reflexivity).

17 Qed.

Computational vs. Relational Definitions

A O] ZAAE aeval, beval 528 TFF=2 4 9T} aevalRr, bevalR 52
AR Aolstes ABAR Ao el whet 24 |25, H == S 2E Aot
Sh= A7 Aoh A iotal function 7F P BB partial function @1 %ol 18| 5}t}. o=
Eol QAL UGS a+b=c < (a=bxc)A (b#0)2 FASH T2 g pof ThalA
0+ b A gFeth oo e BEFSE thet Zol Aol 4 9k

Inductive aexp : Type :=

)
2
(o]

—~

| ADiv (al a2 : aexp). (* {—— NEW *)

Inductive aevalR : aexp -> nat - Prop :=

| E_ADiv (al a2 : aexp) (n1 n2 n3 : nat) : (% {==———= NEW *)

E
(a1 ==> n1) -> (a2 ==> n2) -> (n2 > 0) >
(mult n2 n3 =n1) -> (ADiv al a2) ==> n3

o] Q]| & non-deterministic function 5 total function®] oPd o] st WA = {A|E A o= HF

2
- TAIY A9 kTt obd TA Q] A oJof] A& 4= ST}, inversiondt induction ZEFo]
=z
=
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Shed A9 simpl, reflexivity, rewrite 52 H2FS ARRE & Qi

=
e
O
O

Cog ZEAECNN G5BT BAG HOIE F o 32, o] Tol FEFLS FYSH WAL

158 BPSHE AEAS ThR7] Aote] aepS THE T 2ol gt

Inductive aexp : Type :=
! ANum (n : nat)

| AId (x : string)

| APlus (a1 a2 : aexp)

| AMinus (a1l a2 : aexp)
| AMult (a1 a2 : aexp).

A5 ol WG o] 8-S ket Zol Heols) Er.

Z,\_
Definition W : string := "W"

X

Y

YA

we.
Definition X : string := "X".
Definition Y : string := "Y"
Definition Z : string := "Z"

bexpl] o= o)A S IR AFE3t T2 bexpe aexp? UAE EZISIER aexpl]
Stol Wt pexp HHE T

States

HEE9] 32 state?tes A Wiotal map &2 FATTH 20| TSIAA stater= EFY O]
state®] VA7t string?ll A nat®Z 7HE ol B2 oA S 2 M machine state, & WS

ghe hehdict,

Definition state := total_map nat.

R

Lo

o] ZolA w27t FHE 22 Ao Impe] et 22 IS off Hld

Z:=X;

Y =1,
while Z <> 0 do
Y =Y *x 7,
Z:=7-1

end

of g A HZol Impe Mg Zodet AhaA T Fa42 v e dofo|B= Impo A[HE

=}
20 statet St o] WS ot FRBE of /4L AHEEHA
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Notations

2ot A AR wa} AWL Ho] a4,

1 Coercion AId : string >-> aexp.
> Coercion ANum : nat >-> aexp.

4 Declare Custom Entry com.
5 Declare Scope com_scope.

7 Notation "< e D" := e (at level 0, e custom com at level 99) : com_scope.

s Notation "( x )" := x (in custom com, x at level 99) : com_scope.

o Notation "x" := x (in custom com at level 0, x constr at level 0) : com_scope.

10 Notation "f x .. y" = (.. (f x) .. y)

11 (in custom com at level 0, only parsing,

12 f constr at level 0, x constr at level 9,

13 y constr at level 9) : com_scope.

14 Notation "x + y"  := (APlus x y) (in custom com at level 50, left associativity).
15 Notation "x - y"  := (AMinus x y) (in custom com at level 50, left associativity).
16 Notation "x * y"  := (AMult x y) (in custom com at level 40, left associativity).
17 Notation "'true'" := true (at level 1).

15 Notation "'true'" := BTrue (in custom com at level 0).

19 Notation "'false'" := false (at level 1).

20 Notation "'false'" := BFalse (in custom com at level 0).

21 Notation "x <= y" := (BLe x y) (in custom com at level 70, no associativity).

22 Notation "x > y" := (BGt x y) (in custom com at level 70, no associativity).

23 Notation "x = y" := (BEq x y) (in custom com at level 70, no associativity).

22 Notation "x & y" := (BNeg x y) (in custom com at level 70, no associativity).
25 Notation "x & y" := (BAnd x y) (in custom com at level 80, left associativity).
26 Notation "'~' b" := (BNot b) (in custom com at level 75, right associativity).
27

25 Open Scope com_scope.
o} 7)o tigt A& SFo] 7o g Z-S3sict

You do not need to understand exactly what these declarations do.
Briefly, though:

« The Coercion declaration stipulates that a function (or constructor) can
be implicitly used by the type system to coerce a value of the input type
to a value of the output type. For instance, the coercion declaration for
Ald allows us to use plain strings when an aexp is expected; the string will
implicitly be wrapped with Ald.

+ Declare Custom Entry com tells Coq to create a new custom grammar for
parsing Imp expressions and programs. The first notation declaration after
this tells Coq that anything between <{ and }> should be parsed using the
Imp grammar. Again, it is not necessary to understand the details, but it is
important to recognize that we are defining new interpretations for some
familiar operators like +, -, *, =, <= etc., when they occur between <{
and }>.
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We can now write 3 + (X * 2) instead of APlus 3 (AMult X 2), and true && ~ (X <= 4)
instead of BAnd true (BNot (BLe X 4)).

o E7Ho] eJste], & Sol thgat 2ol £ % gtk

Definition example_aexp : aexp := <{ 3+ (X * 2
Definition example_bexp : bexp := <{ true && ~(

Evaluation
SAE aexpt bexpl] AL stateS U2 AFE-foF St

Fixpoint aeval (st : state)
(a : aexp) : nat :
match a with
! ANum n =) n
I AId x =) st x
I <{a1 + a2}> => (aeval st al) + (aeval st a2)
|
|
|
|

{a1l - a2}> => (aeval st al) - (aeval st a2)
{al * a2}> => (aeval st al) * (aeval st a2)
end.

Fixpoint beval (st : state)
(b : bexp) : bool :=

match b with

I {true}> => true

I {false}> => false

I {a1 = a2}> =) (aeval st al) =? (aeval st a2)

I {al & a2}> => negb ((aeval st al) =? (aeval st a2))

I {al <= a2}> =) (aeval st al) <=? (aeval st a2)

b {atl > a2}> =D negb ((aeval st al) <=? (aeval st a2))
|
|

A~ b1 => negb (beval st b1)
{{b1 && b2}> => andb (beval st b1) (beval st b2)
end.
Aol AoJoff FHH B7HE th3}t Zo] 715H AFE-Sith
Definition empty st := (_ 1-> 0).
Notation "x '!-D>' v" := (x I-> v ; empty_st) (at level 100).

Example aexp1l :
aeval (X 1-> 5) {3+ (X*2) P
= 13.
Proof. simpl. reflexivity. Qed.

Example aexp2 :
aeval (X I=-> 5, Y I1->4) {2+ (X*xY) D
= 20.
Proof. reflexivity. Qed.

Example bexpl :
beval (X 1-> 5) <{ true &% ~(X <= 4) }>
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= true.
Proof. reflexivity. Qed.

13.5 Commands

Syntax

g9 A ImpY commands= Th2 o] A o) H Tt

Inductive com : Type :=

(x : string) (a : aexp)

(c1 c2 : com)
(b & bexp) (c1 c2 : com)

(b : bexp) (c : com).

Notation =

CSkip (in custom com at level @) : com_scope.

Notation "x y" 1=

(CAsgn x y)
(in custom com at level 0, x constr at level 0,
y at level 85, no associativity) : com_scope.

Notation "x , y" :=

(CSeq x vy)
(in custom com at level 90,
right associativity) : com_scope.

Notation X y z

(CIf xy z)
(in custom com at level 89, x at level 99,
y at level 99, z at level 99) : com_scope.

Notation X y =

(CWhile x y)
(in custom com at level 89, x at level 99,
y at level 99) : com_scope.

o] Qlof Ml A L Ao ANE (LR IR S thet Zol 44T

ez

nat2hd PL w o] T2 T 418 Aikslo] v o AT

Definition fact_in_coqg : com :=

qz

ojZg]

[ v
e = Y

=X

1,

while Z <> 0 do
Y =Y *x7;

=7 -1

end }>.

23 Fo Ay,

Mo

4 Atk xoll A

277
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o olE o oht

278
Desugaring Notations
FE9 Notaions Wo] At HH 035]8 A 4 ¢l
¥/ 715 13 A 4 ek,
« Unset Printing Notations (undo with Set Printing Notations)
» Set Printing Coercions (undo with Unset Printing Coercions)
« Set Printing All (undo with Unset Printing All)

Hd o]gf7} & Ao|th

ohgol o8
Unset Printing Notations
Print fact_in_coq.
(* ===
fact_in_coq =
CSeq (CAsgn Z X)
(CSeq (CAsgn Y (S 0))
(CWhile (BNot (BEq Z 0))
(CSeq (CAsgn Y (AMult Y 7))
(CAsgn Z (AMinus Z (S 0))))))
com *)
(X <= 4))} *)

Set Printing Notations
Print example_bexp.
(* ===> example_bexp = <{{(true && ~
Set Printing Coercions
Print example_bexp.
> example_bexp = {{(true && ~ (AId X <= ANum 4))}> *

(*
Print fact_in_coq
(* ===
fact_in_coq =
( Z := (Ald X);
Y := (ANum 1);
while ~ (AId Z) = (ANum Q) d
Y := (AId Y) * (AId Z);
Z := (AId Z) - (ANum 1)
end }>
tocom *)
Unset Printing Coercions
ot ol o Locate”}

Locate Again
7]% o] go}]

sieh,
Locate aexp.
Locate "&8&".
Locate ";".
Locate "while
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More Examples

Definition plus2 : com :=

dX=x+2H.

Definition XtimesYinZ : com :=

gz:=x*Y P,

Definition subtract slowly body : com :=
Az:w=72-1;
X:=X-1PD.

Definition subtract_slowly : com :=
{ while X & 0 do
subtract_slowly_body
end }>.

Definition subtract 3 from 5 slowly : com :=
g x:=3;
Z =5,
subtract_slowly }>.

Definition loop : com :=
{ while true do
skip
end 1.

13.6 Evaluating Commands

while FI+= terminate’} HAE 0] 24| rth= Aol o] 2FlE ol fA it

Evaluation as a Function (Failed Attempt)
TAI7} E= while Al Aol T o2} o] A ool Bt

1 Fixpoint ceval_fun_no_while (st : state) (c : com) : state :=
2 match ¢ with

s skip P

4 st

5 P x=ap=>
6 (x 1-> (aeval st a) ; st)
7 P a2

8

9

let st' := ceval_fun_no_while st c1 in
ceval_fun_no_while st' c2

10 I { if b then c1 else c2 end}) =)

11 if (beval st b)

12 then ceval_fun_no_while st c1

13 else ceval_fun_no_while st c2

14 I <{ while b do c end }> =)

15 st (* bogus *)

16 end.
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17

18 Check ceval_fun_no_while. (* state -> com - state *)

2FQl 8,994 let .. := .. in .. TE= AR o] A2 TS 9]
ceval_fun_no_while (ceval_fun_no_while c1) c2
2t¢l 14,155 th53 Zo] BHto] yhile FEE 2 2ot il A&k,

Fixpoint eceval fun (st: state) (c: com) : state :=
match ¢ with

S

o}

I <{ while b do ¢ end})> =>

if (beval st b)
then ceval_fun st <{c ; while b do ¢ end})
else st

end.

o290 @ F7F 2RI} Error: Cannot guess decreasing argument of fix.
OCamlolL} Haskell 28 Q1ojo AL oleldh T2 5185145 cog® FE AT}
e g PR Aoz s2eh g

I
L
o

Evaluation as a Relation

st: state”} c: cnd®ll ©J5F st': state® WS wff o] & o2} Zo] et (Fol2+=, ¢
takes st to st'.)

>
AWE AW AE F2714 GA02 Vehld b} 2o,

(E_Skip)
st =[ skip ]=> st'

aeval st a = n

(E_Asgn)
st =[ x:=a ]=> (x !> n ; st)

st =[ c1 ]=> st'
st =[ c2 ]=> st''

(E_Seq)
st =[ cl;c2 ]=> st"'

beval st b = true
st =[ c1 1=> st'

(E_IfTrue)
st =[ if b then cl1 else c2 end ]=> st'

beval st b = false
st =[ c2 ]1=> st"'

(E_IfFalse)
st =[ if b then cl else c2 end ]=> st'

beval st b = false
st =[ while b do c end ]=> st

(E_WhileFalse)
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beval st b = true
st =[ ¢ 1=> st'
st' =[ whild b do ¢ end ]=> st''

st =[ while b do ¢ end ]=> st''
P4 Qo= vh2 3 Aok ZF AR Aol o] Tt 22 Aot o B A S =R
AMldstA gHlsf X 7] vigtrt3
Reserved Notation
"St |=[| C |]=>I S_tlll
(at level 40, c custom com at level 99,
st constr, st' constr at next level).

(E_WhileTrue)

Inductive ceval : com -) state -)> state -)> Prop :=
! . forall st,
st =[ skip ]=> st
I . forall st a n x,
aeval sta=n -
st=[ x :=a ]=> (x I=> n; st)
! : forall c1 c2 st st' st'',

st =[ c1 1= sttt -
st' =[ 2 1= st'
st =[ c1; 2 ]= st"'

I : forall st st' b ¢l c2,
beval st b = true ->
st =[ 1 = st -
st =[ if b then c1 else c2 end]=) st'
! : forall st st' b c1 c2,
beval st b = false >
st =[ 2 1= st' -
st =[ if b then c1 else c2 end]=) st'
! . forall b st c,
beval st b = false ->
st =[ while b do c end ]=) st
{ . forall st st' st'' b c,
beval st b = true ->
st =[ ¢ ]2 st'
st' =[ while b do c end ]=) st'' =>
st =[ while b do c end ]=)> st"

where "st =[ ¢ ]=> st'" := (ceval c st st').

ofFA AMEYAE A RN HOISHH while FILE THE & th= Aol = v, &
= AgskaL, O vel 7] Hve Ae

A g A 74 7] o] 27 1 g

e o2 A3 B 2

1 Example ceval examplel:
2 empty_st =[

Saexp®] WAE SlIote] F4E AT wi= I F4E aevalBH O|F XL, & E AHEE W 1 oI5
%wmﬂiﬂ%ﬂﬂ“qchQﬂ}W%@¢%H%§4W%Ui%ﬁﬂﬂ%%@wmiﬁéﬁéiﬁﬁwF

£ °] &9 cevaldtE o]FS Fol AHESEL Qltt.
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3 X =2

4 if (X<&=1)

5 then Y := 3

6 else 7 := 4

7 end

s =D (Z 145 X 1> 2).

9 Proof.

10 apply E_Seq with (X I-> 2).

11 - apply E_Asgn. simpl. reflexivity.
12 - apply E_IfFalse.

13 + simpl. reflexivity.

14 + apply E_Asgn. simpl. reflexivity.

15 Qed.

of of|of| A AME L] H| Q1 G2 = E_SeqP] B2 T8 Y] A5¢] 24}l 10914 apply E_SeqE AH&
gk Zolt}. 71 th-3<ll apply E_Asgnt apply E_IffFalse® AHE-3UTh o] MA-& 6] o]afst7]
915t of ofjof| A o] AMEZ thZf Zo] Fof 2= Aol g HT

Unset Printing Notations.
Definition examplelcom : com :=

g X =2;
if (X<=1)
then Y = 3
else 7 := 4
end }>.

Print exampleilcom.

examplel = CSeq (CAsgn X 2)
(CIf (BLe X 1)
(CAsgn Y 3)
(CAsgn Z 4))
T com

Set Printing Notations.

2k 109] apply E_Seq= 570 14 ¢1 2 st st' st'' & QR st=d| o]&
Al-50 2 Zropbict,

o 470+ Coq©|

oj

cl =X =2

2 = if X<=1thenY (=3 elseZ :=4 end
st = empty_st

st' =

st = (21> 4 X 1->2)

= 29 102 o5 2ol ofF JEsH & sk .

apply E_Seq with
(c1 :={X:=2}P) (2 :=<{if X< 1thenY :=3else Z :=4 end }D)
(st:= empty_st) (st':=X 1->2) (st'':=(Z =>4 ; X 1->2)).

2kl 1091 o5t 27 9] 5F4] A&o] A/
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Goal 1
(172
empty_st =[ X =2 ]=> (X 1-> 2)

Goal 2
(2 /2)
(X 1->2) =[ if X <=1 thenY :=3elseZ :=4end |=> (Z I-> 4; X I->2)

241 119] apply E_Asgne APSHH 112 SFH-2 o2 Zo| Hr,
aeval empty st 2 =2

o] o] ¥4 A=ty
o29] A5 EAlA A BAl= intermediate states 25| 2| Aol T

rr

Zoltt.

Example ceval example2:

empty_st =[
X =0;
Y (=1,
7 =2
=@ 1'=>2;Y1->1;X1->0).
Proof.

apply E_Seq with (X !1-> 0).
- apply E_Asgn. reflexivity.
- apply E_Seq with (Y I-> 1, X I-> 0).
+ apply E_Asgn. reflexivity.
+ apply E_Asgn. reflexivity.
Qed.

AeeH 13.2 12 X729 BS ASRE Imp 223 pub to 0 ZAskle) 32
28 ZYF 4 qlelot Ik,

Theorem pup_to_2 ceval :

(X 1=>2) =[ pup_to_n ]=>

X100, Y!ID3, X121, Y1=22;Y1->0; X1->2).
Proof. Admitted.

o] Aa]o] T2 H I reverse-engineering 510 T2 13H-& ZH S5l o]

Definition pup_to_n : com :=
gy :=0;
while ~ (X = 0) do
Y =Y + X,
X:=X-1
end }>.

(Z9]). o] ZHIME FA| intermediate states 25| 2| AT F= Z o] FR35}t.

1 Theorem pup_to 2 ceval :

2 (X 1->2) =[

3 pup_to_n

4 DD Y ID3X DY I2, Y150 X 1> 2).
5 Proof.
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6 apply E_Seq with (Y I-> 0; X I-> 2).

7 - apply E_Asgn. reflexivity.

8 - apply E_WhileTrue with (X !=> 1 ; Y I=> 2 ;Y I->0; X I-> 2).
9 + reflexivity.

10 + apply E_Seq with (Y 1-> 2; Y I-> 0; X I-> 2).

11 { (= .0%)}

12 { =00}

13 + apply E_WhileTrue with (X !-> @; Y I-> 3; X I-> 1 ;
14 YI=>2 ;Y 1->0; X 1->2).
15 {(**>}

16 { apply E_Seq with (Y !-> 3; X I-> 1 ;

17 Y152, Y150, X1->2).

18 - (x ... %)

19 - (* ... %)}

20 { apply E_WhileFalse. reflexivity. }

21 Qed.

Determinism of Evaluation

o Aefo] efste] oW AWES sty 1 Fuke FUsleh oS the H = vehd

=
= Atk (o] el ceval FA= one-to-many 7} oFd-&, = St S SE%H)

1 Theorem ceval_deterministic: forall c st st1 st2,

2 st =[ c ] st1 -
3 st =[ ¢ [ st2 >
4 st1 = st2.

5 Proof.

6 intros ¢ st st1 st2 E1 E2.
7 generalize dependent st2.
s induction E1; intros st2 E2; inversion E2; subst.

9 - (* E_Skip *) reflexivity.

10 - (* E_Asgn *) reflexivity.

11 - (* E_Seq *)

12 rewrite (IHE1_1 st'0O H1) in *.

13 apply IHE1_2. assumption.

14 - (x E_IfTrue, b evaluates to true *)

15 apply IHE1. assumption.

16 - (* E_IfTrue, b evaluates to false (contradiction) *)
17 rewrite H in H5. discriminate.

18 - (% E_IfFalse, b evaluates to true (contradiction) *)
19 rewrite H in H5. discriminate.

20 - (x E_IfFalse, b evaluates to false *)

21 apply IHE1. assumption.

22 - (* E_WhileFalse, b evaluates to false *)

23 reflexivity.

24 - (* E_WhileFalse, b evaluates to true (contradiction) *)
25 rewrite H in H2. discriminate.

26 - (* E_WhileTrue, b evaluates to false (contradiction) *)
27 rewrite H in H4. discriminate.

28 - (* E_WhileTrue, b evaluates to true x)

29 rewrite (IHE1_1 st'® H3) in *,

30 apply IHE1_2. assumption. Qed.
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13.7 Reasoning About Imp Programs

o
2

e 7| BA 07 ALHREA ao|th Imp T2 WS BEAst= A AHQ PH2 of-2
H EF<Ql Programming Language Foundationso| 4] Th& Z oW, o] 7] A= A2|7}HA] vl
2|4& E-8oto] 2 ZAES EolH7| & St

1 Print plus2. (* <{{ X =X+ 2 }>: com *)
> Check t_update_eq.

(** forall (A : Type) (m : total_map A) (x : string) (v : A),
4 (x 1=>v; m) x =v *)

5
6 Fact plus2 3 is 5 : forall (st: state),

7 (X 1->3) =[ plus2 ]=> st = st X = 5.

s Proof.

9 intros st H.

10 inversion H. subst. simpl.

11 apply t_update_eq. (* or use [reflexivity] =)
12 Qed .

12 Compute (ceval_fun_no_while (X !-> 3) plus2) X. (* = 5: nat *)
16 Fact plus2 3 is 5'

17 (X 1->3) =[ plus2 ]=> (X 1-> 5).
18 Proof. Abort.

Theorem plus2_spec : forall (st st': state) (n: nat),

1

2 st X=n-

3 st =[ plus2 ]=> st' =>

4 st' X =n+ 2.

5 Proof.

6 intros st n st' HX Heval.

7 inversion Heval. subst. simpl.

8 apply t_update_eq. (* or use reflexivity.*)
9 Qed.

Print XtimesYinZ. (* < Z (= X *x Y > %)

-

M)

Theorem XtimesYinZ_spec : forall st x y st',

3

4 st X =x =

5 stY=y -

6 st =[ XtimesYinZ ]=)> st' -

7 st' Z=x*y.

s Proof.

9 intros st x y st' HX HY Heval.

10 inversion Heval.
11 subst. clear Heval. simpl. reflexivity. Qed.

1 Theorem loop never stops : forall st st',
> ~(st =[ loop ]=> st').

3 Proof.

4 intros st st'.

5 unfold not. intros contra.

6 unfold loop in contra.
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7 remember <{ while true do skip end }> as loopdef

8 eqgn:Hegloopdef.

9 induction contra; inversion Hegloopdef.

10 - rewrite H1 in H. inversion H.

11 - apply IHcontra2. rewrite H1, H2. reflexivity.
12 Qed .

1 Fixpoint no_whiles (c : com) : bool :=
2 match ¢ with
P <{ skip > =
4 true
5 P _=_DP=
6 true
o 1 asaebd
s andb (no_whiles c1) (no_whiles c2)
9 I { if _ then ct else cf end }> =>

10 andb (no_whiles ct) (no_whiles cf)
11 I <{ while _do _end }> =

12 false

13 end.

1 Inductive no_whilesR: com -> Prop :=
2 | nw_skip: no_whilesR < skip >

3 | nw_ass: forall x ex,

1 no_whilesR (< x := ex )

5 | nw_seq: forall c1 c2,

6 no_whilesR c1 -

7 no_whilesR c2 ->

s no_whilesR (< c1 ; c2 )
o | nw_ifb: forall b c1 c2,

10 no_whilesR c1 -
11 no_whilesR c2 _>
12 no_whilesR (< if b then c1 else c2 end )).

1 Theorem no_whiles_eqv:

2 forall (c: com), no_whiles ¢ = true <-> no_whilesR c.
Proof.

4 intros. split.

5 - (* => %) intros.

6 induction c.

7 + apply nw_skip.

8 + apply nw_ass.

o + simpl in H.

10 apply andb_true_iff in H.
11 destruct H.

12 apply nw_seq.

13 { apply IHc1. apply H. }
14 { apply IHc2. apply HO. }
15 + simpl in H.

16 apply andb_true_iff in H.
17 destruct H.

18 apply nw_ifb.

19 { apply IHc1. apply H. }
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{ apply IHc2. apply HO. }
+ simpl in H. inversion H.
- (* <~ *) intros.
induction c; simpl.
+ reflexivity.
+ reflexivity.
+ inversion H.
apply andb_true_iff.
split.
{ apply IHc1. apply H2. }
{ apply IHc2. apply H3. }
+ inversion H.
apply andb_true_iff.
split.
{ apply IHc1. apply H2. }
{ apply IHc2. apply H4. }
+ inversion H.

Qed.

Theorem no_whiles_terminating: forall c st,

no_whilesR ¢ -
exists st', st =[ ¢ ]=> st'.

Proof.

intros.

generalize dependent st.

induction H; intros.

- exists st.
apply E_Skip.

- exists (t_update st x (aeval st ex)).
apply E_Asgn. reflexivity.

- destruct (IHno_whilesR1 st).
destruct (IHno_whilesR2 x).
exists x0.
apply (E_Seq c1 c2 st x x0).

+ apply H1.
+ apply H2.

- destruct (beval st b) egn:bval.

+ destruct (IHno_whilesR1 st).
exists x.
apply E_IfTrue.
{ exact bval. }

{ exact H1. }
+ destruct (IHno_whilesR2 st).
exists x.

apply E_IfFalse.
{ exact bval. }
{ exact H1. }

Qed.

Inductive sinstr : Type :=

SPush (n : nat)
SLoad (x : string)
SPlus
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| SMinus
| SMult.

Fixpoint s _execute (st : state) (stack : list nat)
(prog : list sinstr) : list nat :=
match prog with
I [] => stack
! (SPush n) :: prog' =)> s_execute st (n :: stack) prog'

I (SLoad k) :: prog' => s_execute st ((st k) :: stack) prog'
I SPlus :: prog' =) s_execute st (((hd
prog’

| SMinus :: prog' => s_execute st (((hd ® (tl stack)) - (hd 0 stack)) ::

prog’

| SMult :: prog' => s_execute st (((hd © (tl stack)) * (hd @ stack)) ::

prog
end.

Example s_executel :
s_execute empty_st []
[SPush 5; SPush 3; SPush 1; SMinus]
= [2; 5].
Proof. simpl. reflexivity. Qed.

Example s_execute2 :
s_execute (X 1-> 3) [3;4]
[SPush 4; SLoad X; SMult; SPlus]
= [15; 4].
Proof. simpl. reflexivity. Qed.

Fixpoint s_compile (e : aexp) : list sinstr :=
match e with
! ANum x => [SPush x]
| AId k => [SLoad k]
| APlus al a2 =) (s_compile a1) ++ (s_compile a2) ++ [SPlus]
| AMinus al a2 =) (s_compile al) ++ (s_compile a2) ++ [SMinus]
I AMult al a2 =) (s_compile al) ++ (s_compile a2) ++ [SMult]
end.

Example s_compilel :

s_compile < X - (2 *Y) >

= [SLoad X; SPush 2; SLoad Y; SMult; SMinus].
Proof. simpl. reflexivity. Qed.

Theorem execute_app : forall st p1 p2 stack,

s_execute st stack (p1 + p2) =

s_execute st (s_execute st stack p1) p2.
Proof.

intros.

generalize dependent st.

generalize dependent stack.

generalize dependent p2.

induction p1; intros.

- reflexivity.

0 (tl stack)) + (hd @ stack)) ::

(t1 (tl stack)))
(t1 (tl stack)))

(tl (t1 stack)))
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- destruct a; simpl; apply IHp1.
Qed.

Lemma s_compile correct_aux : forall st e stack,
s_execute st stack (s_compile e) = aeval st e :: stack.
Proof.
intros.
generalize dependent stack.
generalize dependent st.
induction e; simpl; intros;
try reflexivity;
repeat rewrite execute_app,
rewrite IHel, IHe2;
reflexivity.
Qed.

Theorem s_compile correct : forall (st : state) (e : aexp),
s_execute st [] (s_compile e) = [ aeval st e ].

Proof.
intros.
apply s_compile_correct_aux.

Qed.

Fixpoint beval_ss (st : state) (b : bexp) : bool :=
match b with
I < true > =) true
| < false > =) false
I <al =a2)> => (aeval st a1) =? (aeval st a2)
I <Cal & a2 > => negb ((aeval st al) =? (aeval st a2))
I < al <= a2 > => (aeval st al) <=? (aeval st a2)
< al > a2 > =>negb ((aeval st al) <=? (aeval st a2))
I <~Dbl> =>negb (beval_ss st b1)
I < b1 && b2 > => if (beval_ss st b1)
then (beval_ss st b2)
else false
end.

Theorem beval_beval_ss : forall st b,
beval st b = beval_ss st b.

Proof.
intros.
destruct b; reflexivity.

Qed.

Inductive com : Type :=
I CSkip
| CBreak (* {=== NEW *)
| CAsgn (x : string) (a : aexp)
| CSeq (c1 c2 : com)
I CIf (b : bexp) (c1 c2 : com)
| (While (b : bexp) (c : com).

Notation "'break'" := (Break (in custom com at level 0).
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Notation "'skip'" :=

CSkip (in custom com at level 0) : com_scope.
Notation "x :=y" :=

(CAsgn x y)

(in custom com at level 0, x constr at level O,
y at level 85, no associativity) : com_scope.
Notation "x ; y" :=
(CSeq x vy)
(in custom com at level 90, right associativity) : com_scope.
Notation "'if' x 'then' y 'else' z 'end'" :=
(CIf x y 2)
(in custom com at level 89, x at level 99,
y at level 99, z at level 99) : com_scope.
while' x 'do' y 'end'" :=
(CWhile x y)
(in custom com at level 89, x at level 99, y at level 99) : com_scope.

Notation

Inductive result : Type :=
| SContinue
| SBreak.

Reserved Notation "st '=[' c ']=>' st' '/' s"
(at level 40, c custom com at level 99, st' constr at next level).

Inductive ceval : com -)» state -) result -)> state -) Prop :=
| E_Skip : forall st,
st =[ CSkip ]=> st / SContinue
| E_Break : forall st,
st =[ CBreak ]=> st / SBreak
| E_Ass : forall st al n x,
aeval st al = n -
st =[ x := al ]=> (t_update st x n) / SContinue
| E_IfTrue : forall st st' b c¢1 ¢2 cont,
beval st b = true ->
st =[ c1 ]=> st' / cont =
st =[ if b then c1 else c2 end ]=) st' / cont
| E_IfFalse : forall st st' b ¢1 c2 cont,
beval st b = false ->
st =[ 2 ]1=> st' / cont -
st =[ if b then c1 else c2 end ]=) st' / cont
| E_SegBreak : forall st st' c1 c2,
st =[ c1 ]=> st' / SBreak -
st =[ c1; c2 ]=> st' /SBreak
i E_SeqContinue : forall st st' st'' c1 c2 prog,
st =[ ¢1 ]=> st' / SContinue ->
st' =[ 2 ]=> st'' / prog ->
st =[ c1; c2 ]=> st'' / prog
| E_WhileEnd : forall st b c,
beval st b = false ->
st =[ while b do c end ]=> st / SContinue
| E_WhileLoopBreak : forall st st' b c,
beval st b = true -»
st =[ ¢ ]=> st' / SBreak ->
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st =[ while b do ¢ end ]=) st' / SContinue

i E_WhileLoopContinue : forall st st' st'' b c,
beval st b = true ->
st =[ ¢ ]=> st' / SContinue -
st' =[ while b do c end 1= st'' / SContinue ->
st =[ while b do c end ]=)> st'' / SContinue

where "st '=[' ¢ ']=>" st' '/' s" := (ceval c st s st').

Theorem break_ignore : forall c st st' s,
st =[ break; c ]=> st' / s -
st = st'.
Proof.
intros.
inversion H; subst.
- inversion H5. reflexivity.
- inversion H2.
Qed.

Theorem while continue : forall b ¢ st st' s,
st =[ while bdo cend ]=> st' /s -
s = SContinue.
Proof.
intros.
inversion H; reflexivity.
Qed.

Theorem while_stops_on_break : forall b ¢ st st',
beval st b = true ->
st =[ ¢ ]=> st' / SBreak ->
st =[ while b do c end ]=)> st' / SContinue.
Proof.
intros.
inversion HO,; subst;
apply E_WhilelLoopBreak; assumption.
Qed.
Theorem seq_continue : forall c1 c2 st st' st''
st =[ ¢1 ]=> st' / SContinue ->
st' =[ 2 ]=> st'' / SContinue ->
st =[ ¢1; 2 ]=> st'' / SContinue.
Proof. Admitted.

7

Theorem seq_stops_on_break : forall c1 c2 st st',
st =[ ¢1 ]=> st' / SBreak -
st =[ ¢l ; c2 ]=> st' / SBreak.

Proof. Admitted.

(%% *xxx Exercise: 3 stars, advanced, optional (while_break_true) *)
Theorem while_break_true : forall b ¢ st st',

st =[ while b do c end ]=)> st' / SContinue -

beval st' b = true ->

exists st'', st'' =[ ¢ ]=> st' / SBreak.

291
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45 Proof.

46 intros.

a7 remember (< while b do ¢ end >) as loopdef eqgn:Eq.
48 induction H; try inversion Eq; try subst.

49 - rewrite HO in H. discriminate H.
50 - exists st. exact H1.

51 - apply IHceval2.

52 + reflexivity.

53 + exact HO.

54 Qed.

55

s6 Theorem ceval_deterministic: forall (c:com) st st1 st2 s1 s2,
57 st=[ c]= st/ s1 -

58 st=[ c]=st2/s2->

59 stl = st2 / s1 = s2.

60 Proof. Admitted.
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